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Abstract

In this paper we extend results about Jacobson rings originally proved
by J. Watters in [8] for polynomial rings to some graded subrings of
polynomial rings.

Introduction

Throughout this paper rings are associative with an identity element. In this
paper we consider graded subrings of a polynomial ring R[x] of the following
type:

T=28y+S1z+4..+8, 12"+ R[z]x",

where Sy is a subring and S, ..., S,_1 are additive subgroups of R. We call
them admissible subring of R[z]. In the rest of the paper we denote by T an
admissible subring of R[z]. In [3] we described prime, maximal and primitive
ideals of T'.

A ring R is said to be a Jacobson ring if every prime ideal of R is an
intersection of (either left or right) primitive ideals of R. In [8], Watters proved
that if R is a Jacobson ring, the polynomial ring R[] is also a Jacobson ring.
A similar result was also proved for Hilbert rings [7], where a ring is said to be
a Hilbert ring if every strongly prime ideal is an intersection of maximal ideals.
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A more general approach was followed in [4]. Denote by F a class of prime
rings. An ideal I of R is said to be an F-ideal if R/I € F. A ring R is called
an F-Jacobson ring if every prime ideal of R is an intersection of F-ideals. A
class of prime rings F is said to satisfy condition (A) if the following holds:

(A) If R € F, then every non-zero R-disjoint prime ideal of R[z] is an F-ideal.

It was shown in [4] that if F is a class of prime rings which satisfies condition
(A) and R is an F-Jacobson ring, then R[z] is also an F-Jacobson ring. This
result includes as a particular case the result in [8].

In the present paper we consider classes G and F of prime rings such that F
is contained in G. We prove that, under some conditions, every G-ideal of R is
an intersection of F-ideals if and only if every G-ideal of R[z] is an intersection
of F-ideals of R[z]. This result includes, as particular cases, all the above
results. Moreover, we extend the result to admissible subrings of polynomial
rings. Finally we give several examples to which our result can be applied.

Results

We begin with the following

Definition 1. Let G a class of prime rings and F a subclass of G. A ring R is
said to be (G, F)-Jacobson if every G-ideal of R is a intersection of F-ideals.

In the sequel G denotes a class of prime rings and F a subclass of G.

Lemma 2. Homomorphic images of (G,F)-Jacobson rings are also (G, F)-
Jacobson rings.

Proof. Assume that R is a (G, F)-Jacobson ring and I is an ideal of R. Let J
be a G-ideal of R = R/I. Then there exists a G-ideal J of R containing I such
that J = J/I. By assumption there exists a family (.J;);cq of F-ideals of R
with J = NieaJi. Thus, J = Nijcq(J;/I) is an intersection of F-ideals of R/I.
O The following is an immediate consequence of Lemma 2.

Corollary 3. If R[z] is a (G, F)-Jacobson ring, then R is a (G, F)-Jacobson
Ting.

A class G of prime rings is said to satisfy condition (B) if the following
holds:

(B) If L is an ideal of R[z] and R[z]/L € G, then R/(LNR) € G.

In the following when we write strongly prime we mean either right of left
strongly prime. Similar remark holds for non-singular rings, artinian rings and
So on.
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Proposition 4. The following classes of primes rings satisfy condition (B):
(i) Strongly prime rings.

(#4) Prime non-singular rings.

(#9t) Unitary strongly prime rings.

() Unitary strongly prime rings with non-zero pseudo-radical.

Proof. (i) and (i7) follow easily from Corollary 4.3 and Corollary 4.6 of [2].
Also (#7) and (iv) follow from Lemma 2.6, (7), and Lemma 4.2 of [5]. O

Proposition 5. The following classes of prime rings satisfy condition (A):
(i) Unitary strongly prime rings.
(i) Unitary strongly prime rings with non-zero (resp. zero) pseudo-radical.

Proof. Tt is a direct consequence of Lemma 2.6, (ii), and Lemma 4.2 of [5]. O
The next result extends ([4], Theorem 5) and ([7], Theorem 3.1). The proof
is similar to the one of Theorem 5 of [4].

Theorem 6. Let G be a class of prime rings which satisfies condition (B) and
F a subclass of G which satisfies condition (A). Then R is a (G, F)-Jacobson
ring if and only if R[x] is a (G, F)-Jacobson ring.

Now we will extend the above result to an admissible subring 7" of a poly-
nomial ring. First we begin with the following.

A class F of prime rings is said to satisfy conditions (C) and (D) with
respect to T if the following holds:

(C) For every ideal L of R[z] with R[z]z € L such that R[z]/L € F we have
T/(LNT)eF.

(D) If P is an ideal of T with R[z]z" ¢ P and T/P € F, then there exists an
ideal L of R[x] with LNT = P such that R[z|/L € F.

Proposition 7. For any admissible subring T of R[x] the following classes of
prime rings satisfy conditions (C) and (D):
(1) Simple rings (which do not necessarily have an identity element).

(#4) Simple artinian rings.
(#it) Strongly prime rings.

Proof. (i) and (it) follow easily from Propositions 3 and 4 of [3].
(¢ii) Assume that L is a right strongly prime ideal of R[z] such that R[z]z € L.
Let U a non-zero ideal of T'/(LNT). Then there exists an ideal U of T' containing
LNT such that U = U/(LNT). Thus, V = (L + R[z]z"UR[z]2"™)/L is a non-
zero ideal of R[z]/L.

By assumption there exists a finite set H = {El, ,En} C V such that
the right annihilator of H in R[z]/L is zero. We have h; = h; + L, where
h; € R[z]z"UR[z]z™, for any i € {1,...,n}.
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Put J = {hi + (LNT),....;hn + (LNT)} € U/(LNT). Then the right
annihilator of J in T//(LNT) is zero. Thus T/(LNT) is a right strongly prime
ring.

Using similar arguments as above we can show that the class of right
strongly prime rings satisfies condition (D). O

Recall that a class H of rings is said to be a special class if it satisfies the
following three conditions ([1], Chapter 7):

(1) Every ring in the class H is a prime ring;

(#4) every non-zero ideal of a ring in H is itself a ring in H;

(7¢) if I is a ring in H and [ is an ideal of a ring R, then R/I* is in H, where
I* is the annihilator of I in R.

The classes of all prime rings, simple rings with identity and right (left)
primitive rings are special classes of rings ([1], Chapter 7).

Theorem 8. If F is a special class of prime rings, then F satisfy conditions
(C) and (D) with respect to any admissible subring of R|x]:

Proof. Tt follows easily from Lemma 1 of [3]. d
The following proposition is well-known. In particular parts (iv) and (v)
follow from Proposition 2.2 and Lemma 4.4 of [5].

Proposition 9. The following classes of rings are special classes of prime
rings. In particular they satisfy conditions (C) and (D) with respect to any
admissible subring of R[z].

(1) Prime nonsingular rings.

(#4) Prime rings with finite Goldie dimension.

(#it) Prime Goldie rings.

(iv) Unitary strongly prime rings.

(v) Unitary strongly prime rings with non-zero (resp. zero) pseudo-radical.

The next result extends Theorem 6 to any admissible subring of a polyno-
mial ring.

Theorem 10. Let G be a class of prime rings which satisfies conditions (B)
and (D) and let F be a subclass of G which satisfies conditions (A) and (C).
Then Sy and R are (G, F)-Jacobson rings if and only if T is a (G, F)-Jacobson
Ting.

Proof. If T is a (G, F)-Jacobson ring, then R is a (G, F)-Jacobson ring by
Lemma 2. In fact, the map ® : T — R given by ®(ag + a1z + ... + apz®) =
ao + a1 + ... + ai is an epimorphism of rings. Similarly for Sp.

Conversely, assume that Sy and R are (G, F)-Jacobson rings and let P be
an ideal of T such that T'/P € G. If R[x]z™ C P, then PN Sy = N;eqJi, where
J; is an F-ideal of Sy, for every i € 2. We have

P =nNica(Ji + S1x+ ...+ Sp_12" ' + R[z]z")



EDILSON SOARES MIRANDA 41

is an intersection of F-ideals of T.

If Rlz]a™ ¢ P, condition (D) implies that there exists an ideal L of R[x]
with LNT = P and R[z]/L € G. By Theorem 6 R[z] is a (G, F)-Jacobson ring.
Then there exists a family (L;);er of F-ideals of R[z] such that L = N;erL;.
It follows that there is a subfamily (L;)jeq C (L;)ier such that Rlz]a € L,
for every j € Q, and L = Njeal;.

Therefore L; N'T is an F-ideal of T, for every j € (, since F satisfies
condition (C'). Moreover, P = LNT = (Njeal;) NT = Njea(L; NT). The
proof is complete. ([

As an immediate consequence of the above theorem we have:

Corollary 11. Sy and R are Jacobson (Hilbert) rings if and only if T is a
Jacobson (Hilbert) ring.

Lemma 12. (i) If R is a unitary strongly prime ring, then R is a right strongly
prime 1ing.
(i) If R is a prime Goldie ring, then R is a non-singular ring.

Proof. (i) Let I a non-zero ideal of R. Proposition 2.4 of [5] implies that there

exists H = {a1,...,an} C I such that ajc; + ... + apc, = 1, where ¢y, ..., ¢y €

C(R), the extended centroid of R. Let a € An,. (H) = {r € R | Hr = 0}.

Thus a = (a1¢1 + ... + ancy)a = 0 and therefore A, (H) = 0. Consequently

R is a right strongly prime ring.

(#4) It is well-known (Corollary 3.32 of [6]). O
Using the results of [4] and the above results we have the following classes of

prime rings F satisfying the conditions (A), (C) and G satisfying the conditions

(B), (D). Moreover F C G. Hence Theorem 10 can be applied to all the

examples given bellow.

a) G is the class of prime rings and F is the class of rings satisfying one of the

conditions given in Propositions 4, 5, 7 and 9.

b) G is the class of strongly prime rings and F is the class of simple prime rings.

¢) G is the class of strongly prime rings and F is the class of unitary strongly

prime rings (Lemma 12).

d) G is the class of strongly prime rings and F is the class of simple artinian

rings.

e) G is the class of unitary strongly prime rings and F is the class of simple

rings.

f) G is the class of unitary strongly prime rings and F is the class of unitary

strongly prime rings with non-zero (resp. zero) pseudo-radical.

g) G is the class of unitary strongly prime rings and F is the class of simple

artinian rings.

h) G is the class of prime nonsingular rings F is the class of prime Goldie rings.



42 A note on Jacobson Rings and Generalizations
References
[1] Divinsky, N.; Rings and Radicals. Allen and Unwin, London, 1965.

2]
(3]
(4]
(5]

(6]

(7]

(8]

Ferrero, M.; Prime and Principal Closed Ideals in Polynomial Rings. Journal of Algebra
134 (1990), 45-59.

Ferrero, M., Miranda E.S.; Prime and Mazimal Ideals in Polynomial Rings. Math. J.
Okayama Univ., to appear.

Ferrero, M., Parmenter, M. M.; A Note on Jacobson Rings and Polynomial Rings.
Proc. Amer. Math. Soc. 105 (1)(1989) 281-286.

Ferrero, M., Wisbauer, R.; Unitary Strongly Prime Rings and Related Radicals. J.Pure
Appl. Algebra 181 (2003), 209-226.

Goodearl, K. R.; Ring Theory-Nonsingular Rings and Modules. Monographs and
Textbooks in Pure and Applied Mathematics, Marcel Dekker, Inc., New York- Basel,
1976.

Kaucikas, A., Wisbauer, R.; Noncommutative Hilbert Rings. Journal of Algebra and
Its Applications, (34)(2004) 437-443.

Watters, J.; Polynomial Extensions of Jacobson Rings. J. Algebra 36 (1975), 302-308.



