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Abstract
We consider Markov operators which represent a density function of
random perturbations of an intermittent map with multiplicative noise.
In this paper, we give a class of intermittent maps for which the Foguel
Alternative theorem holds. Actually, we prove that Markov operators
are sweeping under certain conditions.

1 Introduction

Komorowski proved that if S : [0,1] — [0, 1] is a piecewise convex and of class
C? satisfying S(0) = 0 and S’(0) = 1, then S does not admit a finite invariant
measure p < A, where X is the Lebesgue measure on [0, 1] in [1]. On the other
hand, if we consider random perturbations of S with additive noise defined by

X5 =5(X;)+¢eY, ( mod 1),

where Yy, Y1, - are independent random variables with values in [0, 1] each
having the same density g and a random variable X, and {Y;,},>¢ are inde-
pendent, then there always exists an invariant probability measure p. << A for
each noise level 0 < & < 1 (see [3] for more details).
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In this paper, we consider the following random perturbation of S with
multiplicative noise, that is, consider the process {X¢},>0 (0 < & < 1) defined
by

n1 = (1 —e¥n)S(X7). (1)

In this settings, every density function of X is represented by n-th iterate of a
Markov operator P- : L(]0, 1], \) — L*(]0, 1], \) and the initial density f of Xj.
We prove that if S has an infinite invariant density function -5 (8 > 1) then
the process {X:},>0 satisfies the Foguel Alternative theorem. This implies
that either P. has an invariant density (i.e. there exists an density function hS
such that P.hS = hS) or {P} is sweeping, i.e.,

lim P f(z)\(dx) =0 for every f € Dand 0 < ¢ <1,

n—oo [C,l]

where D := {f € L'([0,1]): f >0 and f[o,l} f(x)dz = 1}. Actually, we prove
that {P'} is sweeping for every 0 < ¢ < 1 by adding certain conditions to S
and the density g of {Y}, }n>0.

Before we introduce the Foguel Alternative theorem, we have to make the
following definitions.

Let (A, B,m) be a o-finite measure space and P : L'(A) — L'(A) be the
operator

Pi(r) = /A K (2, y) (g)m(dy),

where K : A X A — R is a measurable function which satisfies K(z,y) > 0 a.e.
and [, K(z,y)m(dz) = 1. We call P integral operator with stochastic kernel
K(z,y).

Definition 1.1. A family A C B is called admissible if A satisfies the following
properties

1 m(A) < oo for A € A,

2 AjUAy e Afor A, As € A,

3 There exists a sequence {A,},>0 C A such that U,>04, = A.

Definition 1.2. Let P : L'(A,B,m) — L'(A,B,m) be an integral operator

with stochastic kernel and an admissible family A C B be fixed. We say that
{P"}n>0 is sweeping with respect to an admissible family A C B if

lim [ P"fdm =0 forAe A and feD.

n—oo A
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Definition 1.3. Let P : L'(A,B,m) — L'(A,B,m) be an integral operator
with stochastic kernel and an admissible family A C B be fixed. A measur-
able function f : Q2 — R defined up to a set of measure zero is called locally
integrable if

/A|f|dm<oo for Ae A
and f: A — R is subinvariant if
Pf(x) < f(x) for a.e. x € A.
- The Foguel Alternative theorem was proved by Komorowski and Tyrcha
2]:

Theorem 1.4 (Foguel Alternative). Let P : L'(A,B,m) — L'(A,B,m)
be an integral operator with a stochastic kernel on a o-finite measure space
(A, B,m) and A C B be an admissible family. If P has a locally integrable and
positive (f > 0 a.e.) subinvariant function [ with respect to A, then either P
has an invariant density or {P"},>0 is sweeping with respect to A.

2 Preliminaries

Let (92, F, ) be a probability space, where F denotes a Borel o-field and p a
probability measure. Let Xg, Yy, Y1, -+ be random variables on ) with values
in [0,1] and S : [0,1] — [0, 1] be a non-singular measurable transformation (i.e.
A(STE(A)) = 0 for any Borel set A C [0,1] with A\(A) = 0, where X is the
Lebesgue measure on [0, 1]) and positive for Ml-a.e. z € [0, 1].
Consider the following stochastic process defined by
X5 (w) = (1—-€Yy,)S(X; (w)) for all n > 0, (2)

where X§ = X for each 0 < e < 1.
We assume the following conditions for random perturbations {XZ },>0
generated by (2) throughout this paper :

C1l Xj,Yy, Y1, Yo, .- are independent random variables;

C2 X has the density function fy € D, i.e.
W(Xo(w) € B) = [ fo(w)dr)
B
for any Borel set B C [0, 1], where

D:={feL*0,1]): f >0 and /[0 . f@)A(dz) =1}



4 The Foguel alternative and sweeping for ...

C3 each Y, has the same density function g € L>°(R) such that g > 0,

supp(g) = (@ € 0.1 9@ Z0J C[0,1]  with /Rg(x))\(dx): 1.

A linear operator P : L([0,1]) — L*([0, 1]) is said to be a Markov operator
if P(D) C D. With these conditions every density function of X¢ is represented
by n-th iterate of the Markov operator P. : L'([0,1],A\) — L([0,1],)) as
follows:

B{XE € A}) = /A P fo(e)A(dz)  for any Borel set A C [0, 1],

In fact, P. is defined by

i = [ s (2 (1= 555)) s

= /[071] Psf(y)g (é (1 - g)) %A(dy)

for each 0 < ¢ < 1 and f € L'([0,1]), where Ps is the Perron-Frobenius
operator corresponding to S. In the following lemma, we prove these facts.

m

Lemma 2.1. Let S : [0,1] — [0,1] be a non-singular positive a.e. measur-
able transformation and {X:},>0 be a random perturbation defined by (2). If
Conditions C1-C3 are valid for {X&}n>0, then each density function of Xg is
represented by n-th iterate of the Markov operator P. : L'([0,1]) — L'([0,1])
define by

rop@ = [ s (2 (1-557)) s5 @ ®

for each 0 < e < 1.

Proof Fix 0 < € < 1 arbitrarily. We assume that there exists the density
function f; of X7 .
Let g-(z) = 1g(£) and 1 — A:={1 —x: z € A} for A C [0, 1]. Since

/Ah(l — 2)\(dx) = /H h(z)A(dz),

for any Borel set A C [0, 1] and h € L(R) with respect to the one-dimensional
Lebesgue integration, we have

w(l—eY, € A) = / g(x)dx = / ge(x)dx = / g:(1 — x)dx
l—czcA l1—zcA €A
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for all n > 0. This implies that the sequence {1 —¢Y}, },,>0 is the i.i.d. sequence
and has the same density function g.(1 — ). Thus we have

p(Xi €A = p((l-eY,)S(X;) € A)
/ / (1)g: (1 — D)A(dy)A(dz).
S(y)GA

We remark that the set S~1({0}) is A-null set by the assumption about S.

By Condition C3, we have g.(1 — z) = 1g(1(1 —2)) = 0 for any = > 1 and

€

z < 0 because 2(1 —2) < 0 and (1 — ) > £ > 1 respectively. Thus setting
a=xS(y) and b = y, we obtain

n(Xn € 4) = Jica Jiven. <45€[0,1], S(b)#0} fs(b)gs(l - ﬁ) ﬁ)\(db))\(da)
= Juca f{be 0,1]: S(b)#0} fr(b)ge ( - (—) SOl A(db)A(da)
= Juea e 509 (£ (1= 585)) A\ (da)
= [ P-fr(a)A(da).

This equation implies that if f;; exits then the density function f; ; of X7
also exists and given by

)= [ g0 (2 (1= 55 ) ) sy = PoAite) e

From the linearity of integral, the operator P- is linear and P f > 0 for any
f > 0 because of g > 0. Moreover, since supp(g) C [0,1] C [+ — ssl(y)’ 1] for
each 0 < e < 1, we have

1P fll L1 (jo,1)) :/[ . P. f(x)\(dz)

)

i 1 s ey
N /0,1{@) {/0,1}5 (1 @) @)\(dx)} A(dy) (by Fubini’s theorem)

T { 1—x>A<dx>}A<dy>
T { (dx)})\(dy)
/1 5501
Mdz) > Mdy) = d
L {/ o TN >} (dy) %071]f<y> (dy)

= HfHLl(o,l -
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for any f > 0. Therefore P. is the Markov operator. O

Remark 2.2. Tt is obviously that the Markov operator defined by (3) is the inte-

gral operator with stochastic kernel K(z,y) :=g (% (1 - %)) ?1@) because

/[071] g (é (1 — ﬁ)) %A(daz) = /[071] g (é (1— x)) é,\(dx) -1

Remark 2.3. The Perron-Frobenius operator Pg corresponding to S exists be-
cause S is non-singular transformation. Hence we can write the Markov oper-
ator P. defined by (3) as

Pp = [ Pt (2 (1)) S (@)

and by the change of variables with respect to the one-dimensional Lebesgue
integral and Condition C3, we also have

P.f(x) = /[Oé(l_r”Psf( d ) 96)_ ) (ay). (5)

l—cy) 1l—cy

3 Main Results

We prove that the Foguel Alternative theorem holds for the Markov operator
{P} defined by (3).

Let A:={{0}U]Jec,1]: 0 < ¢ <1}. Tt is easy to see that A satisfies (1)-(3)
in Definition 1.1, so that A is an admissible subfamily of Borel o-algebra on
[0, 1]. Consequently, we have one of our main theorem.

Theorem 3.1. Let S : [0,1] — [0,1] be a non-singular positive a.e. trans-
formation and P. be the Markov operator defined by (3) for each 0 < & < 1.
Suppose that there exists an invariant infinite density function hg : (x) = #
(B > 1) such that Pshg(z) = hg(x) a.e. x, where Ps is the Perron-Frobenius
operator corresponding to S. Then hg is a locally integrable, positive and subin-
variant function with respect to A and P.. Consequently, the Foguel alternative
theorem holds for P., that is, either P. has an tnvariant density or sweeping
with respect to A.

Proof Obviously, [, hg(z)dx < co for all A € A and hg(z) > 0ae. z € [0,1].
Hence hg is locally integrable positive function with respect to A.
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Fix 0 < o < 1 arbitrarily. Hence there exists 0 < ¢ < x and we denote
L 111y(x) by fi(z). Since fi(x) < 5 =: hg(x), we have

Paoe) = rw) = [ Pen o (2 (1= 7))

z 9(y)
= Ps f. Ad
/[0,5(1—m)] sf (1 —sy) 1—ey (dy)

z 9(y)
< Psh A(dy
/[0,5(1—m)] 5 (1—5y> 1—ey (dy)
L ()/\(d)<—1 hs(x)
9WA(dy) < — = hg().
2% Jio,1(1-a) o

This yields P.hg(x) < hg(z) for a.e. x € (0,1]. Therefore hg is a locally inte-
grable, positive and subinvariant function with respect to A. O

Actually, the Markov operators defined by (3) with respect to some inter-
mittent maps are sweeping for all noise level 0 < ¢ < 1.

From now, we add assumptions to
a non-singular positive a.e. transfor-
mation S : [0,1] — [0,1] : 1

S1 There exists a partition 0 = ag <
a; < --- < apy = 1 such that
for each integer j, the restric-
tion S; of S to the interval
[aj,aj11)is C* monotonic func-
tion for j = 1,--- ,m — 1 and 0
S(0)=0 and S'(0)=1.

S2 a; > % Figure 1: example of an intermittent
map S satisfying S1-S3.
S3 S(ay) #1ifm > 2.

Lemma 3.2. We denote £S(x) by

Se(x) for x € [0,1]. Let Ps. be

the Perron-Frobenius operator corre-

sponding to St for which conditions (S1)-(S3) are satisfied. Let ps(dx) =
Pg f(x)dx for an arbitrarily f € D. Then we have

e = 0o in weakly asn — oo
n

1
for each 0 < e < 5
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Proof We have lim, . S”(z) = 0 for all # € [0, 1] because S.([0,3]) is

included in [0,3) and S.([0,1]) C [0, 3] by the assumptions about S. This

implies that for any bounded continuous function r(z) on [0, 1],

lim [ r(e)us(de) = lim [ r(S7(2) f@)A(dr) = /[Or(O)f(x)A(dx):r(O)

by the dominated convergence theorem. Therefore uf converges to the Dirac
measurer supported by {0}. O

Remark 3.3. By the piecewise monotonicity of S from condition S1, we can see
that S¢ is also the non-singular transformation for each 0 < & < %

The following theorem is our main result.

Theorem 3.4. Let S :[0,1] — [0, 1] be a transformation satisfying S1-S3 and
P. be the Markov operator defined by (3) with respect to S and 0 < & < 1.
Suppose that (PY 1j1)(x))" <0 holds for alln>1 and o < .

1 Forany0<e< %, if the density function g satisfies
—[lgllzeelog (1 —€) <1, (6)
then {P"} is sweeping with respect to A.

2 For any % < e < 1, if the density function g satisfies that

%(1—5)10&1—8) <1, (7)

then {PI'} is sweeping with respect to A.

Proof Fix x € (0, 1] arbitrarily. Firstly, we consider the case 1. For 0 < e < 1,

Paou) = [ v e (2 (1 55) ) A

1 1 T
= / Ps.1j0.1)(y)—g (— - —> A(dy)
[0,1] Y € Yy
1 1 T
= /[ Ps.1j0.1)(y)—g (— - —> A(dy)

1€—m€] y

since support of g is included in [0, 1], the support of g (% — ) is included in

z
Y
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[sx, %} Because of (Ps,1(9,11(x))" <0 and Condition (6), we have

1
P < Psloy(EoNdy) o= [ =x)

lex

=]
1
= Ps.1o.1)(e) - [lgllz= log ( 1—

< Ps.1jo,1)(x).

If P'"1jp1j(z) < P§ 1p,1)(x) holds for some n > 2, then we have
P16 41(2) < P.(Pg f(x))
" 1 1 =z
= [ P ey (2 3)
ex,

1€—m€] y € y
< ngll[o,l] (ex) = ngll[o,l] ()

whence by induction, it follows that
PETL]_[OJ] (x) < P§€1[071]($) for all n > 0.

Therefore we have
/[ P @A)
c,1
< / Pg 1jp1(x)A\(dr) =0 asn—oo for0<e<1
[c,1]

by Lemma 3.2.
Consider the case 2. With analogous considerations we have

Palp(e) = fou Lo )5 e 9 (2~ 155 o) @)
= f[O,l] Ps 1o, (y)ls;ys g (% - 15;5 . 5) A(dy)
- f[(l—s)fc,rc] Ps._., 1j0,1)() 15;;9 (% - T%

x

y) is included in
[(1 — &)z, z]. Because of (Ps 1-¢)1o,1)(z))" < 0 and Condition (7), we have

since support of g is included in [0, 1], the support of g (% —

1—¢

Plon@) < Psy  Lon((1—2)2)- oo~ / A(dy)

(1—e)z,z] €Y

1—¢ 1
= Ps,_.,Ljo1() - gl L= = 1og( >

1—¢
< Ps(l—e) 1[071] (x)
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Therefore by induction, it follows that
P'lpay(z) < Pg, 1o (@) for z € (0, 1].
Therefore we have
/[ P @A)
c,1

< /[ : P§(1_€)1[071] ()A(dzx) =0 asn—oo for0<e<l1

by Lemma 3.2.
Give an arbitrary density function f € D. Since for any § > 0, there exists
a constant M > 0 such that

/ (f — M) A(dz) < 6,
[0,1]

where (f)* = max{0, f — M}, we have that

/ P f(2)A(dz) < M / Pl (@)A(dx) + 6.

Since {P'1j9,1)} converges uniformly to zero on [c, 1] for each 0 < ¢ < 1, we

have
1

lim P f(z)\(dx) =0 for0 <c <1

Then the proof is now completed. O
4 Examples

In this section, we give two examples which satisfy the sufficient conditions of
Theorem 3.1 and 3.4.

Example 1

Let S:[0,1] — [0,1] be a map defined by

T 1
0. —
1z °F ’2)

1
2z — 1 €l=,1].

S(e) =

Indeed, S has the invariant density 1 (cf. [5]). Therefore the Foguel Alternative
theorem holds for the Markov operator defined by (3) with respect to A =
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{{0}U]¢, 1] : 0 < ¢ < 1}. Moreover this transformation satisfied the assumption
of Theorem 3.4. Fix 0 < e < % arbitrarily. Since

we have
Pf@) = ot () tea@+ 5of (5+ 52 ) Toalo)
First of all, we have
(Ps.1o(e)) = L) <0

Furthermore, if we assume (P551[071](x))’ < 0 for some k > 2 then we have
(P§ M1 (2)) = (ﬁpil[o,n(ﬁ%) Lo, (2)
o2 Ps ( ;) ](x))/
= mpésl[m] (m) 1 (@)

1 1 z\\
+42(PS [0, ](5"’%)) '1[0,5](x)

<0 for all z € [0,1].

Therefore by induction, we have (Pg 1j1)(x))" < 0 for all n > 1. There-
fore the intermittent map S satisfies the sufficient conditions of Theorem 3.4.

Example 2

Let S :[0,1] — [0, 1] be a map defined by S(z) = z. Since Psf(z) = f(x), it is
obviously that 2 is a positive subinvariant function with respect to A = {{0} U
[e,1] : O < ¢ <1} and S satisfies (S1)-(S3). Since Pg 1j1j(z) = Z1jo.cn) ()
for e < §, we have Pg 1pqj(z)’ = 0 for all z € [0,1] and n > 0. Therefore S
satisfies the sufficient conditions of Theorem 3.4.
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