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Abstract
We introduce the definition of generalized ideal co-transforms Cy (M, N)
which is a generalization of the definition of ideal co-transforms Cf(M).
We also study some basic properties of ideal co-transforms of linearly
compact modules.

1 Introduction

Throughout this paper, (R, m) is a local noetherian commutative ring and has
a topological structure. Let I be an ideal of R, in [14] we defined the i-th ideal
co-transform CY(M) of M with respect to I (or i—th I—co-transform of M) by

C}(M) = limTor?(I*; M).
[ piniminin [
t

Note that the definition of C{ (M) at degree zero (i=0) is in some sense dual to
Brodmann’s definition of ideal transforms ([1]). Also in [14] we studied some
basic properties of ideal co-transforms C (M) and found out relations to local
homology modules H/ (M) = lim Tor;"(R/I*, M).

t

In the paper we will define the i-th generalized ideal co-transform CI(M, N)
by

CHM,N) = limTor®(I* M, N).
—
t

This definition is in fact a generalization of the definition of ideal co-transforms.
The organization of the paper is as follows.
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In section 2 we recall briefly some properties of linearly compact modules
and generalized local homology modules that we shall use.

In section 3 we introduce the definition of generalized ideal
co-transforms C/(M, N). If M is a finitely generated R—module and N is a
linearly compact, then CY(M,N) (i > 0) is also linearly compact and the
sequence of functors {C (M, —)} is a positive strongly connected sequence on
the category of linearly compact modules and continuous homomorphisms. On
the other hand, we have a long exact sequence of linearly compact R—modules

-+ — H}\{(M,N) — C}/(M,N) — Tor[(M,N) — HI(M,N) — - -

< HI(M,N) = CT(M,N) ™2 M@Q) N fetty AL(ME), N) = 0.

Moreover, if pd(M) = p < 400, then H}, (M, N) = CL(M,N) (Theorem 3.4).

Section 4 is devoted to study the relations between generalized ideal co-
transforms and co-localization of linearly compact modules. In Theorem 4.2
we show that C!(M®gN) = CH(M, N) and C*E(M, N) = ,C*E(M, N) for any
a € R. The section is close by Theorem 4.3 in which we prove the isomorphism
CE(M,N) = (M@ zN).

2 PRELIMINARIES

Let us begin by recalling briefly the definition and basic properties of linearly
compact modules by terminology of I. G. Macdonald ([10]) that we shall use.

Let M be a topological R—module. M is said to be linearly topologized if M
has a base of neighborhoods of the zero element M consisting of submodules.
M is called Hausdorff if the intersection of all the neighborhoods of the zero
element is 0. A Hausdorff linearly topologized R—module M is said to be lin-
early compact if F is a family of closed cosets (i.e., cosets of closed submodules)
in M which has the finite intersection property, then the cosets in F have a
non-empty intersection (see [10, 10]).

It is clear that Artinian R—modules are linearly compact and discrete. We
have some following properties of linearly compact modules.

Lemma 2.1. (see [10, §3]) (i) If M is a Hausdor(f linearly topologized R—module
and N a closed submodule of M, then M is linearly compact if and only if N
and M/N are linearly compact.

(ii) Let f : M — N be a continuous homomorphism of Hausdorff linearly
topologized R—modules. If M is linearly compact, then f(M) is linearly com-
pact and f is a closed map.

(#ii) The inverse limit of a system of linearly compact R—modules with contin-
uous homomorphisms is linearly compact.
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Lemma 2.2. (see [8, 7.1]) Let {M;} be an inverse system of linearly compact
modules with continuous homomorphisms. Then liilth =0 for all i > 0.
t

Therefore, if
0 — {M¢} — Nt} —{PR} —0

is a short exact sequence of inverse systems of R—modules, then the sequence
of inverse limits

0 — limM; — limN; — limP; — 0
— — —
t t t

18 exact.

Lemma 2.3. (see [3, §2]) Let N be a finitely generated R—module and M

a linearly compact R—module. Then for all i > 0, Tor®(N; M) is a linearly
compact R—module. Moreover,

(i) If f : N — N’ is a homomorphism of finitely generated R—modules, then
the induced homomorphism f; nr = Torl(N; M) — Tor®(N’; M) is continu-
ous.

(i) If g : M — M’ is a continuous homomorphism of linearly compact
R—modules, then the induced homomorphism gy ; : Torf(N; M) — Tor®(N; M)
is also continuous.

Let I be an ideal of the ring R and M, N R—modules. In [12], the i—th
generalized local homology module H! (M, N) of M, N with respect to I is
defined by

HI(M,N) = lim Tor®(M/I* M, N).

T
In the special case M = R, H!(R,N) = H!(N) the i—th local homology
module H(N) of N with respect to I ([2], [3]).

Lemma 2.4. ([13, 3.4]) Let M be a finitely generated module and N a linearly
compact R—module. If N is complete in I—adic topology (i.e., Aj(N) = N),
then there is an isomorphism for all i > 0,

Torf (M, N) =~ H! (M, N).

The i-th ideal co-transform CI(M) of M with respect to I (or i—th I—co-
transform of M) is defined by

¢! (M) = limTor(I'; M) ([14]).

CI(M) is called the I—co-transform of M and denoted by C!(M).
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Lemma 2.5. ([14, 3.5]) Let M be a linearly compact R—module. There are
two short exact sequences

0 — H{(M) — C'(M) — (I'M — 0,

t>0

0 — (I'M — M 2% Ap(M) — 0.

t>0

3 Generalized ideal Co-transforms

Let (R,m) be a local noetherian commutative ring. We suggest the following
definition.

Definition 3.1. Let I be an ideal of R and M, N R—modules. The i-th
generalized ideal co-transform CL(M, N) of M, N with respect to I is defined
by
C/(M, N) = limTor;"(I' M, N).
t

Especially, CZ(M, N) is called the generalized I—co-transform of M, N and

denoted by C!(M, N) for simplicity. When M = R, we have C{(R,N) =
CI(N) the i-th ideal co-transform C(M) of M with respect to I ([14]).

Lemma 3.2. Let M be a finitely generated R—module. If N is a linearly
compact R—module, then C{(M, N) is also linearly compact for all i > 0.

Proof It follows from 2.3 (i)that {Tor®(I*M, N)} (i > 0) forms an inverse sys-
tem of linearly compact modules which continuous homomorphisms. Therefore
CI(M, N) is also linearly compact by 2.1 (iii). O
Set D% (M, N) = lim Ext’ (I* M, N). Note that
+

DY(M,N) = n_n;H%m(IfM, N) = D;(M,N)

t

is the generalized I—transform of M, N ([15]).
Let D(M) = Hom( M, E(R/m)) the Matlis dual of M.

Proposition 3.3. Let M be a finitely generated R—module and N an R—module.
Then ,
C{(M,D(N)) = D(Dy(M, N))

for alli > 0.
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Proof We first note that Tor?(I* M, D(N)) = D(Ext%(I*M, N)) by [17,
3.4.14] and imD(Ext(1*M, N)) = D(limExt (1M, N)) by [16, 2.27]. There-

t t
fore
C/(M, D(N)) = limTor, (I' M, D(N))
t
= limD(Ext(I'M, N))
t
= D(limExt(I'M, N)) = D(Dj(M, N))
t
as required. O

Theorem 3.4. Let M be a finitely generated R—module.

(i) If N is a linearly compact R—module, then we have a long exact sequence
of linearly compact R—modules

-+ — H}(M,N) — C}(M,N) — Tor(M,N) — H}(M,N) —

o H{(M,N) - CT(M,N) "™ M) N P8 A (M M) N) 0
Moreover, if pd(M) = p < 400, then H. | (M,N) = C/(M,N);

(i) If 0 — N” SN L N’ — 0 is a short exact sequence of linearly
compact R—modules with continuous homomorphisms, then we have a
long exact sequence of linearly compact R—modules

- — I, Ny L el Ny 25 CH M, N —
c— LM, N7) Lo T (M, N) 2 ¢T(M,N") — 0

in which the homomorphisms f;, g; are continuous for all i > 0.

Proof (i). For any positive integer ¢ the short exact sequence
0— I'M — M — M/I'M — 0
gives rise a long exact sequence of linearly compact R—modules
- — Tor®(I* M, N) — Tor®(M, N) — Tor®(M/I'M,N) —
--—>IfM® N—>M® N — (M/T'M ® N — 0.

Since M is the finitely generated R—module and N is the linearly compact
R—module, the modules of the long exact sequence above are also linearly
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compact. Thus, passing inverse limits, we have the long exact sequence of
linearly compact R—modules as required. Note that Tor®(M, N) = 0 for all
i>p,so HL, \(M,N) = Cl(M,N).

(ii). The short exact sequence of linearly compact modules 0 — N” 7,

N —%5 N’ — 0 gives rise to a long exact sequence of linearly compact modules
forallt >0

- — Tor®(I' M; N7) L% TorB(I' M; N) 24 Tor (I'M; N') —

S I'M@r N L M g N 25 IPM @ N' — 0

in which homomorphisms f;;, g;; are continuous by 2.3, (ii). Then Im f;;, Ker f;;
are linearly compact. Passing inverse limits, we get the long exact sequence as
required. Since the homomorphisms f;;, g;; are continuous, the homomorphisms
fi, g; induced on inverse limits are also continuous. O

Corollary 3.5. Let M be a finitely generated R—module and N a linearly
compact R—module. Then the homomorphism

ni(M,N): C}(M,N) — Tor; (M, N)
is an isomorphism if H ,(M,N) = H}(M,N) = 0.
Proof It is immediately induced from 3.4 (i). O
Let Aj(M) = @M/ItM the I—adic completion of M, we have the follow-
t
ing lemma.

Lemma 3.6. Let M be a finitely generated R—module and N a linearly com-
pact R—module. If N is complete in I—adic topology (i.e., Af(N) = N ), then
CI(M,N) =0 for all i > 0.

Proof From 3.4 (i) we have a long exact sequence
= Hi (M, N) — C{(M, N) = Tor{'(M, N) — Hj(M,N) — - -
-« — HI(M,N) - C'(M,N) — M®RN — AI(M®RN) — 0.

As N is complete in I—adic topology, we have H!(M, N) = Tor?(M, N) for
all i > 0 by 2.4. Thus CI(M,N) =0 for all i > 0. O

Since HI(N) is complete in I—adic topology for all i > 0, we have the
immediate consequence.

Corollary 3.7. Let M be a finitely generated R—module and N a linearly
compact R—module. Then CF(M, HJI(N)) =0 foralli,j > 0.
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Note that CI(R,N) = C}(N), so we also have the following immediate
consequence.

Corollary 3.8. Let N be a linearly compact R—module. If N is complete in
I—adic topology, then CI(N) =0 for alli > 0.

Lemma 3.9. Let M, N be R—modules. Then

A (CH(M, N)) = CT (M, A;(N)).

Proof We have

A(CT(M, N)) 2 lim(R/I' @ C'(M, N))

Jm
t

=lim(R/I' ®r hm(I M ®g N))
t

= limlim(R/I' @k (I°M ®g N)
t s

%linlln(f M ®r (R/I' @5 N))
s t

= lim(I°M @ lim(R/I' ®r N))
s t

= C1(M, Ar(N))

as required. -

Corollary 3.10. Let M be a finitely generated R—module and N a linearly
compact R—module. Then Ar(C1(M,N)) = 0.

Proof It follows from 3.7 and 3.9. t
Lemma 3.11. Let M be a finitely generated R—module and N a linearly
compact R—module. Then CH(M,CI(N)) = CI (M, N).

Proof From 2.5 we have two short exact sequences

0 — H{(N) = C'(N) = [(JI'N -0,

t>0

0— (JI'N — N — Ar(N) = 0.

t>0

By 3.4 (ii) we get two exact sequences

..CH(M,CT(N)) — ¢} (M,(\I'N) — C]_,(M, H{(N)) ...

t>0
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Ol (M, (I'N) = Cf (M, N) = C/ (M, As(N).....
t>0

Then the conclusion follows from 3.7. O

Lemma 3.12. Let M be a finitely generated R—module and N a linearly
compact R—module. Then CT(CY(M, N)) = CI(M, N).

Proof We have

Now the conclusion follows from 3.12. O

Proposition 3.13. Let f : N' — N be a homomorphism of linearly compact
R—modules such that Ker f and coker f are complete in I—adic topology. Let
@ : K — N be a further homomorphism of linearly compact R—modules.
Then

(i) The homomorphism CI(M, f) : CH(M,N') — CI(M,N) is an isomor-
phism for alli > 0.

(ii) There is a homomorphism v : C1(M,K) — M®pN' such that the dia-

gram
M@gf
—

M@RN/ M@RN
T T M®gy
cl(MK) ™5 Mgk,

is commutative, i. e., MOrf o1 = MrponuKi.

Proof (i) We have short exact sequences of linearly compact modules

0—Kerf — N SImf-—0

and
O—>Imfi>N—>cokerf—>O

in which f = fa and homomorphisms are continuous. It is therefore enough
to show that Cf(M, «) and C!(M, 3) are both isomorphisms.
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The first short exact sequence above induces by 3.4 (ii) an exact sequence

L CH (M, Ker f) — I, N 25 ol (T )

From 3.7 and the hypothesis Ker f = A;(Ker f) we have C{(M,Ker f) = 0.
Hence C{ (M, «) is an isomorphism. Next, from the second short exact sequence
we get an induced exact sequence

ci(m,p)
—

. CHM, Tm f) CH(M,N) — CI(M,coker f)....

We have CI(M, coker f) =2 CI(M, Ar(coker f)) = 0 for all i > 0 by 3.6. There-
fore Cf(M, f3) is an isomorphism.
(ii) We have a commutative diagram

M®gN' Mosf M®rN eidiig M@rK
T 9, N T 9m,N T 9,k

I I
ol Ny CED i Ny T oy k).

By (i), CI(M, f) is an isomorphism.
Set ¢ = nas,nr 0 C1(M, f)~ 0 CT(M, ¢), we have

M®gf o= MRgf onun o CL(M, )~ o C1(M, )
=N 0 CH(M, ) = M®gp o nar k-

The proof is complete. U

4 CO-LOCALIZATION

Let S be multiplicative set of R. For an R—mdule M the module Homg(Rgs; M)
is called co-localization of M with respect to .S (see [11]). We denote it briefly
by sM. If M is a linearly compact R—module, then gM is also a linearly
compact R—module by [5, 2.4]. The following proposition says that the co-
localization can ”commute” to the generalized ideal co-transform of a linearly
compact R—module.

Proposition 4.1. Let M be a finitely generated R—module and N a linearly
compact R—module. Then

sCH(M, N) = C1Bs (Mg, sN)

for alli > 0.
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Proof We first note that
s(Torf"(I'M, N)) 2 Tor{"* (I'Ms; sN)
by [4, 3.9]. Then
$C} (M, N) = Hompg(Rs, limTor;* (I M, N))
t
= limHompg(Rs, Tor/ (I'M, N)) = lim g(Tor (I' M, N))
t t
=~ C{RS (Ms, SN)

as required. O
Let a be an element in R, the notation ,M means that the co-localization
of M with respect to the multiplicative set S = {1,a,a?,...}.

Theorem 4.2. Let M be a finitely generated R-module and N a linearly
compact R-module. Then

(i) C1(M @p N) = C!(M, N);
(ii) CF’(M,N) = ,C*®(M, N) for any element a € R.

Proof (i). We have an exact sequence by 3.4 (i)
T © I M, N O, N
HY(M,N) % ¢f(Mm,N) 223 M®RN =3 A,(M@RN) — 0.
It induces two short exact sequences

0—Imp— CH(M,N) — Imnyn — 0,

O, N
0 — Imny N — M®RN iy A,(M@RN) —0.
Combining 3.4 (ii) with 3.8 yields induced exact sequences

0— CI(Imgo) — CI(CI(M, N)) — CI(ImnM,N) — 0,
O, N
0 — C'(Imnu.n) — CI(M®RN) =2 CI(AI(M®RN)) — 0.

Note that Im ¢ and A;(M@ ,N) are both complete in I—adic topology, so
C'(M @g N) = C'(C!(M, N)) = C'(M, N)

by 3.8 and 3.12.
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(ii). It follows from [18, 10.8.3] that a! M@ gHom (SR, N) 2 Homg(S™!R,a!M®pr
N). On the other hand, C*%(M, N) = C*®(M, C*E(N)) by 3.12 and C**(N) =
oN by [14, 4.4]. Therefore

C®(M,N) = C*B(M, CE(N))

~lima'M ®5 Hom(S™ 'R, N)
t
o~ pt_mHom(S—lR, a'M ®p N)
= Hom(S™'R, ;it_matM ®r N)
= oC*®(M,N)
as required. H

Theorem 4.3. Let M be a finitely generated R—module and N an artinian.
There is an isomorphism

CB(M,N) = a(M®RN)

for any element a € R.

Proof It follows from [6, 2.7] that Dyr(M, N) = Hompg(M, N),. Moreover,
C*®(M,D(N)) = D(Dor(M,N)) by 3.3. Hence
C*R(M,N) = C*®(M, DD(N))
= D(Dar(M, D(N))
D(Homp (M, D(N)),)
o D(Homp (M, D(N))
a(M®RDD(N))
o(M@RN))

1R 1R

I

as required. O
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