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Abstract

A perfect isometry is an important relation between blocks of finite
groups as many information about blocks are preserved by it. If we
consider the group of all perfect isometries between a block to itself then
this gives another information about the block that is also preserved by
a perfect isometry. The structure of this group depends on the block and
can be fairly simple or extremely complicated. In this paper we study
the perfect isometry group for the block of C), the cyclic group of prime
order, and completely describe the structure of this group. The result
shows that any self perfect isometry for C), is essentially either induced
by an element in Aut(C)), or obtained by multiplication by one of its
linear characters, or a composition of both.

1 Introduction

Let p be a prime number. Let (K, O, k) be a p-modular system where O is a
complete local discrete valuation ring with field of fraction K of characteristic
0 and residue class field k£ of characteristic p. We suppose that K is sufficiently
large for all groups considered. Let G be a finite group and B and block of
OG. Denote by R (B) the free abelian group generated by Irr(B). Let H be
another finite group and A a block of OH.
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1.1 Perfect isometries

Definition 1. [1, Definition 1.1] A generalized character p: G x H — K 1is
said to be perfect if it satisfies the following two conditions.

(i) [Integrality] For all (g,h) € G x H we have

u(g, h) cO and u(g, h)

Colg)] Cum)] €<

(ii) [Separation] If u(g, h) # 0 then g is a p-regular element of G if and only
if h is p-regular element of H.

Let p be a generalized character of G x H. Then, following Broue [1], y
defines two linear maps

I,:Rkg(A) — Rkg(B) , R,:Rg(B) — Rk(A)

defined by
L)) = ﬁ S ulg, R Y)Y = (g, ), By (1)
heH
and
Ru(o)(h) = ﬁ S g™t Wale) = (ul b, ae @)

geG

fora € Rg(B) and 8 € Rk (A). Here (, )¢ denotes the standard inner product
for class functions of G. Furthermore, the maps I, and R, are adjoint to each
other with respect to (, ). That is,

(I.(B), a)a = (B, Ru(a))m

for all @ € Rg(B), 3 € Rk (A).

The definition of perfect character p can also be stated in terms of conditions
on the maps I, and R, as follows.

Let CF(G, B; K) be the subspace of CF(G; K) of class functions gener-
ated by Irr(B). Let CF(G, B; O) be the subspace of CF(G, B; K) of O-valued
class functions. Let CF,/ (G, B; K) be the subspace of class functions a €
CF(G, B; K) vanishing outside p-regular elements.

If 1 is a generalized character of G' x H, the linear maps I,,, R,, defined in
(1),(2) can be extended in the usual way to the linear maps

1,:CF(H,A;K) — CF(G,B;K) , R,:CF(G,A;K)— CF(H,B;K).

Proposition 1. [1, Proposition 4.1] A generalized character y is perfect if and
only if
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(i*) I, gives a map from CF(H, A;O) to CF(G, B; O) and R,, gives a map
from CF(G, B; O) to CF(H, A;O).
(ii*) I, gives a map from CF, (H, A; K) to CFy (G, B; K) and R, gives a map
from CF, (G, B; K) to CF, (H, A4; K).
We have seen that a generalized character y of G x H defines a linear map

I, : Rk(A) — Rk (B). In fact, any linear map I : Rx(A) — Rg(B) is of
the form I, for some generalized character u of G x H.

Lemma 1. Let I : Rx(A) — Rg(B) be a linear map. Then, there is a
generalized character puy of G x H such that I = 1,,,. Furthermore uiy is defined
by
pr(g:h) =Y 100(9x(h), forallge G he H.
x€Irr(A)

Proof. Define pr as in the lemma. It is clear that p; is a generalized character
of G x H. We will show that I,,, =I. Let § € Rg(A) and g € G, then

L,(O)g) = ﬁZu(g,h‘l)ﬁ(h)

heH

- | X 1ewee) | s

heH \ pelrr(A)

. ﬁ(zwh—l)ﬁ(m) 1(¢)(9)

pelrr(A) heH
= Y Bl
pelrr(A)

= 1| > B

pelrr(A)
= 1(9)(9)-
t

Definition 2. [1, Definition 1.4] Let I : Rx(A) — Rk (B) be a linear map.
We say that I is a perfect isometry if I is an isometry and I = I, where p is
perfect.

It turns out that if I : Rg(A) — Rk (B) is an isometry and I = I,,, then
R,, is the inverse of I,,.

Lemma 2. Suppose that I, is an isometry. Then R, is also an isometry and
(I,)"' =R,.
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Proof. Let 3 € Irr(A). Since I, is an isometry, we have I,,(5) € £Irr(B). Let
a € Irr(B). Since I, and R, are adjoint,
<I,u(6)a a>G = <6a th(a)>H'
As the left hand side takes values in {0, £1}, this implies that R, (o) € £ Irr(A).
By adjointness again,
(Iu(Ru(a)), ) = (Ru(), Ru(a))m = 1.

Since I, (R, () € £Irr(B), this forces I, (R, (®)) = a. Similarly,

1= <I/t(5)aju(5)>0 = (B, R/t(I/t(ﬁ)»H
implies that R,(I,(3)) = 8. Hence R, = (I,)~! and R, is an isometry. O

If I : Rk(A) — Rg(B) is an isometry, then I(x) € +Irr(B) for all
x € Irr(B). So I defines a bijection I : Irr(A) — Irr(B) and a sign function
er : Irr(A) — {£1} such that I(x) = er(x)I*(x) for x € Irr(A). This gives
a bijection with signs between Irr(A) and Irr(B). We say that a sign is all-
positive if e7(x) = +1Vx € Irr(A) and all-negative if e;(x) = —1Vx € Irr(A).
We also say that a sign is homogenous if it is either all-positive or all-negative.

1.2 Perfect isometry group

We will now restrict our attention to the case where A = B. From Proposition
1 and Lemma 2 it is clear that if I, J : Rx(B) — Rk (B) are perfect isometries
then so are I~ and I o J. Moreover, the identity map id : Rx(B) — Ry (B)
is also a perfect isometry. This leads us to define the following group.

Definition 3. The set of all perfect isometries I : Rx(B) — Rk (B) forms
a group under composition. We will call this group the perfect isometry group
for B and denote it by PI(B).

This group is invariant under perfect isometries:

Lemma 3. If A, B are any two blocks and there exists a perfect isometry
I: Rg(A) — Rg(B), then PI(A) = PI(B).

Proof. One can check that the map I : J+— I o.JolI"! gives a desired isomor-
phism PI(A) = PI(B). d

2 Perfect Isometry Group for C,

In this section we will study perfect isometry group for G = C, where C,, is
the cyclic group of prime order p. Let ¢ = ¢>™/P be a primitive p-root of unity
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and let O = Z,(¢) and K = Q,((). Since G is a p-group, there is only a single
block B = OG.

Before stating the main theorem about perfect isometry group for B, we will
first define the following isometries in Ry (B) that are crucial in the structure
of PI(B).

e Let A € Irr(B). Since A is a linear character, Ay € Irr(G) for every y €
Irr(B) where Ax(g) = Mg)x(g),¥g € G. Thus X induces and isometry
I: x — Ax defined by I)(x) = Ay for x € Irr(B).

e Let o0 € Aut(G). Then o acts on Ry (B) via 69(h) = 6(h° ). Since the
action by o permutes elements in the set Irr(B), this induces an isometry
I, : Rg(B) — Rk (B) defined by I,(x) = x° for x € Irr(B).

Observes that the each isometry Iy, I, has all-positive sign.
The main result can now be stated as follows.

Theorem 1. Let G be a cyclic group of order p. Let B = OG be the block of
G. Then

1. Every perfect isometry in PI(B) has a homogenous sign.

2. Every perfect isometry in PI(B) with all-positive sign is a composition of
isometries of the following forms:
o Iy : x— Ax,Vx € Irr(B) where A € Irr(B).
o I, :x— x7,Vx € Irr(B) where o € Aut(G).

3. We have
PI(B) = (G x Aut(G)) x (—id).

2.1 Proof of the main theorem

Suppose G = (g). Then we can write Irr(B) = {xo,X1,---, Xp—1} Where
Xa(g®) = €% (so xo is the trivial character).

We will first show that any perfect isometry I € PI(B) has a homogenous
sign.

Lemma 4. Let I € PI(B). Then
(i) I has a homogenous sign.
(i) Either I(x)(1) = x(1)Vx € Irr(G) or I(x)(1) = —x(1) Vx € Irr(G).

Proof. By [1, Lemma 1.6], we know that I(x)(1)/x(1) is an invertible element
in O for any x € Irr(B). Since both I(x)(1) and x(1) are powers of p, we must
have I(x)(1) = £x(1). Consider

pr(1,1) Xt LOOMXA) X ennm) (EX1)?)

|G| p p
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Table 1: Character table of C),

o 1 g 92 . g™ . g;D—l
X0 1 1 1 1 1
xt |1 ¢ ¢? cm | et
x2 |1 ¢ ¢t e ¢2m | e
Xk 1] ¢* G ¢mk || kD)
Xp—1 | 1| ¢pmt | 2= | | g =07

Since pu7(1,1)/|G| € O and |Zx€lrr(3)(iX(1)2)| < p this means that either
® > cr(m)(£X(1)?) = p in which case all the signs are positive, or
* > cm(B) (£x(1)?) = —p in which case all the signs are negative.

This proves (i), and (i7) follows from I(x)(1) = £x(1) by above. d

This proves part 1 of the main theorem. Since an isometry [ is perfect
if and only if —1 is perfect, it suffices to consider perfect isometries with all-
positive sign. We will show that these isometries are precisely compositions of
isometries of the form I and I, for A € Irr(B) and o € Aut(G). First, we
need to show that I is perfect for any A € Irr(B).

Lemma 5. Let A € Irr(B). Then Iy is a perfect isometry.
Proof. Suppose A = x,. Consider

p—1 p—1
pi (g™ g") =Y D) (g™ )xn(g") = D ¢t
r=0 r=0

p—1
=M T = (M (g™ ")
r=0
Since the identity map is perfect. It is clear that I is also perfect. O

The character multiplication makes Irr(B) into a cyclic group generated by
X1-
Lemma 6. The map A\ — Iy is a group monomorphism from Irr(B) into
PI(B).
Proof. Let A, X' € Irr(B). For each x € Irr(B) we have
Dv(x) = AW x = My (x) = LIy (X)) = (I o Iv) (x)-

This shows that the map A — I is a group homomorphism. Let A be in the
kernel. Then I (xo0) = X0 = Axo- S0 A = Xo. 0
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Lemma 7. Let m be an integer not divisible by p. Then
WL
k=1

Proof. Let P(X) = XP~1 4+ XP~2 4+ ...+ X +1. Since (™ is a pth-root of unity
which is not equal to 1, P({™) = 0. Consider

XP(X)=XP+XP 4. +X2+X
XMP(X™) = XPm 4 Xxme=) 4 x?mg xm
Hence
P
0= =2
k=1
Next, we will show that the isometry I, is perfect for any o € Irr(B).

Lemma 8. Let 0 € Aut(G). Then I, is a perfect isometry.

Proof. Since o is an automorphism, g"_1 = ¢g* for some integer a not divisible
by p. Now

= ilo(xr) xr( ZXT xr(9")
r=0

= pia(9*", g").
Since ¢g*™ is p-regular if and only if g™ is p-regular, and the identity map is
perfect, it is clear that I, is a perfect isometry. ([
Lemma 9. The map o — I,-1 is a group monomorphism from Aut(G) into
PI(B).

Proof. Let 0,7 € Aut(G). For each x € Irr(B) we have

Iy () =X L =x" o = L (X ) = L1 (L1 (x) = (Ly-roL 1) (x).

This shows that the map o — I,-1 is a group homomorphism. Sup}gose o€
Aut(G) is in the kernel. Then x1(9) = Ir(x1)(9) = x7(9) = x1(¢° ). This
implies that o is the identity map. (I

Since Iy, I, are perfect isometries with all-positive sign for any A € Irr(B)
and any o € Aut(G). A composition of I, I, is also a perfect isometry with
all-positive sign. Before proving the converse, we need the following lemma.
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Lemma 10. Let o = Co+C1(+---+Cp_1¢P~! where C; € Z for alli. Suppose
that a/p € O. Then C; = C; mod p for all i, 5.

Proof. Since a/p € Z,(C) , we can write & = pag + pai{ + -+ - + pay—o2(P~?2
where a; € Z,Vi, as {1,¢,...,(P7?} is a basis of Z,(¢) over Z,. Write (P! =
—1—(¢—---— (P2 Then

= (CO - Cp—l) + (Cl - Cp—1)< + (CP—Q - Cp—l)gp_Q
= pag + par{ + - - - + pay—oCP 2.

Comparing the coefficients, we have C; — C,_1 € pZ, fori =1,...,p — 2. But
C; — Cp_; are integers, we have C; — Cp_1 € pN and so C; = C; mod p for all
1,7 as claimed. O

Lemma 11. Let I € PI(B) be a perfect isometry with all-positive sign. Then
I is a composition of I and I, for some X € Irr(B) and o € Aut(G).

Proof. Suppose I does not fix the trivial character, say I(xo) = X, for some
a€{l,...,p—1}. Then (Iy,_,oI)(x0) = Xp—aXa = Xo- S0, by composing with
I, for a suitable A € Irr(B), we can assume that I fixes the trivial character.
Suppose now that I(x1) = xp for some b € {1,...,p — 1}. Let o be the
automorphism g +— ¢®. Then

(xo)(9) = xs(g” ) = ¢ = x1(9)

(I5 o I)(x1)(9) Xb
(x0)(9) =1 = x0(9)-

Io
(I 0 I)(x0)(9) = I

Thus I, o I fixes both x¢ and x;. So, by composing with I, I for suitable
A € Irr(B), 0 € Aut(G), we can also assume that I fixes xo, x1. The lemma
is proved once we show that I must then be the identity map. To see this,
consider

p—1

pr(g,97") = > 10 (@)xr(g7")

r=0
p—1
I(Xr)(g)
=141+ —
;2 xr(9)
200+01§+"'+Cp_1<p_1

where 0 < C; < p for all i and Cy > 2 (C} is the number of occurrences of ¢t in
14+14+ Zf;; I(;‘r;();f). Since I is perfect, u(g,971) € pO. So, by Lemma 10,
we have C; = C; mod p for all 4, 5. But Cy > 2. So we must have Cp = p and
Ci = 0 for all i # 0. This means that {:0@) — 1 for all 7. Thus I(x,) = x»

for all 7 and so I is the identity map. O
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This proves part 2 of the main theorem.

Let £ and A be the images of the monomorphisms Irr(B) — PI(B) and
Aut(G) — PI(B) respectively. Since character multiplication is an abelian
operation, we observe that £ is an abelian group.

Lemma 12. The group PI(B) contains the subgroup £ x A.
Proof. For any A € Irr(B), 0 € Aut(G) and x € Irr(B), we have

1 —1

(Lo o Do (I) () = Lo o L)(XT ) = LA ) = A7x = L ().

Thus £ is normal in A. Since L is abelian, £ is also normal in £A. Suppose
I e LNA say I =1, =1, for some A € Irr(B) and ¢ € Aut(G). Then
In(x0) = Is(x0). This implies that A = xo and so I is the identity map. Hence
L intersects A trivially and so LA = £ x A is a subgroup of PI(B). O

We will now prove part 3 of the main theorem.

Lemma 13. We have
PI(B) = L x A x (—id)

and
PI(B) 2 G x Aut(G) x (—id).

Proof. By Lemma 4 every perfect isometry I € PI(B) has a homogenous sign.
Thus PI(B) = S x (—id) where S is a subgroup containing all perfect isometries
with all-positive sign. Since perfect isometries in £ x A has all-positive sign, we
have Lx A < S. But Lemma 11 says that any perfect isometry with all-positive
sign must be in £ x A, we have S < £ x A and so S = £ x A. Finally, since
Irr(B) — PI(B) and Aut(G) — PI(B) are monomorphisms, it is clear that
L2Trr(B) 2 G and A2 Aut(G). O
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