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Abstract

In this note we study some stochastic processes having jumps at some
times 71, ..., Tn, ... and which, between two jumps, satify a stochastic dif-
ferential equation driven by a fractional Brownian motion.

1. Introduction

Consider a filtered probability space (2, F, (F:), P) on which we define a
fractional Brownian motion (W, ¢ > 0), a Poisson process (N;,t > 0) with
intensity A, a sequence (U,,n > 1) of independent and identically distributed
random variables taking value in (0, +00) and a filtration (F3,¢ > 0). Suppose
that (WH), (N;) and (U,,) are independent.

For convenience we take for F; the o-algebra generated by random variables
WH N, for s <tand U, for 1 <n < Nj:

]:t:U(WgI—I)NG)UTL)S St,lSnSNt)
Let (X;,t > 0) be a stochastic process adapted to filtration (F;,t > 0) and
having jumps at times 7, 72, ..., Tn, ---
Denote by AX,, the jump size of X; at time 7,,,

AX, =X, — X _ (1.1)

where X, _ =lim; ~,, X;.

Key words: Fractional stochastic process with jumps, L?-semimartingale approximation.
2010 AMS Classification: 60J75, 60J65

14



H. T. PHUONG THAO 15

We take the relative jump size of X; at 7,, as value of U,,

X, — X -
Un = n)(_rin_n, n = 1,2,...
thus
X, =X, _(1+Uy). (1.2)

Note that, since the random variables (U,,1 < n < N;) are F;-measurable,
we see that at time ¢, the relative jump sizes taking place before ¢ are known.
Moreover, the times 7,,’s are stopping times of (F;) because (1, < t) = (IV; >
j) € Fi (see [3]).

In this note, the considered processes are supposed, between jumps, to
satisfy some fractional stochastic differential equations.

2. On the fractional stochastic calculus from L2- semimatingale ap-
proximation approach
2.1 Fractional Brownian motion

A fractional Brownian motion (WX ¢ > 0) with Hurst index H, (0 <
H < 1) is a centered Gaussian process having covariance function R(s,t) =
E(WHWH) given by

1
R(s,t) = §(t2H + 521 |t — 52H), (2.1)

In the case H = 1/2, W} becomes usual standard Brownian motion.
If H # 1/2, WH is neither a Markov process nor a semimartingale. It is by
this property one cannot apply the traditional Ito calculus to study stochastic
dynamics driven by a fractional Brownian motion. Many approaches have
been introduced to overcome this difficulty, such as these of T. E. Duncan et
al., D. Nualart, B. Oksendal and many others. In this note, we will follow the
approximate approach given by T. H. Thao (see [6-10]).

From this approach one considers the fractional Browinan motion of Liou-
ville form B} defined by

t
Bl :/ (t —s)H=12aw,, (2.2)
0
where W; is a standard Brownian motion. B is related to W/ by

Wit = Zi+ B, (2.3)

——
I'(H+1/2)
where I' is the gamma function, Z; is a process having absolutely continuous
trajectories and therefore the long range dependence of the fractional Brownian
motion WH focusses at BJ.
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2.2. L?’-semimartingale approximation.
Nualart D. [4] has introduced the semimartingale B/ for every € > 0 given
by

¢
BH:< :/ (t—s—|—e)H_%de (2.4)
0

It can be shown that B/ has the form
i

B = (H - 1/2)/ ©Sds + V2w, (2.5)
0

And T. H. Thao has proved that B¢ converges in L?(Q, F, P) to BF uniformly
with respect to ¢ in any finite interval [0, 7] as € — 0. (Refer to [6], [7]. [10]).

BF =12 - lim B, (2.6)

2.3. Fractional stochastic integration and differential equations

A simple definition of fractional stochastic integral was introduced in [10] ,
motivated by the fact that it was a result for the case of definition for integral
of a process of bounded variation by a formula of integration - by - part.

Assume that f(¢,w) is an adapted process such that

t
E/ f2(s,w)ds < 0o (2.7)
0
then the fractional integral is defined as
t t
/ f(s,w)ydBH =12 - nr%/ f(s,w)dBHe, (2.8)
0 «—~0Jo

where the existence of the integral in the right hand side of (2.8) with respect
to the semimartingale B/ is obvious and the limit is in the sense of the
convergence in L?(Q, F, P).

A theorem of existence and uniqueness for solution of the equation of form

dX; = b(t, X;)dt + o(t, X;)dBH

has been proved in [10] and some classes of fractional stochastic dynamics with
explicit solutions have been introduced in[11].

3. Fractional geometric Brownian motion with jumps.

Consider the fractional stochastic differential equation

dX; = pXdt + o X, dBE (3.1)
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where B is a fractional Brownian motion of Liouville form. From an approx-
imate approach in L?-space given by T.H.Thao [4] we know that the solution
of (3.1) can be expressed by

X; = Xgexp(ut + oBf). (3.2)

Now let (X¢): > 0 be an adapted process such that
(a) It satisfies the equation (3.1) for each time interval [7,,, Tp+1),
(b) At times 7,, the jump of X; is given by

AXTn = XTn - X-,—n— - X‘rn—UTL)

then X, = X, _(1+ U,) where U, is the relative jump size at time 7,,.
We see that, for ¢ € [0, 71]

X, = Xgexp(ut + o B),
and the left-hand limit at 7 is
X,;,— = Xoexp(um +oB),
and
Xp = Xr - (14 U1) = Xo(1 + Uy) exp(umy + oB).
Then for t € [11, T2],
Xy = X, explu(t—m) + o(Bff — BH)]
= X5, (1+ Ur)explu(t — m) + o(B{" — B)]
= Xo(1+Uy) exp(ut + oBI).
Notice that, since Bf! is a process having stationary increments then in the

calculation above we can replace BfL by Bff — BH.
Repeating this procedure we have

Nt
Xy = Xo[[[ (@ + Un)] exp(ut + o Bf). (3.3)

n=1

Then process X; given by (3.3) is called a fractional geometric Brownian motion
with jumps.

It is known from [6], [7] and [11] that exp(ut + oB}?) is the L2- limit of
exp(ut + o B), where

t
BfI’E = a/ pids + €Wy,
0
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a=H-1/2,¢f = f(f(t—54—6)0‘_1dW(9 and W, is a standard Brownian motion.
Thus X; in (3.3) is the L2-limit of

Ny
X = XO[H (1+ Un)] exp (b(t, €) + 0e* W), (3.4)

n=1

where b(t, €) = ut + ao fg ids.
According to [3], the process Xf of the form (3.4) can be expressed as

t Ny
XE =X, +/ XE(b(s,€) + oe“dWe) + Y X5 Un. (3.5)
0

n=1

Note that the continuous part of (3.5) is

¢ ¢
/ XS(b(s,€) + oe“dWs) = / X [uds + o(apids + e*dWs)]
0 0

t
:/ X¢[uds + odB1e]. (3.6)
0
And . .
L? — 1in(1] X¢(pds + odBHe) = / X, (pds + odBH) (3.7)
«~vJo 0
Ny Ny
2 3 € _
L? - lim XS Up=Y X; U, (3.8)
n=1 n=1
Finally,
t Ny
X, =1%— lim X7 = Xo + / X, (pds + odBH) + Z X, _U,. (3.9)
e 0 n=1

Now we have the proposition to state.
Theorem 3.1 Suppose (X, t > 0) is an adapted process verifying two condi-
tions (a) and (b) above, then it can be expressed as

Ny
X = Xo[[J @+ Un)]ertoBe (3.10)

n=1

Also, it satisfies the following equation

t Ny
X, =X, +/ Xo(uds +0dBI )+ X, _U,. (3.11)
0

n=1
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4. Fractional Ornstein-Uhlenbeck process with jumps

Consider a fractional stochastic Langevin equation
dX,; = —bX,dt + odBf, t>>0 (4.1)

where b and o are positive constants.

This equation was studied in [8,11] by an approximate approach. Its solu-
tion is called a fractional Ornstein-Uhlenbeck process.
Theorem 4.1 Suppose X; is a process having jumps at times Ty, ..., Tn Such
that:

(a) It satisfies the equation (4.1) for each time interval [Ty, Tni1)-

(b) At time T, the jump of X, is given by

AXT." = X‘rn - X‘rn— = X‘rn—(l + Un)’

where Uy, is the relative jump size at time T, .
Then Xy can be expressed by:
(i) Fort € [0,71)

¢

X =e (X0 + O’/ e’*dBH). (4.2)
0

(ii) For t € [Tn, Tnt1),

t—

Xy =e (X, 4o / e awi), (4.3)
where X,, = X,, ,(14+U,).
(#ii) For t = 141,
Tn+l1—Tn
)(,,_n_*_1 = e_b(Tn+1_Tn) (XT'n, 4 O'/ ebsdBfl)(l + Un—i—l)- (44)

Proof. According to results given in [ 7,11] , the solution of Equation (4.1) is
given by

t
X =e " Xo + O’/ e*dBH) (4.5)
0

then for the first interval [0, 71], X} has the same form of (4.5).
The left-limit X, _ = lim; ~r, X; is of the form

T1
X, =" (Xo4o / e*dBH). (4.6)
0
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And "
X =Xy (14 U1) = e "™ (Xo + a/ S dBIY1+Ty).  (4.7)
0

For t € |1y, 72) we have

t—71
X; = e tm(X, + O’/ e*dBH)
T1
T1 t—71
_ e—b(t_n)[e—bn (Xo + O’/ €bSdB£I)(1 +Uy) + O’/ €bSdB£I]
0 T1
T1 t—71
=e [(Xo + O’/ e dB™)(1 + Uy) 4 ge’™ / ebsdBf] (4.8)
0 T

1

Repeating procedure yields for ¢ € [, Tht1),

t—Tn
Xy =e (X, 4o / eb*dBH) (4.9)
where X, =X, (1+U,).
We have also for ¢t = 7,11
Tn+1—Tn
Xy =e (X, 4o / e dBY)(1+ Upy) (4.10)

Formulas (4.5), (4.7), (4.8), (4.9) and (4.10) give us recursive relations for de-
termining the fractional Ornstein-Uhlenbeck process with jumps that complete
the proof. O

5. Jumps fractional stochastic differential equation

Consider the equation
dX; + g(t, X;)dt + v(t) X, dB + X, _Up,dNy, (5.1)

where (B}f) is a fractional Brownian of Liouville form, (N;) is a standard
Poisson process and (Ug,k > 1) is an ii.d. sequence of random variables,
g(t, z) and ~(¢) are some regular real functions such that there exists a unique
solution for the equation

Suppose that (Bf), (N;) and (Uy,) are independent.

In fact, the process (X;) satisfying (5.1) is a process having jumps at some
times 71, T2, ... such that the number of jumps in time interval [0,¢] is N; and
between jumps, it satisfies (5.2). Also, Uy is the relative jump size of (X;)at
time 7,.
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An application of Thao’s approximation approach leads us to the approxi-
mate equation corresponding to (5.2)

dX§ = g(t, X)dt +~(t) X dB;"", (5.3)

where B/ is a semimartingale
dB = aidt + *dW,, o= H —1/2.

Thus

dX; = f(t, X5)dt + c(t) X;dWy, (5.4)
where

[t X7) = g(t, X7) + ac(t)p; X7,

c(t) = e“~(t).

For the convenience we put X§ = Xj.
Now, we denote

Gy = exp(— /0 c(s)de—Fé /0 ¢2(s)ds), (5.5)

and
Y =Gy X¢ (5.6)

We have

d(GXF) = X£dGy + GydX{ + dGdX{
= XE (02 (t)Gt - CthWt) + Gt(f(t, Xf) + C(t)XEth) - 02 (t)Xftht
= Guf(t, X¢)dt.

Then dYF = G:f(t, X;)dt or Y is the solution of an ordinary differential
equation
Yy
dt
Since Xf = G; 'Y we see that the solution of the approximate equation is
defined by

=G f(t, X7). (5.7)

XE = Y expl /0 c(s)dWS—% /0 ¢2(s)ds), (5.8)

where Y is the solution of (5.7) and ¢(t) = e*~(¥).
By a similar way as in Sections 3 and 4 we can get at last
Theorem 5.1 The solution of (5.1) can be given by

X, =L%— lim X7, (5.9)
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where

Ny

Xi= XY [Ja+Ux) eXp(/O o(s)dW, — %/0 A(s)ds), (5.10)

k=1
c(t) = e=1/24(t) and Y, is the solution of (5.7).
6. Jumps fractional stochastic differential equation
In this section we discuss the general form
dX, = a(t, X;)dt + b(t, X, )dB + c(t, X,_)dN, (6.1)

where a(t, x), b(t, x), c(t, x) are coefficients which satisfy some conditions that
assure the existence and uniqueness for solution of (6.1), (¢, x) is the jump size
coefficient.

The approximation of (6.1) is

dX§ = a(t, X5)dt + b(t, X£)dB + c(t, X )dN, (6.2)

where .
B = / (t — s+ )= Y2dw,.
0

Suppose that under some conditions imposed on a(t, x), b(t, z) and ¢(¢, x) as in
[11], the solution of (6.1) can be considered as L2-limit of the solution of (6.2)
when € — 0.

There is no explicit solution of (6.2) in general, so a numerical method
is needed. We follow the method of [1] to present a numerical scheme for
calculating the solution of (6.2). We have already,

t
dB;" = apldt + ¢“dW, with of = / (t—s+e)*  dW,.
0

Denote

a(t, X5) = alt, Xf) + apfb(t, X;)

b(t, X§) = e“b(t, X7).
We have _
dX; =a(t, X;)dt + b(t, X;)dWy + c(t, X;_)d Ny (6.3)
Suppose jumps appear at times 71, 7o, ..., Tn,---
On the intervals [7,—1,7,), X is continuous and satisfies the equation
dX¢ =a(t, X5)dt + b(t, X5)dW,.

At t =7,
AX; =c(t,X; )AN; or X; = X;_ +c(t, X;_),
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where ANy is the integer jump in N at time ¢, and ¢(¢, X{_) is the size of the

jump.

Now we try to use MAPLE procedures to find the numerical solution for
(6.3).

The scheme is considered with ¢ € [0, T] and a partition 0 < ¢; < t2 < ... <
tny =T

Denote

An = tn+1 —tn
AW, = Wi i1 — Wi
ANn = Nn+1 - Nn

and Y,, is the approximation to the solution of Xj.
We use the Euler scheme to scalar jump-diffusion of (6.2)

Yoi1 = Yn 4 a(tn, ) A + b(tn, ) AW, + c(t, Y;,) AN,

forn=0,1,2,..Np— 1.

Euler — jump := proc(a : algebraic, b : algebraic, ¢ : algebraic)
localtemp, h;
temp :=Y[n+1] =Y[n] +ax*dt +b*dWn]+ cx dNn];
temp := subs(x = Y[n|, temp)

end :
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