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Abstract

A ternary ring R is right strongly prime if every nonzero ideal of R
contains a finite subset G such that the right annihilator of G with respect
to a finite subset of R is zero. Examples are ternary integral domain and
simple ternary rings with a unital element ‘e’ or an identity element.
All the strongly prime ternary rings are prime. In this paper we study
right strongly prime ternary rings and obtain some characterizations of
it. Lastly we characterize strongly prime radical of a ternary ring.

1 Introduction

A ring R is prime if for given r, t € R\{0}, there exists s € R such that rst # 0.
If for each nonzero element r of R, we can restrict the choice of ‘s’ to a finite
set(independent of ¢ but depending on r), then we have a ring that is stronger
than prime. Considering these Handelman and Lawrence[6] introduced the
following notion. Given a nonzero element r of R, a right insulator for r, is
defined to be a finite subset F' of R, such that ann({rs:s € F}) = {0}. Now R
is called right strongly prime if each nonzero element of R has a right insulator,
i.e for each for each r € R\{0} there is a finite subset F' of R such that xFy =
{0} implies that y = 0. Although prime is a symmetric notion, Handelman and
Lawrence[6] showed that strongly prime is not. Although primitive group rings
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were the original motivation for introducing strongly prime rings, it became
apparent that strongly prime rings are interesting by themselves. In 2007, T.K.
Dutta and M.L.Das[4] introduced and studied (right)strongly prime semiring.

In the year 1971, W.G.Lister[7] introduced the notion of ternary ring. In
this paper we introduce the notion of right strongly prime ternary ring. We
obtain some elementary properties of right strongly prime ternary rings. We
also obtain some characterizations of right strongly prime ternary rings. Lastly
we introduce the notion of super sp-system in a ternary ring and characterize
strongly prime radical by the above notion.

Some earlier work on ternary rings of the authors may be found in [9], [10],
[11].

2 Preliminaries

Definition 2.1. [10] A nonempty set R together with a binary operation,
called addition and a ternary multiplication denoted by juxtaposition, is called
a ternary ring if R is an additive commutative group satisfying the following
properties:

(1) (abc)de = a(bed)e = ab(cde),

(#) (a+b)cd = acd + bed,

(74i) a(b+c)d = abd + acd,

() ab(c+d) = abc + abd for all a,b,c,d,e € R.

Definition 2.2. Let R be a ternary ring. The additive identity ‘0’ of R satisfies
the property Oxy = 20y = xy0 = 0 for all x,y € R.This element 0’ is called
the zero element or simply the zero of the ternary ring R.

Definition 2.3. A ternary ring R admits an identity promded that there exist
elements {(e;, f;) € R x R(i = ,n)} such that ZQfﬂ = Zelel =

erifi =z for all x € R. In this case the ternary ring R is said to be a
i=1

ternary ring with identity {(e;, fi) : ¢ € 1,2, ....,n}. In particular, if there exists
an element e € R such that eex = exe = xee = x for all x € R then e is called
a unital element of the ternary ring R.

It is obvious that zye = (exe)ye = ex(eye) = exy and zye = z(eye)e =
ze(yee) = xey for all x,y € R. Hence the following result follows.

Proposition 2.4. If e is a unital element of a ternary ring R, then exy =
rey = xye, for all z,y € R.

Definition 2.5. An additive subgroup T of a ternary ring R is called a ternary
subring of R if t1tats € T for all ty,ta,t5 € T.
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Definition 2.6. A ternary ring R is called commutative if £12223 = T5(1)To(2)To(3),
where o is a permutation of {1,2,3} for all 1,22, 23 € R.

We now define left(right, lateral) ideal of a ternary ring.

Definition 2.7. An additive subgroup I of a ternary ring R is called a left(right,
lateral) ideal of R if rirai (respectively irqre, r1ire) € I for all r1,79 € R and
i€ l. If I is a left, a right and a lateral ideal of R then I is called an ideal of
R. If I is a left and right ideal of R then I is called a two sided ideal of R.

Definition 2.8. A ternary ring R is called a simple ternary ring if R # (0)
and if it contains no nonzero proper ideal i.e (0) and R are the only ideals of
R.

Definition 2.9. A ternary ring R is said to be zero divisor free(ZDF) if for
a,b,ce R, abc =0 impliesa =0 orb=0 or c=0.

Definition 2.10. A commutative ternary ring with identity is called a ternary
integral domain if it is zero divisor free(ZDF).

Definition 2.11. An element r’ of a ternary ring R is said to be invertible
in R if there exists an element r' in R(called inverse of r) such that rr'z =

r're = xrr’ = xr'r = x for all x € R and the element ‘r’is also called a unit
n R.

Definition 2.12. A non-trivial ternary ring R with identity is said to be a
division ternary ring if for every element a(# 0) € R there exists an element
b € R such that abx = xab = xba = bax = x for all x € R.

In the following proposition, we describe the principal left(right, lateral)
ideal of a ternary ring.

Proposition 2.13. Let R be a ternary ring and v € R. Then the principal

(2) left ideal generated by ‘r’ is given by < r >= RRr + nr.

(#0) right ideal generated by r’is given by <r >.= rRR+ nr.

(#91) two-sided ideal generated by ‘r’ is given by < r >;= RRr + rRR +
RRrRR + nr.

(i) lateral ideal generated by ‘r’is given by < r >,= RrR+ RRrRR+nr.

(v) ideal generated by ‘r’ is given by < r >= RRr+rRR+ RrR+ RRrRR+
nr, where n € Z(set of all integers).

If R contains identity or a unital element then < r >= RRrRR.

Proposition 2.14. Let R be a non-trivial division ternary ring. Then R does
not contain any left, right and lateral ideals.

Proposition 2.15. A division ternary ring does not contain any divisors of
zero.
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Definition 2.16. A proper ideal P of a ternary ring R is called a prime ideal
of R if for any three ideals A, B,C of R, ABC C P implies AC P or BC P
or C C P.

Definition 2.17. A ternary ring R is called a prime ternary ring if the zero
ideal (0) is a prime ideal of R.

Throughout the paper by R* we mean R* = R\(0).

3 Right strongly prime ternary rings

Definition 3.1. Let R be a ternary ring and r € R*. The right insulator for
‘r’is a finite subset F' of R such that annihilator of r with respect to F i.e
ann(r, F) = {0} or equivalently for each r € R* there exists a finite subset F'
of R(called right insulator) such that rFt = {0} =t =20, for all t € R.

In the year 1964, N. Nobusawa[8] introduced the notion of I'—ring. Later
W.E. Barnes[1] weakened the defining condition for Nobusawa’s I'-ring. The
notion of Barnes I'-ring reduces to the notion of ternary ring introduced by
W.G. Lister[7] whenever I' = R. In the year 1988 G.L.Booth[2] introduced the
notion of right strongly prime I'-ring as follows-

Definition 3.2. A I'— ring M is called right strongly prime if for every x #
0 € M, there exist finite subsets F' of M and ¢ and A of T such that o F Ay =0
implies that y = 0 for all y € M.

We shall show that our definition of right strongly prime ternary ring and
the notion of right strongly prime I'-ring introduced by G.L Booth[2] whenever
I' = R are equivalent.

Proposition 3.3. A ternary ring R is right strongly prime if and only if for
every x € R*, there exist finite subsets Fy, Fa, F3 of R such that ©F)FsF3y =
{0} implies y =0 for ally € R.

Proof. Suppose R is a right strongly prime ternary ring. Let z € R*. Then
there exists a finite subset F' of R such that

2Fy={0} =y =0 (1)

forally € R. Let Fy = F, Fy = {z}, F5 = F. Suppose ©F} F>F3y = {0}. Then
xFzFy={0}. By (1) «Fy = {0}. This again implies that y = 0 for all y € R.

Conversely suppose that for every r € R*, there exist finite subsets F}, Fs, F3
of R such that aF1FoF3y = {0} = y =0 for ally € R. Then F = F1FyF3
is a finite subset of R. Now zFy = {0} implies zF1 FoF3y = {0} which again
implies that y = 0 for all y € R. Consequently R is a right strongly prime
ternary ring. O
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Corollary 3.4. A ternary ring R is right strongly prime if and only if for every
r € R*, there exists a finite subset F' of R such that rFFFy = {0} =y =0
forally € R.

Proof. The necessity follows by taking F' = F} U F3 U F3 in proposition 3.3.
Converse is obvious. |

Example 3.5. Let R = {ri : r € R,i®> = —1}, where R is the set of all real
numbers. Then R is a ternary ring together with usual binary addition and
ternary multiplication. Let ri(# 0) € R and F = {ri}. Then (ri)Fy = 0
implies that y = 0 for all y € R. Hence R is a right strongly prime ternary
Ting.

Theorem 3.6. A right strongly prime ternary ring is prime.

Proof. Suppose that R is a right strongly prime ternary ring. Let A, B, C be
three ideals of R such that ABC = (0). Suppose that A # (0) and B # (0).
Since A # (0), there exists a(#£ 0) € A. Since R is a right strongly prime ternary
ring, there exists a finite subset F of R such that aFy = (0) implies that y =0
..(1) for all y € R. Now aF(BRBRC) = (aFB)(RBR)C C ABC = (0). This
implies that BRBRC' = (0) by (1). Since B # (0), there exists b(#£ 0) € B, and
a finite subset F’ of R such that bF'y = (0) = y =0 for all y € R....(2). Now
bF'BRC C BRBRC = (0). So BRC = (0) by (2). Again bF'c C BRC' = (0)
for ¢ € C. This implies that ¢ = 0. Since c is an arbitrary element of C, we find
that C' = (0). Similarly we can prove than if A # (0), C # (0) then B = (0)
and if B # (0), C' # (0), then A = (0). Thus (0) is a prime ideal of R and
hence R is a prime ternary ring. O

Theorem 3.7. Let R be a ternary ring . Then the following are equivalent :

(i) R is right strongly prime;

(i) If I is a non-zero ideal of R, there exist finite subsets F' of I and F of
R such that F'Fy = {0} implies that y = 0 for all y € R;

(#ii) If x € R*, there exist r € R and finite subsets F',F of R such that
arF'Fy = {0} implies that y =0 for all y € R.

Proof. (i) = (ii) Let I be a nonzero ideal of R. Let x(# 0) € I. Then by (i)
there exists a finite subset F' of R such that xFy = 0 implies that y = 0 for
all y € R. Then Fy = {z} is a finite subset of I and F1 Fy = {0} implies that
y=0forally € R.

(73) = (uii) Let a(#£0) € R. Then < @ > is a nonzero ideal of R. So by (ii)
there exist finite subsets Fy of < a > and F» of R such that F; Foy = {0} implies
that y = 0 for all y € R. Suppose that aRR = {0}. Then < a > RR = {0}.
Since F1Fra C< a > RR = {0}, we have F}yFya = {0}. This implies a = 0,
a contradiction. Therefore arz # 0 for some 7, € R. Then I =< arx > is a
nonzero ideal of R. Again by (ii) there exists a finite subset G’ of T and a finite
subset G of R such that G’Gy = {0} implies that y = 0 for all y € R. Now any
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m l k
element of G is of the form {narx—FZ arxozlﬂﬁ—z 555} arx—kz e(diarzey)e+
i=1 j=1 t=1

s

!/ / /
E cpgparxfpfp, where manalakas S Z;aiaﬁi;Siasjadtaetacpagpafp)fp € R}
p=1

Let F' = {z, va;fi, vere, o fp fp 1 i = 1,2, omit = 1,2, ... kip=1,2........ s;myk,s €

Z}, and let arFGy = {0}. Then G'Gy = {0}. By (ii) y = 0.

(#91) = (i) Let a(#£ 0) € R. Then by (iii), there exists r € R and finite subsets
Fy, F3 of R such that arFyF3y = {0} implies that y = 0 for all y € R. Let
F = rFyF5, which is a finite subset of R. Then aFy = {0} implies that y =0
for all y € R. Thus (i) holds. O

Definition 3.8. Let A be a non-empty subset of a ternary ring R. The right
annihilator of A with respect to a nonempty subset B of R, denoted by r(A, B),
is defined by r(A,B) = {x € R: ABx = {0}}.

Proposition 3.9. The right annihilator r(A, B) of A with respect to B in a
ternary ring R is a right ideal of R.

Proof. The proof is a routine matter of verification and so we omit it. |

Proposition 3.10. The right annihilator of a nonempty subset A with respect
to a right ideal B of a ternary ring R with a unital element ‘e’ is an ideal of
R.

Proof. By the proposition 3.9, (A, B) is a right ideal of R. Now it remains
to show that r(A, B) is a left and a lateral ideal of R. Let r € r(A, B). Then
ABr = {0}. Now since B is a right ideal of R, we find that AB(zyr) =
A(Bzy)r C A(BRR)r C ABr = {0} for all z,y € R i.e zyr € r(A,B)
i.e RRr(A,B) C r(A,B). This implies that r(A, B) is a left ideal of R.
Again AB(xry) = AB(exe)(ere)y = A(Bex)(eerey) C A(BRR)(eerey) C
AB(rey) = (ABr)ey = {0}ey = {0} for all z,y € R, i.e xry € r(A, B) i.e
Rr(A,B)R C r(A, B). Then r(A, B) is a lateral ideal of R. Hence r(A, B) is
an ideal of R.

O

Definition 3.11. A ternary ring R is said to be a bounded right strongly
prime ternary ring of bound n if each nonzero element of R has an insulator
containing not more than n-elements and at least one element has no insulator
with fewer that n-elements.

Theorem 3.12. A ternary ring R with identity or a unital element is right
strongly prime if and only if every nonzero ideal of R contains a finitely gen-
erated left ideal whose Tight annihilator with respect to a finite subset F' of R
18 zero.
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Proof. Suppose R is a right strongly prime ternary ring and I is a nonzero
ideal of R. Let r(# 0) € I. Since R is a right strongly prime ternary ring,
there exists a finite subset F' of R such that rFFFt = {0} = ¢t = 0. Now
rFF C I and rF'F is finite. Let L be the left ideal of R generated by rF'F', i.e
L=RRrFF.SoLCI. Let LFt=0. Then rFFFtC RRrFFFt= LFt=0,
since R contains identity or a unital element. Hence ¢ = 0. Thus I contains the
finitely generated left ideal L whose right annihilator with respect to a finite
subset F' is zero.

Conversely, suppose the condition holds. Let » € R*. Now (r) is a nonzero
ideal of R. By the given condition there exists a finite subset F’ of (r) such
that right annihilator of the left ideal L generated by F’ with respect to a
finite subset F' of R is zero, i.e. LFy = {0} = y = 0 for all y € R. If
possible let YRR = {0}. Then (r)RR = {0}. Since F'Fr C (r) = RRrRR,
(since R contains identity or a unital element)C (r)RR = {0}. Thus we have
F'Fr = {0} = LFr = {0} as L = RRF’; but LFr = {0} = r =0, a
contradiction. Thus rRR # 0. So there exist 1,z € R such that rriz # 0.
Let I = (rriz), I # (0). Then by hypothesis there exists a finite subset G’ of
I such that if H = RRG' then HH'y =0 =y = 0 for all y € R where H' is a
finite subset of R. By theorem 3.7, we have R is a right strongly prime ternary
ring. |

Theorem 3.13. A ternary ring R is right strongly prime if and only if every
nonzero ideal of R contains a finite subset G such that right annihilator of G
with respect to a finite subset of R is zero.

Proof. Suppose R is a right strongly prime ternary ring and [ is a nonzero ideal
of R. Let a(# 0) € I. Since R is a right strongly prime ternary ring, there
exists a finite subset F' of R such that aFFFt=0=1¢t=0. Let G =aFF C I.
Then G is a finite subset of I and right annihilator of G with respect to F' is
zero i.e r(G,F)=0

Conversely, suppose that every nonzero ideal of R contains a finite subset
whose right annihilator with respect to a finite subset F' of R is zero. Let
a(#0) € R. Then (a) is a nonzero ideal of R. Then there exist a finite subsets
F' of (a) and a finite subset F of R such that F'Fy = {0} = y = 0 for all
y € R. Now by theorem 3.7, we can show that R is a right strongly prime
ternary ring. |

Definition 3.14. A ternary ring R is said to satisfy descending chain condi-
tion(DCC) on right ideals of R if for each sequence of right ideals Ay, Aa, As...
of R with A1 D As D As.... there exists a positive integer n(depending on the
sequence) such that Ay, = Apy1 = e

Proposition 3.15. If R is a prime ternary ring with DCC on right annihilator
ideals of R then R is a right strongly prime ternary ring.
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Proof. Let I be a nonzero ideal of R and M denote the class of all right
annihilators of the form r(F, F’), where F and F are finite subsets of I and R
respectively. Then M contains a minimal element J = r(Fy, Fj}), say. Suppose
J # 0. Since R is a prime ternary ring, IRJ # {0}. Then there exist z € I,
r € R and y € J such that zry # 0. Let F” = Fy U {z} and F""" = F/ U {r}.
Since FoFyr C F"F"'r, r(F",F"") C J. Againy € J and zry # 0 implies
that y ¢ r(F", F"") which contradicts the minimality of J. Hence J = {0}.
Therefore by proposition 3.7(ii), R is right strongly prime. O

Proposition 3.16. FEvery simple ternary ring with a unital element e is right
strongly prime.

Proof. Let R be a simple ternary ring with a unital element e. Since R is
simple, R is the only nonzero ideal of R. Now F’ = {e} is a finite subset of R
and F'F'y = {0} i.e eey = 0 implies y = 0 for all y € R. Consequently R is a
right strongly prime ternary ring. |

Definition 3.17. [5] A class p of ternary rings is called hereditary if I is an
ideal of a ternary ring R and R € p then I € p.

Proposition 3.18. The class of all right strongly prime ternary rings is hered-
itary.

Proof. Let R be a right strongly prime ternary ring and I be an ideal of R. If
I = (0) then I is trivially right strongly prime ternary ring. So we assume that
I # (0) and let a be a non-zero element of I. Since R is a right strongly prime
ternary ring, there exists a right insulator F' for ‘a’, such that

aFy=0=y=0 (1)

Obviously F; = FaF' is a finite subset of I. Now suppose that aFyy = 0
where y € I. Then aFaFy = 0. Now by (1) we have aFy = 0, which again
implies that y = 0. So [ is a right strongly prime ternary ring. Hence the class
of all right strongly prime ternary rings is hereditary.

O

Now we consider the matrix ternary ring M,, (R), where R is a ternary ring.
Let R be a ternary ring with a unital element e and M, (R) be the set of all
square matrices of order n(n € N) with entries from R. Suppose A = (a;j)nxn;
B = (bij)nxn; C= (Cij)nxn S Mn(R)
We define binary addition and ternary multiplication in M, (R) as follows:

(@i)nxnt(bij)nxn = (aij+bij)nxn and (@ij)nxn(Dij)nxn(Cij)nxn = (dij)nxn

where d;; = Z aikbricy; 1 < 1,5 < n.
k=1
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It can be easily verified that together with above defined addition and mul-
tiplication M, (R) is a ternary ring with unital element. We call M, (R) the
matrix ternary ring.

Let » € R*. Then the notation rE;; will be used to denote the n x n matrix
in which the (%, j)th entry is r and all other entries are zero. Then we can

n

write A = Z a;;F;; and it can be easily verified that (zEpq)(yErs)(2Eyu,) =

ij=1
(xyz)Epy, ifg=rand s=u
0 ifg#rors#uforalazyzeR

Proposition 3.19. If R is an n X n matriz ternary ring over a ternary integral
domain, then R is bounded strongly prime of bound n.

Proof. Let A = (a;j)nxn € R*. Then at least one a;;(1 < 4,5 <n) is nonzero.
Suppose apq # 0. We now prove that {rE,} is a right insulator for ap,. Let
B = (bij)nxn. Now A(TEg)B =0= aperbij =0for 1 < j<n=b;=0(1<
j < n), since R is a matrix ternary ring over ternary integral domain. This
shows that {rEg}? , is an insulator for A. Also the element Eqq € R* has
an insulator {TElj}?:l and no insulator of F;; contains less than n elements.
Hence R is a bounded strongly prime ternary ring of bound n. O

Proposition 3.20. If R is a right strongly prime ternary ring and ‘4’ is a
nonzero idempotent element in R then iRi is a right strongly prime ternary
subring of R.

Proof. Obviously iRi is a ternary subring of R. Let iri be a non-zero element
of iRi. Then iRi € R . Since R is a right strongly prime ternary ring, corre-
sponding to iRi there exists a right insulator F' = {f1, f2, ..., fx}, (say) in R.
Let Fy = {uifsii: fs € F where 1 < s < k}. Now

(iri)Fy (iyi) =0

= (iri) (it fsii)(iyi) = 0, where fs € F
= (i) f, (idd)yi = 0

= (iri) fs(iyi) =0

= (iri)F(iyi) = 0.

This implies that ¢yi = 0. Thus iRi is a right strongly prime ternary subring

Proposition 3.21. Right strongly primeness is morita invariant

Proof. Let R be a right strongly prime ternary ring and ‘¢’ be a nonzero idem-
potent element in R. Then by above proposition 3.20, ¢Ri is a right strongly
prime ternary subring of R.
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Now we prove that if R is a right strongly prime ternary ring then M, (R) is
also a right strongly prime ternary ring. Let B be a nonzero matrix in M, (R)
and let its (p,q)th component b,, is nonzero. Let {{;} be a right insulator
for bpq in R. Let A be a nonzero matrix with nonzero (i,j)th component a;;.
Then byqtra;; # 0 for some t € {tx}. Now (p, j)th component of B(trEy;)A
is bpgtrai;. So A # 0= B(tyEy;)A # 0 for some t;, € {ty}. Contrapositively,
B(tyEi;)A = 0 for all ¢, € {tx} = A = 0. Therefore {txE;;}i ;k is a right
insulator for B. Hence M, (R) is a right strongly prime ternary ring. Hence
the proposition. O

Proposition 3.22. Let R be a ternary ring with a unital element ‘e’. Then R
is a right strongly prime ternary ring if and only if M, (R) is a right strongly
prime ternary ring.

Proof. Let M, (R) be a right strongly prime ternary ring and a(# 0) € R and
b(#£0) € R. Then aF1; and bE7; are nonzero elements in M, (R). Since M, (R)
is right strongly prime, there exists a finite subset A = {(ai;)nxn} of M, (R)
such that (CLEH)(CLU)TLX”(I)EH) 75 (O)an

Now (aE11)(@ij)nxn(bE11) = (dij)nxn-

Where d.; — CLCLHb if 7 2] =1
Y00 elsewhere

Since (dij)nxn 7 (0)nxn, we have aa11b # 0. Now choose A’ = {a1; : 1 <
j <n} C R. Then aadb # 0 for some o € A" and hence R is a right strongly
prime ternary ring.

Converse follows from the proposition 3.21. |

Definition 3.23. An ideal I of a ternary ring R is called a right strongly prime
ideal if the quotient ternary ring R/I is right strongly prime.

Theorem 3.24. Let QQ be an ideal of a ternary ring R. Then Q is a right
strongly prime ideal of R if and only if for every ideal I of R not contained
in Q, there exist finite subsets F' and F of I and R respectively such that
F'Fy C Q implies that y € Q for ally € R

Proof. Let @@ be a right strongly prime ideal of the ternary ring R. Then
the quotient ternary ring R/Q is right strongly prime. Let I be a nonzero
ideal of R not contained in . Then (I + Q)/Q is a nonzero ideal of the
right strongly prime quotient ring R/Q. Hence there exists finite subsets F' =
{i1/Q,i2/Q,i3/Q......,in/Q} of (I+Q)/Q and F"'/Q = {r1/Q,r2/Q, ...... T/ Q}
of R/Q such that F'(F"/Q)(y/Q) = 0/Q implies that y/Q = 0/Q for all
y/Q S R/Q Let F' = {il,ig,ig, Zn} and F" = {7‘1,7‘2, ....,’/‘n}. Then F is
a finite subset of I. Let FF'y C Q. Then (F/Q)(F"/Q)(y/Q) = 0/Q implies
that y/Q = 0/Q for all y/Q € R/Q; so y € @ for all y € R. Conversely, let
I/Q be a nonzero ideal of R/Q. Then I is an ideal of R not contained in Q.
Then by hypothesis there exist finite subsets F’ and F' of I and R respectively
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such that F'Fy C @ implies that y € Q for all y € R. Since F’ is a finite
subset of I, F/Q is finite subset of I/Q. Let (F'/Q)(F/Q)(y/Q) = 0/Q. Then
F'Fy C @ and hence y € @ i.e y/Q = 0/Q. Thus by the theorem 3.7 R/Q is
a right strongly prime ternary ring. Hence @ is a right strongly prime ideal of
R. O

Corollary 3.25. An ideal I of a ternary ring R is a right strongly prime ideal
if for all a &€ I, there exist finite subsets F of < a > and F’ of R such that
FF'b C I implies thatbe I.

Proof. Since a ¢ I, < a > is not properly contained in I. Then by Theorem
3.24, there exist finite subsets F' and F’ of < a > and R respectively such that
FF'b C I implies that b € I. O

4 Right strongly prime radical

Definition 4.1. [3] A nonempty subset A of a ternary ring R is called an m-
system if for each a,b,c € A there exist elements x1, o, x3, 24 of R such that
axibrac € A or ax1w2brszsc € A or arixobrscry € A or xrazabrsxac € A.

Theorem 4.2. A proper ideal P of a ternary ring R is prime if and only its
complement R\I is an m-system.

Proof. The proof is a routine matter of verification and so we omit it. |

Now we generalize the above results in case of right strongly prime ternary
rings.

Definition 4.3. A nonempty subset G of a ternary ring R is called an sp-
system if for any g € G there is a finite subset Fy C (g) and a finite subset Fy
of R such F1Foz NG # ¢ for all z € G.

Proposition 4.4. A proper ideal I of a ternary ring R is right strongly prime
if and only if R\I is an sp-system.

Proof. Let I be a right strongly prime ideal of R. Let g € R\I. Then g ¢ I.
So there exist finite subsets F} of (g) and F5 of R such that Fy Fyb C I implies
b € I, by using corollary 3.25. This implies that FyFoz N (R\I) # ¢ for all
z € (R\I). Hence R\I is an sp-system.

Conversely, suppose that (R\I) is an sp-system. Let a ¢ I. Then a € R\I.
So there exist a finite subset F; of (a) and F» of R such that Fy FozN(R\I) # ¢
for all z € R\I. Let F1F3b C I. Then F1Fob N (R\I) = ¢. If possible, let
b ¢ I. Then b € R\I which implies that FyFobN (R\I) # ¢, a contradiction.
Consequently, b € I and hence [ is a right strongly prime ideal of R. |

Definition 4.5. Right strongly prime radical of a ternary ring R is defined by
SP(S)=n{I:1 is a right strongly prime ideal of S}.
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Definition 4.6. A pair of subsets (G, P) where P is an ideal of a ternary ring
R and G is a nonempty subset of R is called a super sp-system of R if GNP
contains no nonzero element of R and for any g € G there is a finite subset Fy
of {(g) and finite subset Fy of R such that F1Foz NG # ¢ for all z & P.

Proposition 4.7. An ideal I of a ternary R is a right strongly prime ideal if
and only if (R\I,I) is a super sp-system of R.

Theorem 4.8. For any ternary ring R, SP(S) = {z € R : whenever x € G
and (G, P) is a super sp-system for some ideal P of R then 0 € G}...... (*).

Proof. Let x € SP(S). Let x € G where (G, P) is a super sp-system. If
possible, let 0 ¢ G. Then GNP = ¢. By Zorn’s lemma choose an ideal @) with
P C @ and @ is maximal with respect to the property that G N Q = ¢. We
now prove that ) is a right strongly prime ideal of R. Let a € Q. Then there
is a g € G such that (¢g) C @ + (a). Since (G, P) is a super sp-system, there
exists a finite subset Fi = {g1, g2, -.... gk} C (g) and a finite subset Fy of R
such that F1Foz NG # ¢ for all z € P. Since F; C Q + (a), each g; is of the
form g; = ¢; +a; for some ¢; € Q and a; € (a). Let F{ ={ay,aq,....,ar}. Then
F| C (a). Let z € R such that F{Fsz C Q. Then F1Fyz C Q. If 2 ¢ @ then
F1Fo2NG # ¢, because P C Q. But this contradicts GNQ = ¢. Hence z € Q.
So @ is a right strongly prime ideal. But x ¢ @, since GNQ = ¢, and = € G,
a contradiction. Hence 0 € G.

Conversely, suppose z belongs to the R.H.S of (*). If possible, let = ¢
SP(R). Then there exists a right strongly prime ideal I of R such that = ¢ I.
Then (R\1, I) is a super sp-system where z € R\I but 0 ¢ R\, a contradiction.
Hence the converse follows. O

References

[1] Barnes, W.E On the I'-Rings of Nobusawa, Pacific J. Math. 18(1966)411-422

[2] Booth, G. L- The strongly prime radical of a gamma 7ring. Questions Math.,
11(1988),339-359.

[3] Dutta, T.K and Kar, S., On Prime Ideals And Prime Radical Of Ternary Semirings ,
Bull. Cal. Math. Soc., Vol. 97, No 5(2005),445-454.

[4] Dutta, T. K.; Das, M.L.- On strongly prime semirings, Bull. Malays. Math. sci.
Soc.(2)30(2)(2007),135-141

[5] Gardner, B,J.; Wiegandt, R. Radical Theory of Rings, Marcel Dekker, Inc., 2004.

[6] Handelman, D and Lawrence. J. Strongly Prime Rings, Trans. Amer. Math. Soc.
211(1975),209-223.

[7] Lister, W.G. Ternary Rings, Trans. Amer. Math. Soc. 154(1971),37-55.

[8] Nobusawa, N. On a Generalization of the Ring Theory, Osaka J. Math. 1(1964)81 -89.

[9] Salim, Md. and Dutta, T. K. -Subdirect Sum of Ternary Rings and Subdirectly Irre-
ducible Ternary Rings.(Communicated)

[10] Salim, Md. and Dutta, T. K. -A Class of General Type of Regularities And Generalized
Semiprime Ideals In Ternary Ring— Accepted for publication in — The Southeast
Asian Bullatin of Mathematics.

[11] Salim, Md. and Dutta, T. K. -Regular equivalence and strongly regular equivalence on
multiplicative hyperternary-rings. Journal of Hyperstructures. 4(1)(2015), 20-36.



