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Abstract

Trust evaluation plays a central role in complex networks or network-
drived systems such as social networks, collaborative systems, and online
communities. Traditional trust models rely on heuristic propagation rules
that do not fully exploit netwrok heterogeneous data. This paper pro-
poses a mathematical framework for trust computation based on Hilbert
space operators. The framework transforms user features of networks into
tensor representations, constructs trust states from these tensors, and
models trust propagation through bounded operators in Hilbert spaces.
A numerical example illustrates the complete pipeline from features to
trust scores.

1 Introduction
Trust evaluation is a fundamental problem in online network-drived systems

such as collaborative platforms, social networks, information sharing or finan-
cial systems etc. Agents continuously interact with one another by exchanging
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information, recommending content, and forming communities. In such envi-
ronments, estimating the reliability or trustworthiness of participants becomes
essential for applications such as recommendation systems, misinformation fil-
tering, fraud detection, and reputation management. As network platforms
grow in size and complexity, automated trust computation mechanisms have
become an important component of modern networked systems.

Early research on trust modeling focused on graph-based approaches in
which a netwrok-drived system is represented as a network of agents con-
nected by trust relationships. In these models, trust values are propagated
across the network through iterative diffusion processes. Well-known examples
include the EigenTrust algorithm for reputation management in peer-to-peer
networks [1] and the TrustRank framework designed to combat web spam [2].
These methods demonstrate how global trust scores can emerge from local
trust relationships through network propagation mechanisms. More generally,
the study of trust diffusion is closely related to classical concepts in network
science and spectral graph theory, where diffusion and random-walk processes
are used to analyze connectivity and influence in large networks [8, 11]. Despite
their success, traditional trust models typically represent trust as scalar quan-
tities associated with nodes or edges. However, real-world social interactions
are inherently multidimensional and involve heterogeneous information about
agents, including behavioral patterns, communication frequency, reputation
indicators, and shared interests etc. Capturing such heterogeneous attributes
requires richer representations than simple weighted graphs. In many practical
systems, trust relationships depend not only on direct interactions but also on
complex contextual factors derived from agent features.

Recent advances in graph representation learning have significantly ex-
panded the capability of machine learning models to capture such complex
relational structures. Graph neural networks (GNNs) extend deep learning
techniques to graph-structured data and enable the joint modeling of node at-
tributes and network topology [7, 6]. These models perform iterative message
passing across graph edges, allowing information from neighboring nodes to
influence feature representations. More broadly, the emerging field of geomet-
ric deep learning studies learning algorithms for non-Euclidean data such as
graphs and manifolds [5]. Comprehensive surveys of graph learning methods
highlight their applications in recommendation systems, social network anal-
ysis, and knowledge graphs [14, 15]. Although these approaches have demon-
strated strong empirical performance, the mathematical interpretation of trust
propagation within such frameworks remains an active area of research.

From a theoretical perspective, propagation processes on networks can be
interpreted as operators acting on state spaces defined over the graph. This
viewpoint naturally connects graph learning models with tools from functional
analysis and operator theory. In particular, Hilbert spaces provide a convenient
mathematical structure for representing network states and studying the stabil-
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ity and convergence properties of iterative propagation processes [12]. Viewing
trust diffusion as an operator acting on a Hilbert space allows the analysis of
trust dynamics using well-established tools from spectral theory.

Another challenge in trust modeling is the integration of heterogeneous
agent attributes into the propagation process. Tensor representations offer a
natural framework for encoding interactions between nodes and multiple feature
dimensions. By extending adjacency relationships into higher-order structures,
tensors allow the simultaneous modeling of network connectivity and attribute
interactions. Such representations provide a richer description of network sys-
tems compared with traditional matrix-based approaches. Motivated by these
observations, this paper proposes a mathematical framework for trust compu-
tation based on tensor state representations and Hilbert space operators. The
proposed approach introduces a structured pipeline consisting of four stages:

1. Feature representation of users,

2. Tensor-based modeling of feature interactions across the network,
3. Construction of trust states from tensor aggregates,

4. Propagation of trust via bounded linear operators in Hilbert space.

Within this framework, trust diffusion is interpreted as an operator evolution
process defined on a Hilbert space associated with the network. This perspec-
tive provides a unified mathematical view that integrates feature-based rep-
resentations, tensor interaction modeling, and operator-based propagation. It
also reveals connections between classical trust propagation models and modern
graph representation learning methods. To illustrate the proposed framework,
a numerical example is presented to show the trust computation process that
combines ideas from graph theory, tensor modeling, and functional analysis.
The remainder of the paper is organized as follows. Section 2 introduces the
trust state representation in social networks. Section 3 describes the trust prop-
agation in Hilbert space. Section 4 presents an numerical example. Finally,
Section 5 concludes the paper and outlines directions for future research.

2 Trust State Representation in ComplexNet-
works

2.1 Social Network
Definition 1. A complex network is represented by a weighted directed graph

g=Ww,&w),

where
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e V={1,...,n} denotes the set of agents,
o £ CV XV is the set of relationships,
o W: & —10,1] is a weight function assigning a trust value to each edge.

The weighted adjacency matrix associated with G is defined as

where
{Wij7 (imj)egv
aij =

0, otherwise.

The diagonal degree matrix is defined by
D =diag(dy,...,dy),  di= ai.
j=1

The (combinatorial) graph Laplacian is defined as
L=D-A,

where A is the adjacency matrix and D is the degree matrix. The Lapla-
cian operator plays a fundamental role in describing diffusion and propagation
processes on networks [8, 10, 9].

2.2 Feature Representation

Let G = (V,&,W) denote the network graph with |V| = n agents. Each agent
i € V is associated with a feature vector

f; € Rd,

which encodes observable attributes describing the agent’s behavior and in-
teractions within the network. Following the trust modeling perspective in-
troduced in [4], agent features capture both interaction characteristics and
contextual information relevant to trust estimation such as in social networks.
Typical components of f; may include

e Interaction frequency with other agents,
e Reputation or credibility scores,
e Similarity of interests between agents,

e Behavioral activity indicators derived from agent interactions.
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Stacking all node feature vectors yields the feature matrix

£
£’
F — ) 6 Rnxd’

£T

n

where each row represents the feature representation of an agent node in the
network.

2.3 Tensor Representation

To jointly represent network connectivity and agent attributes, we introduce a
third—order tensor
T c Rnxnxd

defined by
Tijk = aij fik-
Each slice T..; captures the interaction structure of the network weighted by

the k-th feature dimension. This representation enables simultaneous modeling
of structural and attribute-based dependencies.

2.4 Trust State Construction
Using the tensor representation, we define a trust state vector
xzeR"”

with components

Xr; =

n d
> T
=1k=1

The quantity x; represents the aggregated trust potential of agent 7, combining
both relational influence and attribute contributions.

J

Proposition 1. The trust state vector x can be written in matriz form as
€r = A(Fld),
where 14 € R? denotes the vector of ones.

Proof. From the definition of the tensor,

n d
x; = E E ag; fik-
J=1 k=1
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Rearranging the sums gives

n d
T; = Zaij (Z fzk) .
j=1 k=1
Define
d
S = Z fiks
k=1

which implies s = F'1,. Hence

n
XT; = E al-jsl-
Jj=1

which in vector form yields
Tr = A(Fld).

3 Trust Propagation in Hilbert Space

3.1 Hilbert Space Formulation

Denote
H= EQ(V)

the Hilbert space of square—summable real-valued functions defined on the
vertex set V, where |V| = n. The space H is equipped with the inner product

n
<xay> :inyia m>y€H7
i=1

which induces the norm
lzll2 = v/ {z, z).
A trust configuration over the network is represented by a vector

T = (xl,...,xn)T €H,

where x; denotes the trust score associated with agent ¢. Within this functional
framework, trust propagation can be modeled as the action of a linear operator

T:H—H,

which transforms one trust state into another through the structural interac-
tions of the network.
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3.2 Trust Propagation Operator

Definition 2 (Trust Propagation Operator). Let G = (V,E, W) be a weighted
directed graph with |V| = n. Let A € R™"™™ denote the adjacency matriz and
let D = diag(dy,...,d,) be the degree matriz, where

n

di:ZAij, 221,,’ﬂ

j=1
The trust propagation operator is defined as the linear operator
T=D"'A.

The operator T is the row—normalized adjacency matrix of the network and
can therefore be interpreted as the transition operator of a random walk on G.
In particular,

Thus Tij Z 0 and

Hence T is a row—stochastic matrix. Consequently, each row of T defines a
probability distribution over the neighbors of node i. In this sense, the trust
value of a node at the next iteration is obtained as a weighted average of the
trust values of its neighbors. Denote x € H a trust state vector on the network.
The propagation of trust is modeled as the discrete-time dynamical system

2D =7® 1 =01,2,...,
where z(®) represents the trust state at iteration ¢.

Proposition 2. The operator T = D~ A defines a bounded linear operator on
the Hilbert space £2(V).

Proof. The operator T is linear by construction. Since T is a row—stochastic
matrix with nonnegative entries, its induced operator norm on £2()) is bounded.
In particular,

1T < 1.

Hence T is a bounded linear operator on ¢2()). 0

Proposition 3 (Convergence of Trust Propagation). Suppose the graph G is
strongly connected and let T = D™'A be the trust propagation operator. Then
the sequence {x(M}i>o generated by

2D — 7 ®)

converges to a stationary trust distribution.
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Proof. Since T is row-stochastic, the vector e = (1,...,1)T satisfies Te = e,
so that 1 is an eigenvalue of T" and the spectral radius satisfies

p(T) < 1.

If the graph G is strongly connected, the matrix T is irreducible and defines
the transition matrix of an irreducible Markov chain [16, 17]. By the Per-
ron—Frobenius theorem [18, 19], the spectral radius satisfies

p(T) =1,
and there exists a unique stationary distribution 7 such that
Tr =m.
Therefore, for any initial trust vector z(%),
2B — 7t (0)

converges to a scalar multiple of m as ¢ — oco. The vector 7 represents the
stationary trust distribution of the network. O

4 A Numerical Example

Consider a small network with three agents. The trust relations are represented
by the adjacency matrix

0 06 04
A=105 0 0.5
02 08 O

Assume that each agent is described by four features: activity, reputation,
expertise, and reliability. The feature matrix is

0.8 0.7 06 09
F=106 09 07 08
0.5 06 08 0.7

4.1 Tensor Construction

To combine network structure and agent features, we construct a third-order
tensor

7" e RanXm’

where n = 3 is the number of agents and m = 4 is the number of features. The
tensor entries are defined by

Tijk = AijFig.



78 Hilbert Operator-Based Trust Computation in Complex Networks

Thus the tensor captures the interaction between trust links and agent at-
tributes. For example,

Ti2,1 =0.6x0.8=0.48,
Tis2=04x0.7=0.28.

4.2 Trust State in Hilbert Space

Aggregating over neighbors and features yields a trust state vector
reH="Lr(V).
For this example we obtain
x = (1.36, 1.50, 0.84).

The vector x represents the global trust state of the network in the Hilbert
space.

4.3 Operator Propagation

Let
T=D"14

be the trust propagation operator. The evolution of the trust state is governed
by
) = 7z®),

For illustration, applying the adjacency matrix gives

1.18
W = Az = |1.10
1.47

This example illustrates how agent features are lifted to a tensor representation,
aggregated into a Hilbert-space trust state, and propagated across the network
via the trust operator. It also shows the complete modeling pipeline proposed
in this paper. Agent attributes are first represented by the feature matrix
F'. These features are then integrated with the network structure through the
tensor construction 7, which captures interactions between trust relations and
agent characteristics. Aggregating the tensor along the structural and feature
dimensions produces a trust state vector z € £2(V), which represents the global
trust configuration of the network in a Hilbert space framework. Finally, the
evolution of trust is governed by the propagation operator T'= D! A, leading
to the dynamical system

F > T = zelr(V) —» 2D =120,
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This pipeline provides a unified representation linking feature information, ten-
sor interactions, Hilbert-space states, and operator-based trust diffusion on the
network.

5 Conclusion

This paper proposed a Hilbert space operator framework for trust computation
in complex networks. Agent features are first integrated with network structure
through a tensor representation, which is then aggregated to form trust states in
the Hilbert space £2(V). Trust propagation is subsequently modeled as a linear
operator acting on these states, leading to a dynamical system that describes
the diffusion of trust across the network. The proposed formulation provides
a unified perspective linking feature representations, tensor interactions, and
operator-based trust propagation. Future work will investigate nonlinear op-
erator learning and manifold-based representations to capture more complex
trust dynamics in large-scale complex networks.
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