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Abstract

In this paper, for solving the split feasibility problem with multiple
output sets, defined by demiclosed strongly quasi-nonexpansive opera-
tors on Hilbert spaces, we propose some block-iterative schemes, using
the extrapolated Landweber-type operators. The strong convergence is
proved without the boundedly regular condition as well as the closedness
property of the range of the transformation operators, assumed recently
in the literature for the similar problems. We give a necessary and suf-
ficient condition which ensures that a kth iterate is a solution. We also
give an application of our results to solve the multiple-sets split feasibil-
ity problem (MSSFP) with multiple output level sets with computational
experiments for illustration.

1 Introduction

In this paper we denote by I, (,-), and || ||, respectively, the identity operator,
an inner product, and the corresponding norm in any Hilbert space H. We also
denote by Fix (T') the fixed point set of any operator T' on H, i.e., Fix (T) =
{reH :Tr =z}
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2 Several iterative schemes for the split feasibility problem with...

We consider the split feasibility problem with multiple output sets, formu-
lated as finding a point

p € C = NienFix(U;), Ajp € Fix(V;) Vj € M, (1)
where

e U, is a demiclosed and py ;-strongly quasi-nonexpansive operator on a
real Hilbert space Hg for ¢ € N' = {1,...,r} with any positive integer r
such that p; = inf;en p1,, > 0.

e V} is a demiclosed and ps ;-strongly quasi-nonexpansive operator on a real
Hilbert space H; for j € M = {1,...,q} where ¢ is any positive integer
with pp = infjeaq p2,; > 0.

e A; is a bounded linear operator from H, into H; with the spectral norm
14;] > 0.

Throughout this paper, we assume that the solution set of (1), denoted by T,
is non-empty.

This problem with demicontractive operators U; and V; has been very re-
cently studied in [1]. To solve it, they suggested a Halpern method in combi-
nation with an Armijo-line search. With the additional assumptions: p € €,
a closed and convex subset in Hg, and H; = K for j € M, where K is an-
other Hilbert space, this problem is called the multiple-operator split common
fixed point problem, introduced and studied firstly by Brooke et al. [4]. To
solve it, by assuming that r = ¢, designing an operator R; = U;T}, where
Ty = I — »jA5(V; — I)A; with ; € (0,1/]|A4;]*), and using the general iter-
ative scheme, introduced in [26], they suggested weakly convergent dynamic
string-averaging CQ-methods.

Problem (1), when H; = K and A; = A for all j € M with an additional re-
quirement Ap € NjemFix (V}), is called the multiple split common fixed point
problem, that has been first studied by Censor and Segal [16] and developed
by Wang with Xu [28] and Tang with Liu [27]. When r and ¢ are sufficiently
large, by using the block-iterative scheme [2], Cegielski [11] suggested a gen-
eral iterative method, a block-iterative variant of Censor and Segal’s method.
It is well known that any sequence generated by one of these methods, does
not converge strongly in general and depends on the value ||A||, that is diffi-
cult to be calculated. One important approach for overcoming the difficulty in
computation of ||A]| is to use the extrapolated Landweber-type operator, in-
troduced and studied in [12, 14, 8, 9] and references therein. The extrapolated
Landweber-type operator related to V; is determined by

Lo Vit =x+o0(x)(L{V;}z — z), x € Ho, (2)
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where the extrapolation function o; : Hoy — [1,00) is bounded from above by
7, defined by
LA]-N1(V5 = I)A$|>2
(o) = (18 ®
! [A*(V; = I) Az]|

if Az ¢ Fix(V;) and 1, otherwise, where A* : L — # is the adjoint operator
to A, and

1 *

||A||2A (V; = DA. (4)
Obviously, 7;(xz) > 1, since ||A*(V; — I)Ax)|| < ||A|||[(V; — I)Az| and thus
L;,{V;} is well defined. Note that £, {V;} does not depend on || Al|. Further,
in order to obtain a strong convergence sequence, Cegielski and Al-Musallam
[8] combined the above approach with the steepest descent method as follows.
Put Ujy, = L;;{Tj} and T = {1,...,m}, where m = r 4+ q. Then, I' =
N;ezFix (U;). Cegielski and Al-Musallam proposed a hybrid steepest-descent
method, generating ¥t = (I — t,F)S*z* 2% € Hy, where t;, satisfies the
condition

(t) tr € (0,1) for all k > 0, limy_oo tp =0 and >, - tx = 00,

F' is n-strongly monotone and [/-Lipschitz continuous on Hy with [ > 7 > 0, and
Sk = I + 4 (U;, — I) with i, € Z. They showed that any sequence, generated
by this scheme, converges strongly to a point p, € Hg, solving the variational
inequality

L{viy =1+

px €T (Fpu,pe —p) <0VpeT, (5)

under some conditions, two of which are that U; for each i € 7 is approxi-
mately shrinking and the family F := {Fix (U;) : i € Z} is boundedly regular.
Recently, in order to obtain a strong convergence result, Cegielski et al. [9]
suggested the outer approximation method. They proved strong convergence
of any sequence {z*}, generated by this method, if ImA, Fix(V3), ..., Fix (V,)},
{A=YQ),Fix(Uy), ..., Fix (U,.) } are boundedly regular, and I'mA is closed, where
Q = NjemFix(V;).

In the case that ¢ = r, problem (1) can be formulated in the following
equivalent form: Find a point

p € C; :=Fix(U;), A;p € Fix(V;) Vi e .

When U; and V; are cutters (p1,; = p2,; = 1), the authors of [22] proposed a
weak convergent iterative method, z**1 = U;, ,, T}, 1, o%, where the param-
eters pug, A\ € [€,2 — €], U;,, is the p-relaxation of U;, T; x is A-relaxation of
L{V;}, and {ir}32, is an almost cyclic control (cf. [11], Definition 5.6.10).
Recently, in the case that r = 1 and U;,7; are demicontractive, in or-
der to avoid the difficulties mentioned above, Wang [29] proposed an iterative
method, by using the strategies of self-adaptive stepsizes in combination with

the viscosity approximation method [23].
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In this paper, still by using the extrapolated Landweber-type operators re-
lated to V; in combination with the steepest-descent method, we introduce
some new block-iterative schemes, strong convergence of any sequence gener-
ated by one of which is proved without computation of any ||A4;|. Moreover,
we give a necessary and sufficient condition which confirms that kth iterate is
a solution.

We organize the rest of this paper as follows. In Section 2, we list some
necessary terminologies and related facts, that will be used in the proof of our
results. In Section 3, we first describe our main block-iterative schemes and
then show our main results with some modifications and particularities. An
application to solving the split feasibility problem with multiple output level
sets and numerical experiments are given in Section 4 for illustration.

2

Preliminaries and useful lemmas

We remember that an operator T in H is called (see, [10]):

contractive if | Tz — Ty|| < al|lz — y|| with a € (0,1) for any z,y € H.

quasi-nonexpansive, if Fix (T') # 0 and [Tz — p|| < ||z — p|| for all x € H
and p € Fix(T).

p-strongly quasi-nonexpansive (p-SQNE), if Fix (T') # @ and, for allz € H
and p € Fix(T), | Tz —p||* < ||x—p||*—p||Tx —z||* where the real number
p=0.
T-demicontractive, if Fix (T') # () and it satisfies the condition

Tz — p||? < ||z — p||*> + 7||Tx — z|* Yo € H,p € Fix(T)
with 7 € (0,1).

approximately shrinking (boundedly regular [17]) on a subset D C H, if
for any sequence {z*} C D the following implication holds

|Tz* — 2% =0 = Jim d(z*, Fix (T)) = 0, (6)
—00

lim
k—o0
where d(z,C) = infycc || — y|| for any 2 € H and C C H.

demiclosed, i.e., it satisfies the demiclosedness principle: if for any se-
quence {z*} C H it holds

w— lim zF =2, lim ||[(I - T)2"|| =0) = Tz = z. (7)
k—o0 k—o0
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Clearly, a p-SQNE operator T with p = 0 is quasi-nonexpansive and a nonex-
pansive operator T' with Fix (T') # () is quasi-nonexpansive. If an operator 7T is
quasi-nonexpansive or 7-demicontractive on H, then the relaxation operator,
defined by T = I+B(T 1), is p-SQNE with p = 3(1— ) for any fixed 3 € (0, 1]
or p= (1 —7—p) for B € (0,1 —7), respectively, and Fix (T') = Fix (T) (see,
[25, 24]). In this case Fix (T') is closed and convex. It is well known that (6) is
only a necessary condition for implication (7) (see, [17]).

For each i € T := {1,...,m}, let C; be a closed convex subset in H with
C = NiexC; # 0. We say that the family C = {C; : i € I} is boundedly
regular [17] if for any bounded sequence {z*} C H, there holds the following
implication:

lim maxd(u®, C;) =0 = lim d(u*,C) = 0.
k—oo i€eK k—o00

A mapping F' : H — H is said to be n-strongly monotone and [-Lipschitz
continuous, if it satisfies, respectively,

(Fo — Fy,x —y) > nllz —y|?, |[Fe— Fy|| <z -yl Yo,y e H
with { > n > 0. It is well known that
lz +ylI? < llel® + 2{y, = +y) Va,y € H.

Lemma 2.1 ([31]) Let H be a real Hilbert space and let F be an n-strongly
monotone and l-Lipschitz continuous operator on H with some positive con-
stants | > n > 0. Let T** = I —tuF. Then, for a fivzed number u € (0,2n/1?)
and any t € (0,1), TH* is a contractions with coefficient 1 — t3, where 3 =
(1/2)u(2n — ).

Lemma 2.2 ([30]) Let {ar}, {br} and {cr} be sequences of real numbers such
that, for all k > 0, ap41 < (1 — br)ar + brer; ar > 0; by satisfies a condi-
tion of type (t); and either Y po bi|ck| < oo or limsup,_, . cx < 0. Then,
limk_mO ar = 0.

Lemma 2.3 ([20]) Let {ci} be a sequence of real numbers with a subsequence
{lx} of {k} such that ¢, < ci,+1. Then, there exists a non-decreasing se-
quence {my} C {k} such that mp — 00,¢m, < cmut1 and cg < Cpmy 1 for all
(sufficiently large) numbers k > 0. In fact, my = max{l < k:¢; < ¢j41}.
Lemma 2.4 ([15]) Let T; : H — H be a p;-SQNE operator with p; > 0 for all
i€ L ={1,...,m} for some integer m > 1 such that N;epFix (T;) # 0, T :=
Yicewili, where w; >0 for alli € L and ), ,w; =1, and let T:=T,..T,.
Then, for any x € H and p € N Fix (T;), we have

1
ﬁzwiPiH(Ti_I)tz < |I(T = D)a|? (8)
i€l
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1 . . -
55 2l (T =T el < (7~ Dya? ©)
i€l

where T* =T;.. Ty,i € L,T° =1 and R > ||z — p||.

3 Main results

First of all, we formulate our block-iterative schemes.
Block-iterative schemes:

1. Choose any two points z~' and x° in Hg such that 27! # 20 and an

integer s > 1. Set k := 0.

2. Set 270 = z* the current iterate. For t = 1,2,--- s, let NF and MF

be two ordered non-empty subsets of A' and M, respectively, such that
N=NFfU---UNFand M = M} U--- UM and let define 2%! by the
rule:

xk,t — Utkyk,t’ yk,t — ‘/tk:xk,tfl, (10)

where either

ik (t)ENF
or
k _
Ut - Ulfok‘(t)Ul}f(t)
and either
k k
VE= D OhmLlon, Virw}
jr(t)emMy
or

V= Loy AV b Loy, Vi b

J\Mf\(t) \Mf
NF = {i’f(t),...,if“j\/tkl(t)}, ME = {jf(t),...,jlkjvl,ﬂ(t)}, the parameters

/\fk(t) and Ofk(t) > 0 satisfy

k k k k
My Oy 20> 0, 3 M= >, Oy =1,
(DN} JHBems

ﬁgjk(t){ij(t)} is defined by (2)-(4) with j = j*(t) and A = Ay, a
function ok @ Ho — [1,00) is an extrapolation functional bounded
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from above by 7;x (), defined by (3) with Vjx(y) and Ajk,) instead of V;
and A, respectively, i.e.,

ﬁgjk(t) {ij(t)}x =x+ Ujk(t)(:b)(ﬁ{‘/jk(t)}x — $)7 x € Ho,

LYV} =1 Abw oy (Viry = D Ajiray,

+ J
145k 1) 12

ki) = <||Ajk(t)||||(ij(t) - I)Ajk(t)xH)Q
’ 1A%k ) (Virey = D Ajeny o)l

if Ajrgyr & Fix(Vjr(y)) and 1, otherwise.
If 2% = 2*, then stop. 2% is a solution of (1). Otherwise, go to the next

step.

3. Compute
2" = (1= &) — tppe F)a + &ra, (11)
where &, € [€,1 — €] with a sufficiently small real number ¢ > 0, F is

an n-strongly monotone and I-Lipschitz continuous operator on Hqy with
1 >mn>0,t satisfies (¢), and

<ka _ ka_l,l’k _ xk—1>
[Fzh — FoF-12

M =

if 2% # 2*=1 and py_1, otherwise.
Set zF~1 := zF 2% := 2**! and k := k + 1. Return to step 2.

Further, we need the following lemmas.
Lemma 3.1 There holds the following inequality

2
p2+1

12 = Vj)Ajel|* < (A = V) Ajz,x —p), Yo € Ho,  (12)
for anyp eT.
Proof This is followed from Lemmas 2.5, 2.6 in [14] and Fact 2.7, (i) in [13].

Lemma 3.2 For any sequence {x*}, generated by one of our block-iterative
schemes, we have:

()
2% = plI* < Ja* = pl® = 5D [V = D™ Y+ |(UF = Dy™)1?], (13)
t=1

where p is any point in T, p = min{p1/r, p2/q, p2/(ga)}, and a = maxi<j<, || 4;|*
(ii) 2* is a solution of (1) if and only if ¥ = x*.
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Proof (i) First, we consider the following case, when
k _ k k _ k
U = Z )‘ik(t)Ui’“(t)v Vi = Z ejk(t)["’j’“m' (14)
ik (L) EN Jk(t)emMy

Using the definition of y** in (10), (12), the properties of V;, and the definition
of o ¢, Ofk(t), we get

k K, k,t— k kit—
S I | D DR O [
jEem
k k,t—
= D2 Gl —p
JHemt

0y (@)L ey } = D™t 2

- Y ey, [Wl—pnz

Gkt EME
op (Bt L e
S ko = Vi) Ao =)
2 k,it—1
Uk,t(x’ ) . -
T Mo Vo = DA™ 1||2]
J
< X 9?k(t)[|Ik’t1p||2
Gt eME

Ok (¢t (‘rk’t_l) B
—((p2/q) + 1)%”(%’“(0 - I)Ajk(t)a:k’t H2

Uk,t (.’,Uk’t_1> Tk’t(xk,t—l)

A lI* 1Ak 12
- Yy, [m’”-l—pn?

FkE () EMY

—((p2/q) +1)

+ A5k 1) (Vrry — I)Ajk(t)ﬂfk’t_1||2]

Tk (1) (zk,tfl)

14017 (Vi) = D Ageqya™ 1"
J

o (2P kt—12
+WII(ij<t> —DAjrpz S|
P T
gE(t)eMy

O jk(t (xk’t_l) _
—<p2/q>f||;fjwn<vmt> — D) At
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From this, o > 1, a > ||Aje %, [ A0 )]l = ||A;fk_(t)||’ and
1450 o M1 (Vi oy = DAy =M 2 1 A5 (Vi — D Azu ™|
we deduce that

Iyt — p]® < et — )2
k, t—l)

P2 Ojk(t ( . -

_ 7 Z Qkk(t) ®\x 5 ||A k(t)(V’“() I)Ajk(t)xk’t 1”2

qa ([ Ajr o)l
Jk()emMs

< ||x’“H -l

t—1 2
k95" t)(x ) Eyt—1
] PP il v e T Aroire = Ddpae
jE(t)emt
k,t—1 2 _ P2 k kt—1)12
= [z = — —=|(V" = I)z™ .
[z PIF = GV = D=l
Then,
[l — pl|® < Z Afk(t)”Uik(t)yk’t - pl?
r (B EN
<ly™ =pl* = 32 MigprwllUne — Dy
ik (t)eENF
<y =plP—p1 Y Ml Ui — DyP)?
ik (t)eENF
2
<™ =plP —pu|| D My Uiy — Dy
ik (t)eENF
= [ly"* = pll* = prl|(UF — Dy™*|I%.
This together with (15) implies that
lz™* = pl* < a7 = pl* = pu[|(UF = Dy™ |2
—E2[|(VF = D2, (15)
Now, we consider the case when UF and V;* are defined by
k
e =Un oVt
vk =L, Wik w}Lo k(t){‘/j{"(t)}' (16)

t k|
J‘M?I() \M
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Then, the p1-SQNE property of U; yields

"t —plI* = ||UFy™ —p|* = ||UifL?|(t)UifL¢‘7l(t)"'Ui’f(t)yk’t —pl?

kit o2
S ||UifL?|71(t).“Ui]1€(t)y p”
k.t k,t)2
_plHUifo‘(t)Ui"CLf‘il(t)"'Ui’f(t)y - Ui;"Lf‘il(t)"'Ui’f(t)y |
IV
<ly™ =l = pr D (OO — T W)kt 2
h=1

P1
<™ = pl* = 1@ = Dy*|P?

where Uin(®) being a product of the first h operators along the string N and
Uic® = I, because |N¥| < r and

INVE
U = Dyt ? < N Y (@O — O @)yt 2,
h=1
Similarly, we get
k.t 2 _ kt—1 2
ly™" = pll = IIEajlkMk‘(t){‘/jf-W(t)}---ﬁa_,.f(,,){ij(t)}w —pll
t
kit—1 2
< ||£Uj|kMk‘71(t){‘/j‘ka‘(t)}"'LUj;f(t){‘/jf(t)}'x -l
_p2||(E‘lek'jv[k‘(t){ijM?l(t)}'"ﬁajf(t){ij(t)}
kt—1\ k,t—1]2
_Eaij§|q<t>{ijw\(t)}"'ﬁ"jw{vjf(t)}x )z
[ME]
ke ke
< Bt = pl? = p Y I(LHE — L@t (17)
h=1

where £i1(®) is defined similarly as U®). Since
M N
(V= D12 < g Y (e — L @)ght=1)2)
h=1
from (17) we obtain (15) with a = 1. Therefore,
IL|
— ’Lk ik
25 =pl* < BT = plP = pr Y (U - Ut M)y
h=1

f%mwanFW? (18)
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Noting 2 = ¥ and summing each (16) and (18) with ¢t = 1,..., s, we obtain
(13). Tt is easy to see that in the rest cases, when UF, V¥ are given by

Uf= > MNewUsw, V' =Lo,

ik (t)EN] M

{ijM?l(t)}...,CajiCm {V}{“(t)}v (19)

kl(t) |
t

or
k _ k _ k
UF =Up  -Usy VE= Y Lo (20)

k
INE| " .
Jk(t)eMs

we also obtain the same results.
(ii) It is obvious that if z* € T then z*:* = z*. Inversely, we have to prove that
if 285 = 2F then 2% € I'. From (13) and 2%* = 2¥ we deduce that

ly™* = a® = = (V= Da™ 7t =0, (UF = Dy™'|| =0,  (21)
for t =1, ..., s. On the other hand, by (10),
[t = a® | = (JUfy™t = 2™ < IUF = Dy™ |+ (V= D
for t = 1,...;s. Then, by (21) ||z¥*~ — 2*|| = 0. This and (21) yield
UF Dk =0, (V¥ — D =0, (22

fort=1,...,s.

Now, for arbitrary fixed : € A/, j € M, and k > 0, from the definition of
the proposed iterative schemes there exist integers t¥,t5 € {1,...,s} such that
i € Nj; and j € MF,. When U} and V/ are defined by (14), from (8) and (22)

1 2

we obtain

p1,if
0< 2;% (U = Da*|* < ||(U — Da®)? =0,
p2,i0
0< ;1]% (Lo, {Vi} = Da*|* < [I(V — Da*[* = 0.

It means that «* € Fix(U;) and |[(L,,{V;} — I)a*||? = 0, which and (4) yield
Ax(V; — I)Ajz¥ = 0. The last equality and (12) yield (V; — I)A;z* = 0.
It means that A;z* € Fix(V;). Since i and j are arbitrary in N and M,
respectively, ¥ € I'. When U tkk and V¥ are given by (16) we have

1

(U — Da*)? = ||(Uikak‘(t’f)"'Ui"‘Ui’f(t’f) —Da*|* =0,
k

k k|2 _ k2 .
IV = D22 = o, (5} = Dt = oy Vi,
t2 ‘2

...;Co—j{‘/j}...;co-jlf(téc){‘/}{e(tlzc)} — ])kaQ =0, (23)
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where i coincides at least with one of {i¥(t¥), ...,i‘]jvkk‘(t’f)} and j is one of
1

{ir(5), ...,j‘kMk ‘(tlg)} Without loss of generality, we can write
t§

N = (), o i(80), e g (811,
M, = (), s 5D, s s (5.
By using (9) with 7' = Uk and T = t’” that satisfy (23), we get, respectively,
0<  e[l(Uilqry- Ut ry = Us ety Ut oy )2 [|> +
(Uit gy--Ust ey — Use gy--Uge k))x 12+ ...+
(s ey Uty = Uit o)) =" 12 + | (Us ey — D®|*] < 0,
where e = 0p; /(2R) and
0< (Lo {Vitloyy o Vis s} Loy ) Vit an)}
Loy Vit e b Loy, Wik D21 +
||(£U,-k(tk:){‘/jlk,(tk)}" Loy Wiken}
‘CU]k (tk){ i 1(tk)} ‘Co'k(tk{ (t")})x 12+ ...+
1o, Vit Yoy, Wik} — Lo Vi) 12
(Lo Wik} = 2" 7] < 0,
where ¢ = 0p,/(2R) with some constant R > 0. Hence,
Wil ey~ Uit oty = Uit ey -V ety )25 1% =
Wig ety Ui ey = Ui, oy~ Uit ety )21 = o =
(Ui oy Uit oy = Uit ay)2* 1% = | (Uss oy — D" |* = 0
and
(£, Vit Lo ) Vi oty Loy oy Vit et}
_ﬁojf/(té){Vjﬁ(t’i)}“'ﬁ"j{“u’g){‘/J‘f(t’é)})xk||2 =
(€05 oy Vi )3+ Loy g, Vi)
Loy oo Wit dLo o WVir s Dak|?=...=0,
1o, Vst Yoo Wik} = Loy Wiy )12 = 0,
\|(£oj{c(t§>{ Viksy} —1> k|| ]=0
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Consequently, ||(U; — I)z*||? = 0 and [(L,,{V;} — I)z*||*> = 0. Therefore,
z* € Fix(U;) and A;2* € Fix(Tj).

Evidently, in the rest cases, when UF and V}* are defined by (19) and (20),
we also get the same results. This completes the proof.
Lemma 3.3 For any p € T, the following inequality holds

lz* 1 —p[* < [1 = (1 = Ox)awBr]lla” = plI* +2(1 = k) [(Fp,p — 2*)
o[ Fpl[ M ] =p 320 [I[(VE = Da™ =2+ [[(UF = Dy™*?] (24)

for all k >k, a positive integer, where oy, = tppp and B = (1/2)(2n —~ozk12)
such that ay € (0,1/1%), n > Br > n/2, and 1 — ay.fy, > ¢ for all k > k, and
My, ¢ are positive real numbers.

Proof Clearly, from (13) it follows that |[z%* — p|| < ||z* — p|| for all k& > 0.
We put

(Fab — Fab=1 ok — k1) l |Fak — Fak=1|
Nk = = LT T Ty Ay R N TR
[oF =2 T]e o =]
Then,
n<me < M =1, <1
SR e I
and hence
n Nk 1 1
L<pypy=2< <2, 25
2 = Mk 2= 77 (25)

Since tx — 0 as k — oo, by (25), there exists a positive integer k such that
ag € (0,n/1?) and n > By > n/2 for all k > k. Thus, by using Lemma 2.1 and
(25), we obtain

" —pll = (1 = 0T — teprF)a" + O™ — pl|
< (1= 0)|I(I — trpsF)z* — pl| + Okllz"* — pl|
=(1-0p)|{J - akF)xk — (I —apF)p — arFp||
+0k|l2"* — p
(1= 6k) [(1 — anB)||2* — pll + ar || Fpll]+0k 2" — pl|
[1— (1= O)arBllla® — pll + (1 = O ) Bl Fpll / By
[1— (1= 0)ywBelllz® — pll + (1 — Ok ) B2l Fpll /n
r’ :=max {||z* — p||, 2[|Fp||/n} Vk > k.

A

IA

IN

It means that {z*} is bounded. Hence, {F2*} is bounded. Thus, ||Fz*| < M;
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for all £ > 0 where M, is some positive constant. Next, again by Lemma 2.1,

2" —pl? < (=0T — tpps F)ak — p||? + O |z — p||?
=(1-0)|(I —apF)z* — (I — apF)p — apFpl?
+0k|Jz* — p]?
< (1= 0) [(1 = cwBr) =¥ = pl|* + 205, ((Fp,p — 2¥)
+ag|| Fpl| M) ] +0x]|lz** — p]|. (26)

Replacing ||z** — p||? in (26) by its upper bound in (13) we obtain (24). The
proof is completed.
Now, we are in the position to prove strong convergence of any sequence,
generated by one of our iterative schemes.
Theorem 3.1 Any sequence {z*}, generated by one of our block-iterative
schemes, as k — oo, converges strongly to a point p. € T, satisfying (5).
Proof We need only to consider two cases.
Case 1. ||z**t1 — p,|| < ||lz* — p.|| for all k > k, the integer in Lemma 3.3
Then, {z*} is bounded and limy_, ||2¥ — p.| exists. From (24) and the
properties of 0y, ay, Br it follows that

d* < |lz® = pu® = [l = pu P + dran,

for all k > k, a sufficiently large integer (k > k), where dj, = 2|| Fp.||(r' +ax M)
and

d* = p > [I(VF =D =112+ [(UF = Dy™|1].

t=1
We prove that limj_,oc d* = 0. Indeed, if d* < djoy, for all & > k then the
limit exists and equal to zero. Otherwise, i.e. d* > djoy, we have

Zd — dyo) < [laF — pulP — 2N —

for any positive integer N. Thus, Y27, (d* — dpay) < ||x’5 — p«||?. Therefore,

limg o0 (d¥ — dia) = 0, that yields limg_, o, d* = 0. This is equivalent to

9

lim [|(UF — D)y™"~ Y| =0, lim [|(Vf =Dz =0
k—o00 k— 00
for t = 1,...,s. Next, by the same argument, as in the proof of (21) and (22)
in Lemma 3.2, we have

lim [[y** — 28 =0, lim |25 — 2| = 0.
—00 k—o0
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Hence,
lim [|(UF = D)a*] =0, lim [V} = Dab| = 0, (27)
k—o0 k—o0

fort=1,...,s.

Since {z*} is a bounded sequence in the Hilbert space Hg, there exists a
subsequence {2} of {x*} such that {2™*} converges weakly to a point p € H,
as k — oo. First, we prove that p € I'. Let t’f, t’g,J\/;’Z, and ./\/lfk be as the above.

1 2

Replacing k and ¢, respectively, by ng and t¥,¢5 in (27), we obtain
lim ||(UF — D™ || =0, lim ||(V2* — Dz™| = 0. (28)
k—o0 1 k—o0 3

In the case that UF and V¥ are given by (14), using (8) with 7' = U and
1
T= Vtg", we get

9p1 n . n

900 (W, ~ Dy < (U~ D

9p2 n . n

o I(La; (Vi) = Dz “IE < Vs = Dam %, (29)

where R is some positive constant, because {z™*} is bounded. Then, from (28)
and (29) it follows that

lim [[(U; — 2" || =0, lim |(Lo,{V;} —1)xz™*| =0. (30)
k— o0 k—o0 :

The latter limit and (12) yield limg_o ||(V; — I)Aj2™ | = 0. Since A; is a
bounded linear operator, the property of {2*} and the demiclosedness prop-
erty of U;, V; we have p € Fix (U;) and A;p € Fix (V;) for each ¢ € N and
j € M. It means that $ € I'. Similarly, any weak cluster point of {2*} belongs
to I'. Therefore,

lim sup(Fp,, p. — z*) < 0.

k—oc0

By using this limit, the following one,
[ — po|? < (1 — OpewBe) |2* — pull® + 2000 ((Fpe, ps — %) + || Fp.|| M)

obtained by Lemma 3.3 with p = p,, and Lemma ?? with properties of 0y S,
we get limy_ oo [|2F — pa| = 0.

Now, we consider the case when UF and V¥ are given by (16). By the
similar argument as in the proof of Lemma 3.2 we have

. k)2
Jim (1O oty Uiy = Ui oty Ust_y )= 1P +

1ty Uity = Uiyt~ )2 17 + -+
(Ui oy Uit ety = Ut ey 2* 11?4+ | (Ui oy — Da*)1?]= 0
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and
Jim (£, — £k |2 4 (L7020 = L7k

HI(LACE — LD )2k 4 || (7D — Da*)?]= 0.

Therefore, (30) is satisfied. Next, by the same argument as above we obtain
the same result as for UF, V/¥ defined by (14). Clearly, when U} and V}* are
given by (19) or (20), we also obtain the same result.

Case 2. There exists a subsequence {l;} C {k} such that

l* = pul| < [la"* — p.|| Yk > .

Then, by Lemma ??, there exists a non-decreasing sequence {n;} C {k} such
that np — oo,

nEg+1 _

™ = pull < ™ = pull, et =l < " —pa] (3D)

for each k > k. So, from (24) with k replaced by ny and the first inequality in
(31), it follows that

4
[z = pa]® < o [(Fps,ps — ™) + an, || Fpl| M ] (32)
and d"* < d,, ap, for sufficiently n, > k. Hence, limg_,oo d™ = 0 by the
properties of d,, and «,,. By the same argument as in the proof of the Case
1, we obtain (30). Evidently, there exists a subsequence {z*} of {z"*} such
that {z™*} converges weakly to a point p € Ho as k — oo. With each i € N/

and j € M, for each k > 0 let t’f,t’g,/\ft’f;, and ./\/lfk be defined as the above.
1

2
Next, again, by using the same argument as in the proof for the Case I above,
p € I' and any weak cluster point of {#"*} belongs to I'. Thus,

lim sup(Fpy, px — ™) < 0.
k—o0
This, (32), and the property of ay deduce limy_,o0 || — ps|| = 0. Further,
from Lemma 7?7 with k and p replaced, respectively, by ni and p,, we get

2™ — pu]|2 < Jla™ — pu|® + 200, | Fpel| (7' + an,, Mi).

This, the last limit, and the property of ay,, yield limy_, o |21 — p,||? = 0,
from which and the second inequality in (31) we have limj_, ||2¥ — p.|| = 0.
The proof is completed.

Remarks

1. If we take F' = I, then F' is n-strongly monotone and [-Lipschitz continuous
mapping on Hg with <1 and [ > 1. Then, we obtain

" = (1= &) (1 — )z + &ah, (33)
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since up = 1 for all & > 0. Method (33) is an improved modification of
Krasnoselski-Mann [19, 21] iterative method for the considered problem.

2. Let « be any positive real number in (0,1). Take F = (1 — a)I — (1 — a)u,
where u is a fixed point in Hy. Clearly, F is n-strongly monotone and [-Lipschitz
continuous operator on Ho with [ > 1 > 0. Then, from (11) we deduce that

2R = (1= 0,)[(1 = t}) 2" + thu] + Opa™*,

where tj, = (1 — a)tj. This method is a combination of the Krasnoselski-Mann
iterative method with the Halpern one [18].
3. The results above have still value, if (12) is replaced by either

l‘k+1 = (1 — Qk)l‘k + Qk(I — tk,ukF),Tk’s (34)
with 6y € [0, 1] or

P = (1—=6r)I - tepp F) ™ + 0pxhs
= (I = OptpuiF)az™®, Oy =16y,

with 0y, € [0,1 — 0], where

<ka,s _ ka—l,s’xk,s _ xk—l,s)

Hk = [Faks — Fah—1s|2 7
if P #£ 2F=15 ., otherwise, and 7 1* = 27! and 2%° = 2%. Taking
Or =1 and F = I, (34) becomes a simple iterative method ¥+t = (1 —t; )2k
4. The approach in this paper can be extended to a generation of (1), that is

to find a point
pE C .= mzeNFIX(Ul), A]p S ﬂleMlijiX(Vzvj),Vj € M,

where V; ; is p; j-strongly quasi-nonexpansive operator on H; with p; ; > 0 for
every l € M;; ={1,...,q;} with integers ¢; ; > 1.

5. Some similar split problems with iterative methods have been recently con-
sidered in [7, 6, 5].

4 An application to the MSSFP given by level
sets and computational experiments
Let ¢; and 9; be boundedly Lipschitz continuous and convex functions on real

Hilbert spaces Ho and H;, respectively, for ¢ € N and j € M. We consider the
MSSFP: Find a point

peC={peHo:pilp) <0} VieN,
Aipe{veM; jv) <0} VjeM (35)
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where A; is a bounded linear operator from o into H;, for all j € M. The
solution set of (35) is denoted by T'.

Let 0f(z) = {9 € H : f(y) — f(zx) > {9,y — x), for all y € H}, the
subdifferential of a continuous convex function f on a Hilbert space H. Since
/ is continuous, the set 0f(x) # 0 (see, [3]). For an n(x) € df(x), the operator
Py, so-called subgradient projection relative to f, is defined by

. Ue),
B = @)l

if n(z) # 0; , otherwise. where [t]; = max{0,t}, has the properties: Fix (Py) =
{p € H: f(p) <0} and Py is 1-strongly quasi-nonexpansive, which satisfies the
demiclosedness principle (see, [10] Theorem 4.2.7 and Corollary 4.2.6). Thus,
P« is a solution of (35) if and only if it belongs to I' and solves (1) with U; = P,
and V; = Py,.

For computations, we take Hy = E4,"Hj = E/*! Euclidean spaces, with
jeM=1{1,234}.

wilz) =||(I — Péi)x||2/2,c~'i ={z cE*: ||z —d'|* < 1},a’ € E*,
bi(y) = (I = Pg,)yl?/2,Q; = {y € B/ : ly = V|| < 1},¥/ € E/,

n(z)

a' = (1-14/10,0,0,0), ¥/ = (1,0,...,0),

for all i € N = {1,...,6} and for all j € M with a matrix A, having two
rows r; = (1,2,1,2) and ro = (2,4,2,4), a matrix As, having three rows r =
(1,2,0,0), 72 = (2,4,0,0) and r3 = (0,0,1,0), a matrix Az, having four rows
r1 = (2,1,0,0),72 = (0,2,1,0), r3 = (0,0,2,1),74 = (0,0,4,2), and a matrix
Ay, having fine rows r; = (2,1,0,0),72 = (0,2,1,0), r3 = (0,0,2,1),74 =
(0,0,4,2), 75 = (0,0,0,1). It is easy to see that N;erC; # 0 and the considered
example has the unique minimum norm solution p, = (0,0, 0,0).

Clearly, 0p;(r) = ¢}(x) = v — Pg v, that has the form (see, [10]): Pz z =
a' + (1/||lz — a'||)(z — @) if |z — @*|| > 1 and z otherwise. Then, P,z =
(x+ Pgx)/2ifz ¢ Cy; otherwise, P,z = x and Py, is similarly defined in
E/*1. For computations, by taking s = 2, N' = NF UNF and M = My U M}
with le = {17273}7 NS = {47536}3 -A/lllc = {172}7 MIQC = {3’4}’ ij(t)(x) =
7jr(ty(x), and the starting point 2° = (3,2,5,4), and using method (33), we
have the following scheme,

gkt = gkyktykt — yhght=1 4 _ 1 9

2" = (1 - ) — t)a® + a2 (36)
where 7;x(;) () is defined in the block-iterative scheme. Computational results
by (36) with (14), (15), (19), and (20), tx = 1/(k + 1), /\fk(t) = 1/3, and
& = Qé?k(t) = 1/2 are given in the following tables.
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Table 1: Result by (36) and (14).

i

i

T
L3

i

10

0.0088308449

0.0152433682

0.0454595158

0.0246655582

20

0.0004772087

0.0008681698

0.0027052801

0.0014691992

30

0.0000327203

0.0000595935

0.0001860741

0.0001010072

40

0.0000024101

0.0000043897

0.0000137075

0.0000074410

50

0.0000001846

0.0000003361

0.0000010497

0.0000005698

Table 2: Result by (36) and (16).

EFI
T

FFI
)

T
T3

EFI
Ty

10

0.0100743460

0.0151863428

0.0230477441

0.0110144905

20

0.0004430946

0.0006780287

0.0010239829

0.0004835695

30

0.0000231565

0.0000354934

0.0000535205

0.0000252499

40

0.0000012387

0.0000019907

0.0000030017

0.0000014155

50

0.0000000758

0.0000001161

0.0000001751

0.0000000826

Table 3: Result by (36) and (19).

EF1
L

FF1
)

EF1
L3

EF1
Ly

10

0.0044369738

0.0087323594

0.0387153882

0.0248808418

20

0.0002209196

0.0004826718

0.0022353282

0.0014344862

30

0.0000147412

0.0000328535

0.0001495178

0.0009595348

40

0.0000010566

0.0000023118

0.0000107169

0.0000068776

50

0.0000000787

0.0000001722

0.0000007986

0.0000005125

Table 4: Result by (36) and (20).

x§+1

$§+1

EF1
L3

xi+1

10

0.0091396752

0.0147419320

0.0304096230

0.0155142279

20

0.0003689121

0.0006096060

0.0012723778

0.0064546818

30

0.0000180284

0.0000298010

0.0000622267

0.0000315668

40

0.0000009468

0.0000015352

0.0000032682

0.0000016579

50

0.0000000518

0.0000000856

0.0000001787

0.0000000906
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The tables of numerical results show the effectiveness of the introduced iterative
schemes.

5 Conclusion

In this paper, using the extrapolated Landweber-type operators, we proposed
new strongly convergent iterative schemes for solving the the split feasibility
problem with multiple output sets, governed by the fixed point sets of demi-
closed strongly quasi-nonexpansive operators on infinite-dimensional Hilbert
spaces. The strong convergence has been proved without the closedness prop-
erty the range of A; as well as the bounded regular one of the family of fixed
point sets of the operators, assumed recently in the literature for the similar
problems. An application to the MSSFP with multiple output level sets was
given with numerical experiments.
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