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Abstract

We study the algebraic transfer constructed by Singer [16] using tech-
nique of the hit problem. In this paper, we show that Singer’s conjecture
for the algebraic transfer is true in the case of five variables and degree
7.2° — 5 with » = 3,4 and s an arbitrary positive integer.

1 Introduction

Let Vi, be an elementary abelian 2-group of rank k. Denote by BV} the classi-
fying space of Vj. It is well-known that

P, = H*(ka) -t Fg[xl,xg, .. .,xk],

a polynomial algebra in k variables x1,xs,. .., zg, each of degree 1. Here the
cohomology is taken with coefficients in the prime field Fo of two elements.
Then, Py is a module over the mod-2 Steenrod algebra, A. The action of A
on P, is determined by the elementary properties of the Steenrod squares Sq’
and subject to the Cartan formula (see Steenrod and Epstein [18]).

Let GLj be the general linear group over the field Fy. This group acts
naturally on Py by matrix substitution. Since the two actions of A and G Ly
upon P, commute with each other, there is an inherited action of GLj; on
Fo ® 4 Pg.
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Denote by (Py)r the subspace of Py consisting of all the homogeneous poly-
nomials of degree n in Py and by (Fo® 4 Py)», the subspace of Fo® 4 Py, consisting
of all the classes represented by the elements in (Py),. In [16], Singer defined
the algebraic transfer, which is a homomorphism

Ok Torﬁk+n(lﬁ‘2, Fa) — (F2 @4 Pi)5 ™

from the homology of the mod-2 Steenrod algebra to the subspace of (Fo® 4 Pk)»
consisting of all the G Ly-invariant classes.

The Singer algebraic transfer was studied by many authors. (See Boardman
[1], Bruner-Ha-Hung [2], Ha [7], Hung [8, 9], Chon-Ha [4, 5, 6], Minami [13],
Nam [14], Hung-Quynh [10], Quynh [15], the first author [21] and others).

Singer showed in [16] that ¢ is an isomorphism for k& = 1,2. Boardman
showed in [1] that 3 is also an isomorphism. However, for any k > 4, ¢y, is not
a monomorphism in infinitely many degrees (see Singer [16], Hung [9]). Singer
made the following conjecture.

Conjecture 1.1 (Singer [16]). The algebraic transfer i is an epimorphism
for any k > 0.

The conjecture is true for & < 3. Based on the results in [19, 20], it can be
verified for k = 4. We hope that it is also true in this case.

The purpose of the paper is to verify this conjecture for k = 5. The following
is the main result of the paper.

Theorem 1.2. Singer’s conjecture is true for k = 5 and n = r.2° — 5 with
r=3,4 and s an arbitrary positive integer.

We prove this theorem by studying the Fa-vector space (Fo®4P5)¢Fs.
Based on the results in [23, 24], we have the following.

Theorem 1.3. Let n be as in Theorem 1.2. Then, we have (Fa® 4 P5)S¢ts = 0.

Obviously, Theorem 1.3 implies Theorem 1.2. Note that for r = 4 and
s = 2, the above results are due to Quynh [15].

Furthermore, from the results of Tangora [22], Lin [12] and Chen [3], for r =
3, Exti{ws(]Fg, F3) = 0. By passing to the dual, one gets Torég.Qs(]Fg, Fy) = 0.
Hence, by Theorem 1.3, the homomorphism

©5 @ TOI';}&QS(FQ, ]FQ) — (FQ@AP5)§§.§_5
is an isomorphism. For r = 4,

(P(h2)), ifs =2,

Ext%*% (Fy, Fy) =
i (o F) 0, otherwise.
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By passing to the dual, we obtain

P(hy)*), ifs =2,
Tor?4.25(lﬁ‘2, Fo) = (Pha)") .
’ 0, otherwise.
So, by Theorem 1.3, the homomorphism
5 : Torg'y 5. (F2, Fa) — (Fa@.aP5)752_;

is an epimorphism. However, it is not a monomorphism for s = 2.
In the remaining part of the paper we prove Theorem 1.3.

2 Preliminaries

In this section, we recall a result from Singer [17] which will be used in the
next section.

Let «;(a) denote the i-th coefficient in dyadic expansion of a non-negative
integer a. That means

a=0ap(a)2’ + ai(a)2' + az(a)2® + ...,

for @;(a) = 0,1 and 7 > 0.

Definition 2.1. For a monomial z = z{'z5*...2}" € Py, we define two se-
quences associated with = by
w(x) = (w1 (x),wa(x), ..., wi(x),...), olx) = (a1,as,...,ax),

where w; () = 3, ;< @i—1(a;), @ > 1. The sequence w(z) is called the weight
vector of x.

Let w = (w1,wa,...,w;,...) be a sequence of non-negative integers. The
sequence w is called the weight vector if w; = 0 for ¢ > 0.

The sets of all the weight vectors and the sigma vectors are given the left
lexicographical order.

For a weight vector w, we define degw = >, 2" 'w;. Denote by Py (w)
the subspace of Py spanned by monomials y such that degy = degw, w(y) < w,
and by P, (w) the subspace of Py spanned by monomials y € Py(w) such that
w(y) <w.

Definition 2.2. Let w be a weight vector of degree n and f, g € (Pg)n.

i) f=gifandonlyif f —g € AT P. If f =0, then f is called hit.
ii) f =, gifand only if f — g € ATP, + P, (w).
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Obviously, the relations = and =,, are equivalence ones. Note that if w is a
minimal sequence of degree n, then f =, ¢ if and only if f = g (see Theorem
2.4.) Denote by QPy(w) the quotient of Py(w) by the equivalence relation =,,.
Then, we have

QPy(w) = Pr(w)/((A* Px N Pr(w)) + Py (w)).
It is easy to see that
QPi(w) 2 QP := ({[z] € QP : xisadmissibleandw(z) = w}).

So, we get
(F204P0n = @ QPF= P QPiw).
deg w=n deg w=n
Hence, we can identify the vector space QPy(w) with QP C QPx.

We note that the weight vector of a monomial is invariant under the per-
mutation of the generators x;, hence QPy(w) has an action of the symmetric
group Y. Furthermore, QPx(w) is also an G Li-module.

For polynomials f € P, and g € Py(w), we denote by [f] the class in
Fa® 4 Py, represented by f, and by [g], the class in QPy(w) represented by g.
For M C P and S C Pi(w), denote

[M] = {[f]: f € M} and [S]o = {[g]s : g € S}-

If w is the minimal sequence, then [S], = [S] and [¢]. = [g].

Definition 2.3. A monomial z = 23252 ... 2 is called a spike if b; = 2% — 1

for s; a non-negative integer and j =1,2,...,k. If z is a spike with 51 > s >
...>58._1 28 >0and s; =0 for j > r, then it is called a minimal spike.

For a positive integer n, by p(n) one means the smallest number r for which
it is possible to write n = Y3, <;,.(2% —1), where d; > 0. In [17], Singer showed
that if p(n) < k, then there exists uniquely a minimal spike of degree n in P.

The following is a criterion for the hit monomials in P.

Theorem 2.4 (Singer [17]). Suppose x € Py is a monomial of degree n,
where pu(n) < k. Let z be the minimal spike of degree n. If w(x) < w(z), then
x s hit.

Definition 2.5. Let =,y be monomials of the same degree in P,. We say that
x < y if and only if one of the following holds

1) w@) <w(y);

il) w(z) = w(y) and o(z) < o(y).

Definition 2.6. A monomial z is said to be inadmissible if there exist mono-
mials y1,¥y2,...,ys such that y; <z forj=1,2,...,tandx =y +y2+.. .+ .
A monomial z is said to be admissible if it is not inadmissible.
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Obviously, the set of all the admissible monomials of degree n in Py is a
minimal set of A-generators for Py in degree n.
The proof of the following lemma is elementary.

Lemma 2.7.

i) All the spikes in Py are admissible and their weight vectors are weakly
decreasing.

il) If a weight vector w is weakly decreasing and wi < k, then there is a
spike z in Py such that w(z) = w.

One of the main tools in the study of the hit problem is Kameko’s ho-

—~—0
momorphism Sq, : Fo ® 4 P — Fo ®4 P;. This homomorphism is an G Lg-
—~0

homomorphism induced by the Fs-linear map, also denoted by Sq, : Py — Py,
given by

S’VO( ) y, ifr=mxi2s... 1177,
* x = .
1 0, otherwise,

—~—0
for any monomial x € Pj.. Note that Sq, is not an A-homomorphism. However,
—~0 ~—0 —~—0
5q.5¢*" = Sq'Sq., Sq.5¢" =0

for any non-negative integer ¢.

—0
Observe obviously that Sgq, is surjective on Py, and therefore on Fo ® 4 Pg.
So, one gets

—~0
dim(Fy ® 4 Pr)om+r = dimKer(Sq,,),m) + dim(Fo ® 4 Pk )m,

for any positive integer m. Here
—~—0
(S9,) tke,m) = (F2 ®4 Pr)2mir — (Fo @4 Pr)m

—~—0
denotes Kameko’s homomorphism Sq, in degree 2m + k.

Theorem 2.8 (Kameko [11]). Let m be a positive integer. If u(2m—+k) = k,
then

—~0
(S9.) (ke,m) = (F2 @4 Pr)2mir — (Fo @4 Pr)m
is an isomorphism of G Lg-modules.

For 1 < i < k, define the A-homomorphism g; : Px — P, which is deter-
mined by ¢;(z;) = Tit1, gi(Tit1) = i, gi(x;) =z for j#4,i+1, 1 <i <k,
and gr(z1) = x1 + o2, gr(x;) = z; for j > 1. Note that the general linear
group G Ly, is generated by the matrices associated with g;, 1 <14 < k, and the
symmetric group X is generated by g;, 1 <17 < k.

So, a homogeneous polynomial f € Py is an G Lg-invariant if and only if
gi(f)=flor 1 <i<k. If g;(f) = f for 1 <i <k, then f is an Yg-invariant.
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3 Proof of Theorem 1.3

From now on, we denote by By (n) the set of all admissible monomials of degree
n in Pk.
For any monomials z, 21, 22, . . ., 2y in (Px)n with m > 1, we denote

k(21,22 oy 2m) ={oz 10 € T, 1 <t <m} C (Pr)n,
[B(21, 22, - -+ Zm)]w = [Be(n)]w N ([Zk(21, 22, - - 5 2m)]w),

piz)= >

yGBk (n)ﬁEk(z)

If w is the minimal sequence of degree n, then we write

[B(z1, 22, -y 2m)]w = [B(21, 22, - - -, Zm)].

3.1 The caser =3

For r = 3, we have n = 2571 425 — 5. If s > 3, then pu(n) = 5. Hence, using
Theorem 2.8, we see that the iterated Kameko’s homomorphism

—0
(Sq*)?gg,gs—l_@ P (F2®@aPs5)s+1 195 — (F2®@4P5)19

is an isomorphism of the G Ls-modules. So, we need only to prove the theorem
for s =1,2,3. For s = 1, we have n = 1. By a simple computation, one gets
the following.

Proposition 3.1.1. dim(Fa®@4P5); =5 and (F2@4P5)5 = 0.
For s = 2, we have n = 7.
Proposition 3.1.2. (Fo®4P5)5% = 0.
Since Kameko’s homomorphism
—~0
(8¢.)(5,1) : (F2®@4Ps)7 — (Fa®4P5)1
is a homomorphism of G Ls-modules and (Fo® AP5)fL"’ =0, we have
—~0
(Fa@4P5)5" C Ker(Sq,)5,1)-
—~0
From a result in [24], we see that dim(Ker(Sq,),1)) = 105 with the basis
UL, [Bs(u:)], where
uy = xz, Ug = xlxg, uz = xlxgxg, Uqg = xlxgxg,
us = xlxgxgxi, U = xlxgxgxg, ur = xleZngzxg.

By a routine computation we obtained the following.
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Lemma 3.1.3.

i) The subspaces ([Zs(ui)]), 1 < i < 4, ([Zs5(us, us)]) and ([X5(u7)]) are
Y5-submodules of (Fo® 4 Ps)7.

ii) We have the direct summand decompositions of the Y5-modules:

4

(Ker(59.)5.1) = @D([S5(us)]) @[5 (us. us)])) @D(Ss[(ur))).

Lemma 3.1.4. ([Z5(u))® = ([p(w)]), i = 1,2,3,4, {[Z5(u7)])*> = 0 and
([Zs(us, ue)))™ = ([p(us])-

Proof. We compute ([$5(u;)])*s for i = 3,7. The others can be proved by a
similar computation.

Note that dim([X5(ug)]) = 10 with a basis consisting of all the classes
represented by the following admissible monomials:

2.4 2.4 2.4 2.4 2.4
a1 = T3Ty Ty, A2 = T2X 4Ty, A3 = T2T 3Ty, G4 = T2T 3Ty, A5 = T1TyTs,

2.4 2.4 2.4 2.4 2.4
ag = X1X3T5, A7 = T1T3Ty, A8 = T1Txy, A9 = T1T Ty, A10 = T1TT3.

Suppose p = 2;‘;1 vja; and [p] € ([Ss(uz)])™ with v; € Fa. By a direct
computation, one gets

91(p) +p = (2 +75)(az +as) + (v3 +v6)(as + ae) + (ya +77)(as + a7) =0,
92(p) +p = (11 +72)(a1 + az2) + (76 +8)(as + as) + (v7 +79) (a7 +ag) =0,
93(p) +p = (2 +3)(az2 + a3) + (v5 +76) (a5 + as) + (v9 +710)(a9 + a10) =0,
94(p) +p = (13 +7a)(az + as) + (76 +7)(as + ar) + (18 +70)(as +ag) =0

These relations imply v; = v1, for 7 =2,3,...,10.
For ¢ = 7, dim([¥5(u7)]) = 5, with a basis consisting of the classes repre-
sented by the following admissible monomials:

2 2 2 2 2 2
b1 = x1x2x32i75, bo = T1T2x52475, b3 = x1T225T5T5,
2 2 2. .2
by = x125232475, bs = T 1252324 T5.

Ifg= 2321 ~vilbj] € ([Bs(ur)])™ with ~; € Fa, then

91(q) +q = (7a +75)b1 + vab2 + 503 = 0.

This implies 74 = 75 = 0. So, ¢ = y1b1 + Y2b2 + v3b3. A simple computation
shows

92(q) + ¢ = 2(b2 + ba) +73)(b3 + b5) =0,
93(¢) + ¢ = (1 +72) (b1 + b2) = 0.

From the last equalities, we get 1 = v2 = v3 = 0. O
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Proof of Proposition 3.1.2. Let f € (Ps)7 such that [f] € (Fa®4P5)$%. Since
[f] € (IF2®AP5)$5, using Proposition 3.1.1, Lemmas 3.1.3 and 3.1.4, we have

f= Z?:l v;p(u;) with v; € Fo. By computing gs(f) + f in terms of the
admissible monomials, we obtain

95(f) + = (m +72)25 + (2 + 73 + 75)28 + (33 + Y1) T2037]
+ Yazox3xi 2t + Y501 0505 + otherterms = 0.
This relation implies v; = 0 for 1 < j < 5. The proposition is proved. |
We now prove Theorem 1.3 for r = 3 and s = 3. Then, we have n = 19.

—~0
Since Kameko’s homomorphism (Sq,),7) @ (Fo®4Ps5)19 — (Fo®4Ps5)7 is
a homomorphism of GLs-module and (Fo® AP5)$L5 =0, we have

—0
(Fo@.4P5)" Ker(S5q.)s,7)-
—0
From a result in [24], we see that dim(Ker(Sq,)(5,7)) = 802 and

Ker(54.)5.1) = QPs() D QP5(@) D QP> ().
Here w = (3,2,1,1), @ = (3,2,3) and & = (3,4, 2).
Proposition 3.1.5. QP5(0)“%s =0 and QPs(w)%Ls = 0.
According to a result in [24], dim(Q P5(@)) = 55 with the basis U?:l [Bs(v;)]@s

where

2,277 2,367 3,.3..6,.6.
V] = T1THX3T4T5, V2 = T1ToT3T,4 Ty, U3 = T1T5T3T4T5;

dim(QP5(w)) = 47 with the basis [JS_, [Bs(v;)]s, where

2,457 2,.3,.6,.7 2,3,4.5.5
V4 = T1THT3TLTs, U5 = T1THTZT4Ts, Vg = T]THT3TLTs.

By a simple computation using technique as given in the proof of Lemma 3.1.4,
we obtain the following.

Lemma 3.1.6.

i) The subspaces ([E5(vi)lz), ¢ = 1,2,3, are Xs-submodules of QP5(W);
([E5(va)]e) and ([X5(vs,v6)]e) are Es-submodules of QPs(©).

ii) We have the direct summand decompositions of the Y5-modules:

QPs(@) = ([Z5(01)]z) D5 (v2)]z) (25 (vs)]),
QPs(@) = ([Z5(va)]a) D ([Z5(v5, v6)]a)-
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Lemma 3.1.7. We have

—~
\g/
(o3
—~
<
T
=
2
~—
™
=
Il

([p(vi)lz), 1=1,2,3,
([Z5(va)]0)™® = ([p(va)]), ([Es(vs,ve)]s) ™ = 0.

Proof of Proposition 3.1.5. Let p € (Ps)19 such that [p|z € QPs(@)%Ls. Since
[pls € QPs(©0)*, using Lemma 3.1.6, one gets p =5 Z?Zl v;p(vj) with v; € Fs.
By computing g5(p) + p in terms of the admissible monomials, we obtain

95(p) +p =5 (m1 + 2)zrzfaiaial + oz adaiaial

+ ysriziariaial + otherterms =g 0.

The last equality implies v3 = y2 =3 = 0.

Now, let ¢ € (Ps)19 such that [p]s € QPs(@)%Ls. Since [pls € QPs(w)*s,
using Lemma 3.1.6, we have ¢ =5 yp(v4) with v € Fy. By a direct computation,
we get

95(q) + ¢ =5 yr123xirial + otherterms =g 0.
From this relation it implies v = 0. The proposition follows. |

Using Propositions 3.1.2 and 3.1.5, we obtain (Fo®4Ps)$5" = QPs(w)Fs.
In the remain part of this subsection, we prove the following.

Proposition 3.1.8. QP5(w)“%fs = 0.

Based on the results in [24], we see that dim QPs(w) = 700 with the basis
10
U;j=1[Bs(w;)]w, where

_ 3,.15 _ 7,..11 _ 23,79 _ 2,15
’LU1 — x1x2x3 5 wQ — x1x2x3 5 ’LU3 — xlexg, ’LU4 — x1x2x3x4 5

_ 3,.6..9 _ 2.4, 11 _ 2,313
W5 = T1THT3T,, We = T1T2TZT4 X5, Wy = T1THT3T,",

2,69 3,411 2,358
Wg = T1X2X3T 4Ty, W9 = T1TX3Ty , W10 = T1TX3T4T5.
By a direct computation, using technique as given in the proof of Lemma
3.1.4, we obtain the following lemmas.

Lemma 3.1.9.

i) The subspaces ([X5(w;)]),1 < i < 6, ([Bs(wr, wo)]) and ([Es(ws, wi0)])
are Y5-submodules of QPs(w).

ii) We have a direct summand decomposition of the Y5-modules:

6

QPs() = @([Ss(wn)]) (S5 (wr, wa)l) ED([Es(ws, wio))).

=1
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Lemma 3.1.10. We have
D) ([Zs(w))™ = ([p(u)]), for i = 1,2 and ([Zs(wa)])™> = ([Zs(we)])™> =

i) ([S5(ws))) > = {[p(1.w))) where

1 1
DP(1w) = E (xgxgxt3 + i} 333? + x7x3x? + x7x9xf)
1<i<y<t<s

iif) ([S5(ws)])™ = ([p2,w)]), where
Pew) = Z (xngx?xlo + 2 xjxtx + xgxgxfx + xgxgx?xg)
1<i<j<t<u<b
+ Z (xlxgx;?xu + xlxﬁxtx + x; x4x§x9 + x; x5xt2x9 + x3x5x§x8) .
1<i<j<t,u<gh

V) ([Zs(wr, wo) )™ = ([p3,0) + P(aw)]s [Paw) +P(s,0)]), where

_ 3..14 7....3.8
PEw) = E , (xixjxtxu +33¢33j33t33u)a
1<i<j,t,u<s

P,w) = Z (33333]33,533 + x;

1<i<j<t,u<h

3 13xtx + x; xjxtx10+x7x9xtx )

7 411

zy) + T;T4T

+ x; xeng)

— E 6
p(5,w) - (xlxjxtx + TiTjTy
1<i<g,t,uh; t<u

v) ([Zs(ws, w10)])** = ([P(6.w)], [P(7.)]), where

D(6,w) = xlxgxguxéo + xlxgxgxio% + xlxgxgxfxg + xlxgxgxixéo
+ xlxgxgxixéo + xlxgxgxgxg + xlxgxgxixg + xlxgxgxixg
+ xlxgxgxixg + xlxgxgx?lxg + xlxgxgxix%Q + xlxgxgxfxg
+ xlxgxgxix%Q + xlxgxgx?lxg + xlxgxgxixg + .131332332332335

4.1 4 4
+ x1x§x3x4x50 + x1x§x3x4x5 + x1x3x3x4 Ts5 + xlxgxgxgxg

4
+ xlxgxgmxg + xlxgxgx4x5 + x1x§x§x4x5 + xlxgxgxixg

4 4 4 4
+ xlxgxgxﬁxg + x:fxgxgmxg + x:fxgxgxixg + x:fxgxgxﬁxg

4 4 4 2 12
+ x?x%xgmxg + x:fxgxgmxg + x?x%xgxﬁ% + x1x2x3x2x5

2 12 3 2 3 12 2312 2 12 3
+ X1X5T3T, Ty + T1ToT30405" + T1T5X3T,4 T + T1X5T3° T4Ty

2,12
+ x12573 xix5 + xlxgxgxixg + xlxgxgxﬁxg + xlxgxgmxg

2,3 4
+ xlxgxgxﬁ% + xlxgxgxwg + xlxgxgxi% + x1x2x§x4x2
2,4 2,4 2 2
+ xlexgxixg + xlexgxgxg + xlexngxg + xlexgxixg
2 4 4 4
+ xlexgxﬁxg + x:f’xngxixg + x:foxgxﬁxg + x?x2x§x4x§

34,38 3,48 3 34,8 3
+ x1x2x3x4x5 + x1x2x3x4x5 + x1x2x3x4x5.
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6,.10 3 4,10 3 6,.8 6 10
D(7,w) = T1T2X3T4T5 + TIT2X3T4T5 + TIT2T3T4T5 + T1XT2X3T4T5

+ xlxgxgxio% + xlxgxguxéo + xlxgxgxio% + xw%x?mx%
+ xw%xé%i% + xlxgxgmxg + xlxgxgxi% + xf@x%ux%o

+ xf@x%xio% + .13?,23333333433%0 + .13?,233333334110335 + xlxgxgmxg

+ xlxgxgxﬁ% + x:fxgxgmxg + x:fxgxgxﬁ% + x?x%x%xwg

+ x:fx%xgxi% + xlxgxgxixg + xlxgxgxixg + x:fx‘;’xgxixg

+ x:fx‘;’xgxﬁxg + x?x%x%xwg + x?x%x%xﬁ% + x:fx‘;’xgmxg

+ x?x%x%xix&
Proof of Proposition 3.1.8. Let f € (Ps)19 such that [f] € QPs(w)%Ls. Since
[f] € QPs(w)*s, using Lemmas 3.1.9 and 3.1.10, we have

J=mp(ur) +vep(uz) + 73p(1,0) + 14P2.w)
+ 75 (P3,w) + Pa,w)) + 76 (Paw) +P5.w)) + V7P6,w) T BP(7,0)>

with v; € Fy. By computing g5(f) + f in terms of the admissible monomials,
we obtain

_ 3,15 7 11 314
g5(f) + f = mx12523° + 72212973 + V30102052

3,12 .3 14, .3 7. .10
+ Y4T12523° T + V51T 3Ty + Ve T1XoT3Ty

+ 77x1x§x§xix§ + ’ygxlx;xgxixg + otherterms = 0.
This relation implies v; = 0 for 1 < j < 8. The proposition is proved. |

Combining the above results, we get (Fo® AP5)§§.§_5 = 0. So, Theorem 1.3
is proved for the case r = 3.

3.2 The caser =14

For r = 4, we have n = 2572 — 5. If s > 2, then u(2°"? — 5) = 5. Using
Theorem 2.8, we see that the iterated Kameko’s homomorphism

—0
(Sq*)?5_35+1_5) : (F2®AP5)25+2—5 — (F2®AP5)11

is an isomorphism. So, we need only to prove the theorem for s = 1,2. For
s =1, we have n = 3. By a simple computation, we obtain

Proposition 3.2.1. dim(Fo®4Ps)3 = 25 and (Fa@4P5)5%° =

For s = 2, we have n = 11. Since Kameko’s homomorphism

—0
(8¢,)(5.3) : (F2®@aP5)11 — (F2®@4P5)3
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is a homomorphism of G Ls-module and (Fo®4P5)5%* = 0, we have

—0
(]F2®AP5)?1L5 C Ker(8q,)(5,3)-

From the results in [23], we see that

Ker(Sa.) 5.3 = QPs(3,2,1) D QPs(3,4)

and dim QP5(3,4) = 10. By a direct computation, using the admissible mono-
mial basis of QP5(3,4), we easily obtain the following.

Proposition 3.2.2. QP5(3,4)%% = 0.

Now, we compute QPs5(3,2,1)%L5. From the results in [23], we can see that
dim QPs(3,2,1) = 280 with the basis | J?_, [B(i;)], where

= 3,7 5 3,.3..5 2.7
U;l = xlexg, U;Q = xlexg, U;g = x1x2x3x4,

- 2.3 5 - 2.3 4
Ugy = T1TT3T 4, U5 = T1T2T3TYT5-
A simple computation, using the results in [23], one gets the following.

Lemma 3.2.3.
i) The subspaces ([L5(4;)]), 1 < i <5, are Ls-submodules of (Fo®.4P5)11.
ii) We have a direct summand decomposition of the X5-modules:

5

QP5(3.2,1) = P[5 (w))).

i=1
Lemma 3.2.4. We have

i) ([Ss (@)™ = ([p(a)]), ([S5(a;)]))™* =0 fori=2,3,5.
ii) ([Zs(aa)])™ = ([p]), where

3,.6 3 3,4
(xixjxtxu =+ xixjxtxu) .
1<i<yj,t,ush

Proof. We prove that ([$5(i2)])™® = 0. The others can be proved by a similar
computation.

From the result in [23], ([E5(@2)]) is an Fe-vector space of dimension 20
with a basis consisting of all the classes represented by the following admissible
monomials:

a; = x%xix? ags = x%xix% as = x%xix? a4 = x%xix%
as = x%x%x? ag = x%x%xi ar = x%x%x% ag = x%x%xi
ag = x%xix? ajp = x%xix% ay]p = x%x%x? a1 = x%x%xi
a1z = x%xgxg a14 = x%x%xi a15 = x%x%x? a1 — x%x%xi
3135 3..5,.3 3,53 3,53

Q17 = T1ToT3

18 = T1ToT5

a19 = T1TyTy

20 = T1ToT3-
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Suppose that p is a polynomial such that [p] € ([X5(u2)])*® and

p= > v,

1<i<20

where v; € Fo, 1 <14 < 20. By a direct computation, we obtain

91(p) +p = (93 +79)as + (72 + 710)aa + (95 +711)as + (v6 + 712)ae
+ (v7 +m3)ar + (3 +714)as + (v3 +79)ag + (V4 + Y10)a1o
+ (v5 +711)arr + (%6 + m12)aie + (v7 + 113)ais
+ (98 4+ 714)a14 + Y18a15 + Y1916 + 20017 = 0,
92(p) +p = (1 +13)ar + (72 +va)az + (11 +73)as + (2 + v4)as
+7as 4+ v8ae + (y11 + Y15)a11 + (12 + Yi6)a12
+ (713 + 18)a13 + (V14 + Y19)a14 + (711 + Y15) 015
+ (712 + 116)a16 + (V17 + Y20)017 + (713 + Y18) 018
+ (714 + 119)a19 + (17 4+ Y20)a20 = 0.

These relations imply v; = 0 for ¢ = 7,8,13, 14,17, 18,19, 20. From this we
get

93(p) +p =201+ (v3 +5)as +yaa4 + (43 + 5)a5 + Y646
+ qaa7 4 ysas + (Y9 + v11)a9 + y10a10 + (Yo + Y11)a11
+ 712012 + 710013 + V12014 + V16016 + V16017 = 0,
94(p) +p = (M +72)ar + (1 +2)az + (v3 + ya)as + (v +ya)aa
+ (95 +76)as + (75 + v6)as + (y9 + Y10)a9
+ (Y0 +710)a1o + (11 +12)air + (711 + 112)a12
+ (715 + 7116)a15 + (715 + Y16) 016 = 0.

Combining the above equalities gives v; = 0 for : = 1,2, ..., 20. |
Proposition 3.2.5. QP5(3,2,1)%% = 0.

Proof. Let h € (Ps)11 such that [h] € QP5(3,2,1)%Es. Since [h] € QP5(3,2,1)>s,
using Lemmas 3.2.3 and 3.2.4, we have

h = yip(t1) + Yep,

with v1,792 € Fo. Computing gs5(h) + h in terms of the admissible monomials,
we obtain

gs(h) +h = 71x1xgx§ + ’ygxlxgx%xixg + otherterms = 0.

This relation implies 73 = 72 = 0, hence h = 0. The proposition is proved. [
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From Propositions 3.2.1, 3.2.2 and 3.2.5, we get (Fo®@4P5)5.53 . = 0 for all
s = 1. Theorem 1.3 is completely proved.
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