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Abstract
In this paper, we consider the existence of positive weak solutions for a
class of quasilinear elliptic operators containing p(-)-Laplacian and mean
curvature operator with the Steklov boundary condition. The results for
p(+)-Laplacian are known, however, we attempt in this paper to extend
the results for a class of quasilinear elliptic operators containing not only
p(+)-Laplacian but also the mean curvature operator.

1 Introduction

In this paper, we consider the following problem with the Steklov boundary
value condition
{ —div [a(z, Vu(z))] + Alu(@)["™) "2u(z) = f(z,u(z)) inQ,

n(z) - a(z, Vu(z)) = g(x,u(x)) on 0f). (@x)

Here € is a bounded domain of RY (N > 2) with a C***-boundary 92 for some
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a € (0,1), the vector field n denotes the unit, outer, normal vector to 9.
The function a(z,&) is a Carathéodory function on  x RV satisfying some
structure conditions associated with an anisotropic exponent function p(z).
Here we say that a(z,&) is a Carathéodory function on 2 x RY, if for a.e.
r € Q, the map RY 3 £ > a(x,€) is continuous and for every £ € RV the
map Q3 z — a(z, £) is measurable on €.

The operator v — div [a(x, Vu(z))] is more general than the p(-)-Laplacian
Apyu(z) = div[|Vu(z)P@~2Vu(z)] and the mean curvature operator
div [(1 + |Vu(z)[?)P@)=2/27y(z)]. This generality brings about difficulties
and requires some conditions.

A € R is a parameter, p € C1 (Q) := {p € C'(Q,R);min, 5 p(z) > 1} and
functions f = f(x,t) € C(2 x R) and g = g(z,t) € C(09Q x R) satisfying some
conditions.

The study of differential equations with p(-)-growth conditions is a very
interesting topic recently. Studying such problem stimulated its application
in mathematical physics, in particular, in elastic mechanics (Zhikov [27]), in
electrorheological fluids (Diening [11], Halsey [19], Mihéilescu and Radulescu
22], Riwzicka [23]).

When p(z) = p = const., Abreu, O and Medeiros [1] considered the ex-
istence, nonexistence and multiplicity of positive solutions for inhomogeneous
boundary value problem of the type

—Ayu(z) + Mu(z)P~ =u(z)?  in Q,
u(z) >0 in £,
[Vu(z) [P~ Ga (2) = o(z) on 99,

where Q is a bounded domain in RY with smooth boundary, 1 < p < N,
p—1<qg<p"—1, p* = Np/(N —p). The proofs rely on different methods:
lower and upper solutions and variational approach. Deng [9] extended the
result of [1] to the Robin boundary problem of the p(-)-Laplacian:

_Ap(x)u(l') = )‘f(xa u(x)) in Q,
|Vu|P@=294 4 B(z)|u(z)|P@~2u(z) =0 on O

Deng and Wang [10] considered the following problem

—Apyu(a) + Alu(@)[P®) "2u(z) = f(z,u(z)) inQ,
|Vu(x)\p(r)723—;‘l(x) = g(z,u(x)) on O0f2.
The authors obtained the results on nonexistence, and existence and multiplic-
ity of positive solutions, using the sub-supersolution method for the Steklov
problem, which is similar to the given in Fan [13] for the Dirichlet problem for
the p(-)-Laplacian.
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Our attempt is to extend the result of [10] to a class of quasilinear elliptic
operators containing not only p(-)-Laplacian but also the mean curvature op-
erator. The underlying idea of proving main theorems is similar to that of [10].
To prove the main theorems we have to revise known results to fit a class of
operators and the Steklov boundary condition. To overcome this, we succeeded
to extend the strong maximum principle to our class of operators in Aramaki
[8]. This paper has made it possible to treat the problem in a variety of ways.

The paper is organized as follows. In Subsection 2.1, we recall some notions
on variable exponent Lebesgue-Sobolev spaces, and in Subsection 2.2, we give
some assumptions and state some properties from it. In Section 3, we give
regularity results and sub-supersolution principle. In Section 4, we give main
theorems (Theorems 4.2, 4.6, 4.7 and 4.11) and their proofs.

2 Preliminaries

In the present paper, we only consider vector spaces of real valued functions over
R. For any space B, we denote BY by the boldface character B. Hereafter, we
use this character to denote vectors and vector-valued functions, and we denote
the standard inner product of vectors @ = (ay,...,an) and b= (by,...,by) in
RY by a-b= Zfil a;b; and |a| = (a-a)'/?. Furthermore, we denote the dual
space of B by B* and the duality bracket by (-, )~ 5.

2.1 Variable exponent Lebesgue and Sobolev spaces

Throughout this subsection, let  be a bounded domain in RY (N > 2) with
a Lipschitz-boundary 0€). We recall some well-known results on variable ex-
ponent Lebesgue and Sobolev spaces. See Kovacik and Récosnik [21], Fan and
Zhang [16], Diening et al. [12] and references therein for more detail. Define
C(Q) = {p;p is a continuous function on Q}, and for any p € C(Q), put

p" =p"(Q) =supp(z) and p~ = p~(Q) = inf p(x).
e €N

For any p € C(Q) with p~ > 1 and for any measurable function u on €, a
modular p,.) = pp(.),q is defined by

() = o) = [ fula) e
The variable exponent Lebesgue space is defined by
LPO(Q) = {u;u : Q — R is a measurable function satisfying Pp(y(u) < oo}

equipped with the (Luxemburg) norm

. U
”uHLP(')(Q) = inf {T > 05 ppe)y (;) < 1} .
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We also define the Sobolev space
WhrO(Q) = {u € LFO(Q); |Vu| € LPFO(Q)}

endowed with the norm

[l @) = lullLro @) + [IVulll Lo )- (2.1)
Throughout this paper, we define a set by

Ci()={peCQ:p >1}.
The following three propositions are well known (see Fan and Zhao [18]).

Proposition 2.1. Let p € C(Q). Then the spaces LP()(Q) and W'P()(Q)
are reflerive and separable Banach spaces.

Proposition 2.2 (generalized Hélder inequality). Let p € Cy(Q). For any
u € LPO(Q) and v € LP'O)(Q), we have

1 1
/Q |u<x>v<m>|dm§(p_ n (p)) el oy 9oy < 20l o @ 1ol o e

Here and from now on, for any p € C4(£2), p’(-)ﬁenotes the conjugate exponent
of p(+), that is, p'(x) = p(x)/(p(x) — 1) for x € Q.

For p € C(Q), define for = € Q,

Np(z) ;
pie) = Vo PN, (22)
00 if p(z) > N.

Proposition 2.3. If q(-) € C(Q) satisfies 1 < q(z) < p*(z) for allz € Q, then
the embedding W'P()(Q) < LI0)(Q) is compact.

Next we consider the trace (cf. Fan [15]). Let Q be a bounded domain
of RY with a Lipschitz-boundary 92 and p € C(Q) with p— > 1. Since
WP (Q) ¢ WHH(Q), the trace v(u) = u|69 to 09 of any function u in
WP()(Q) is well defined as a function in L'(99). We define

(TeW BP0 (9Q) = {f; f is the trace to dQ of a function F € WPO)(Q)}
equipped with the norm
£l w100y 00) = I Fllwiso @) F € WHPO(Q) satisfying F|, = f}

for f € (TrW'P())(9Q). Then we can see that (TrIW!'2())(99) is a Banach
space. In the later we also write F‘QQ: g by F' = g on 0.
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Let r € C4(99) :={q € C(0Q);q~ := inf,co0 q(x) > 1}. We define

L"O6Q) = {u; u: I — R is a measurable function with respect to do,

satisfying / lu(z)|" @ do, < oo},
19)

where do,, is the surface measure induced by the Lebesgue measure dx and the
CE) r(z

norm is defined by
)
— do, <15.
For p € C(9), define for z € Q,

, u

||’Z,L||LT(.)(89) = inf {)\ > O,/

o

(N=Dp(z)

Play={ Nt TN (2.3
00 if p(x) > N.

The following proposition follows from Yao [25, Proposition 2.6].

Proposition 2.4 ([25]). Let p € C(Q). Then if r € C(99Q) satisfies 1 <
r(z) < p?(x) for all x € O, then the trace mapping WP (Q) — L) (0Q) is
well-defined and compact.

Now we introduce a new norm on W'P()(Q) which is used later. For
u € WHPO)(Q), define

() = pa() = [ (Va@P e+ [ fu@)da
and
Hu||>\—1nf{7>0 p,\( )<1}

Clearly we can see that if A\; > Ag > 0, then |Ju||x, > ||u]|x,-
Then we have the following proposition (cf. [9, Theorem 2.1 and Proposition
2.4]).

Proposition 2.5 ([9]). When XA > 0, || - ||x is a norm on WHP()(Q) which is
equivalent to the norm defined by (2.1) of W *()(Q). For u,u, € WP0)(Q)
(n=1,2,...), we have the following properties.

‘ - +
(i) fullx =1 = JullX < pa(u) < ulX -
. + -

(i) flullx <1 = JullX < palw) < |ul -

(1) |Jup — ullx = 0 <= pa(unp, —u) = 0 as n — co.

(iv) |Jun|lx = 00 <= paun) = 00 as n — oo.
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2.2 Assumptions and some properties

In this subsection, we state some assumptions and some properties. Let )
be a bounded domain of RV (N > 2) with a C*-boundary 9Q and let p €
CL(Q) :={q € C'(Q);q~ > 1} be fixed. We assume that the following (A.1)-
(A.5) hold.

(A.1) Let A: Q x RY — R be a function satisfying that for a.e. = € Q the
function A(x,-) : RV 3 & v A(z,&) is of C'-class, and for all £ € RY
the function A(-,&€) : @ 2 x — A(x, &) is measurable. Moreover, suppose
that A(z,0) =0, A(z, —€) = A(z,€) for a.e. z € Q and all £ € RV, and
put a(z,€) = VeA(x,€). Then a(z,§) is a Carathéodory function on
Q x RN, Assume that a is of the form

a(x7£) = X(l‘,ﬁ)& (24)

where 0 < x(z,€) € C(Q2 x (RV \ {0})), and there exists a function

h € C*(Q) with min_ g h(z) > 0 such that

a(z,€)-& < p(x)A(z,€) + h(z) for ae. x € Qand all £ € RY.  (2.5)

(A.2) Put a(z, &) = (a1 (x,€),...,an(x,€)). Then a; € CH(Q x (RY \ {0})) N
CQAxRN)fori=1,...,N, and a;(z,0) =0fori=1,...,N.

(A.3) There exists a constant u € [0, 1] such that

N

da; z)—
> o (e Emng 2 T+ )2
J

,j=1

forall z € Q and & = (&1,...,&n) € RY\ {0}, n = (m1,...,nn) € RY,
where I'; is a positive constant.

N
da; _
(A.4) Z (%(1775)‘ < To(p + [€]2)P@=2/2 for all z € Q and &€ € RV \ {0},
dg=11">J
where I's is a positive constant.

N

da; _
(a5) Y |2 (x,s)‘ < T+ [62) P 2/21](1 + |log( + 6] forall & €
dg=11""7
Q and ¢ € RV \ {0}, where I'; is a positive constant.

h(zx) > 0.

Example 2.6. Let h € C1(Q) with min, g
(i) Az, §) = Zg;g |€P(®) | so a(x, &) = h(z)|€P®)—2¢.

(ii) A(x,€&) = Zg;g (14 |€[2)P@/2 — 1), s0 a(x, &) = h(z)(1 + [£2)P@—2¢.
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Then (i) and (ii) satisfy (A.1)-(A.5) with 4 =0 and p = 1, respectively.

Remark 2.7. In Example 2.6, when h(x) = 1, the operator u — div [a(-, Vu(-))]
of (i) corresponds to the p(-)-Laplacian and that of (ii) corresponds to the pre-
scribed mean curvature operator for nonparametric surface.

Lemma 2.8 ([8]). Under (A.1), (A.2) and (A.4), there exists a constant C' > 0
such that

la(z, &) < C(1+[€[7)7), and A(z,€) < 20(1 + |€P™))
for a.e. x € Q and all € € RY.
Lemma 2.9 ([8]). Under (A.1) and (A.3), the following properties hold.

(i) There exists a constant ¢ > 0 such that

cl¢ — nlp@ if p(x) > 2,
(M%i%ﬂ@nﬁﬂ&ﬁﬂ>{(ﬂﬁﬁﬂ+hm@w%mmE_nP if p(z) <2,

for all x € Q and &,m € RN,

(i) There exist constants c1,ca > 0 and C1,Cy > 0 such that

a(z,8)- &> c|¢l) - ¢y, (2.6)
< |gPp@) if p(x) > 2,
Al )2{ (14 e ifpla) < 2 @7

and
A, €) > ealeP@ — O, (2.8)

Throughout this paper the following assumption holds.
(fg) (i) f=flat

(i) g = g(,t
g(x,0) £ 0.

€ C(QxR) and f(x,t) >0 for z € Q and ¢t > 0.

N

€ C(092) x R) and g(z,t) > 0 for z € 9Q and ¢ > 0 and

(iii) For any x1, 2o € 0Q,t1,t2 € R,
|g(@1,t1) — g(wa, ta)] < A(max{|ta], [ta]})(Ja1 — xa| ™ + [t — t2]™),

where A : [0,00) — (0,00) is a nondecreasing continuous function and

B1, B2 € (0,1).
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Definition 2.10. (i) Wecallu € Wl,p(‘)(Q) a weak solution of the problem
(Qy), if u satisfies that

/ alz, Vu(z)) - Vo(z)dz + A / () [P ~2u(z)o(z)de
Q Q
— [ feu@)e@iz+ [ gou@)ow)io,
Q o0

for all v € WP()(Q).
(i) We call u € WHP()(Q) a generalized solution of the equation
—div[a(e, Vu(@))] + Au(@)"@2u() = fa,u@) nQ,  (29)

if u satisfies that
a(x, Vu(z)) Vou(x)dx w(z) [P 2y (z)v(z)de = z,u(x))v(x)dr
| a@ V@) Vu@dees [ @ u@@d = [ @)

for all v € Wol’p(')(Q).

(iii) We call u € W'P()(Q) a subsolution (resp. supersolution) of the problem
(@.), if u satisfies that

/ a(z, Vu(z)) - Vo(z)dz + A / lu(z)|P@)~2u(z)v(z)do,
Q Q

< esp.2) [ flaue)o)n+ [ gl ut@)ola)do,

o0

for all v € W20 (Q) with v > 0.

Here and from now on, for u,v € L] (Q), we call u < v (resp. u < v) in §,

if u(z) <wv(z) (resp. u(z) <v(z)) a.e. x €L
Let
A = {\ € R; there exists at least one positive weak solution of problem (@)} (2.10)
and
A, = infA. (2.11)
3 Regularity and sub-supersolution principle

In this section, we consider the regularity of weak solutions of (Q,) and sub-
supersolution principle.
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Define a functional by
Ua(u) = / Az, Vu(z))ds + /\/ i|u(m)|p<$>dx for u € WHPO(Q). (3.1)
Q o p(x)

We have the following proposition which fulfills an important role in this
paper. In particular, (v) in the following proposition is firstly derived by [8,
Proposition 3.5].

Proposition 3.1. Under the hypotheses (A.1)-(A.5), for A > 0, the functional
Yy has the following properties.

(i) Yy € CHWEPO(Q),R), 9y is an even functional, that is, P¥x(—u) =
Ua(u) for any u € WHPO(Q), and its Fréchet derivative ¥\ satisfies
that, for u,v € WP (Q),

Whta)o) = [

a(z, Vu(z)) - Vo(z)dz + )\/ lu(2)|P@)~2u(z)o(z)de.
Q Q

Here and hereafter, we denote the duality (-,-)w1.00) () wire) (@) 0Y
simply (-, -).

(ii) 1y is coercive, that is, ¥x(u) — 0o as ||ul|y — co.

(i4) )y is sequentially weakly lower-semicontinuous in WP() ().

(iv) by is bounded on every bounded subset of W1P()(Q).

(v) Let Q1 = {z € Q;p(z) > 2} and Qo = {z € Q;p(z) < 2}. Then ),

is uniformly monotone in the sense that there exist constants ¢ > 0 and
C > 0 such that

(YA (u) = ¥(v),u = v) = cprq, (u—v)

. - 2/p* (Q2)
+ {e(C + llulla + o) & @207 @12, o (0 — )}

- - 2/p~ (Q22)
AeC+ llully + o) @2 @/2p, 0 - v))

for all u,v € WHPC)(Q). Here and from now on, we denote a Ab =
min{a, b} for real numbers a and b.

In particular, V) is strictly monotone, that is, for u,v € wirl) (),

(W5 (u) — P\ (v),u —v) > 0 and the equality holds only when u = v.

(vi) 1 is bounded on every bounded subset of W1P()(Q).
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(vii) ¥} is coercive, that is,

(Yo (u),u) ~
lullx—oo  [Jullx ’

(viii) ¥y is of (Sy)-type, that is, if u, — u weakly in wihr)(Q) asn — co and

lim sup (¥4 (up,), up — u) <0,

n—roo
then u, — u strongly in WP0)(Q).
(ix) The mapping Y : WPO(Q) — (WPO(Q))* is a homeomorphism.

Proof. (i) follows from Aramaki [4, Proposition 4.2] and the argument of the
proof.
(ii) By (2.8), for u € W'PO)(Q) with |lul[x > 1, we have

u) = x, Vu(z))dx Luycp(””)yc
o) = [ Al V)t + A [ —fu(@)Pa

= 02/ [ Vu(a) [P de — Cs|Q + %/ () |P@ da
Q p Q

> (c2 A 1/p)pa(u) — Colf

> (ca AN1/pP)uly — Cal9,

where |Q| denotes the volume of  and ¢z, Cy are constants in Lemma 2.9(ii).
Thus we see that ¥y (u) — oo as ||lu]|x — oc.
(iii) From Aramaki [6, Proposition 3.3(iii)], the functional

WO (Q) 5 s /Q Az, Vu(z))de

is weakly lower semi-continuous on Wl’p(‘)(Q). By Proposition 2.3, the em-
bedding mapping WP (Q) — LPO)(9Q) is compact. Hence if u, — u
weakly in WP()(Q), then u, — u strongly in LP()(9Q). If we use the ar-
gument of the Nemytskii operator (cf. [6, Proposition 2.14]), we can see that
LPO)(0Q) 3 u v A Jo |u(x)|P®)dz is continuous. Thus we see that

Wl’p(‘)(Q) Sur )\/ \u(x)|p(””)dx
Q

is weakly continuous, so 1) is weakly lower semi-continuous.
(iv) easily follows from Lemma 2.8.
(v) follows from Aramaki [7, Proposition 3.7] (cf. [8, Proposition 3.8]).
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(vi) From Aramaki [5, Proposition 3.3(vi)], we can easily see that ¢} is
bounded on every bounded subset of W1P()(Q).
(vii) If w € WP (Q) with |lu|[x > 1, then it follows from (2.6) that

(WA (), u) > erf [Vu(@)PDde—CrlQHA fu(@) PP de > (erAL)|[ull} ~Cal€,
Q Q

where ¢; and C are constants in Lemma 2.9(ii). Since p~ > 1, we have

/
lim (3 (u),u) -
fullx—soo  [Jullx

(viii) Assume that u,, — u weakly in WP()(Q) and

lim sup (¥4 (up,), up — u) < 0.

n—oo

Since u,, — u weakly in W1P()(Q), we have lim,, o (¥4 (1), u, —u) = 0. From
(v), since ¢} is monotone, we see that

(A (un) — i (w), un — u) > 0.

Hence
nlggo@/);\(un) — ' (u),up — u) = 0.

Since u,, — u weakly in WP()(Q), {u,} is bounded in W'P()(Q). Therefore,
it follows from (v) and Proposition 2.3 that u, — u strongly in W1P()(Q).
(ix) can be proved by replacing ®, in [5, Proposition 3.3(ix)] with ¢, and
similar reasoning, using the Minty-Browder theorem (cf. Zeidler [26, Theorem
26.A]) and (viii). O
We need the global regularity for the weak solution of (Q,). In order to do
so, we assume the following properties.

(f.1) There exist positive constants ¢; and cg such that
|f(x,t)] < 1 + eo|t|?® 71 for all (z,t) € Q x R,
where ¢ € C(Q) with 1 < ¢(z) < p*(z) for z € Q.
(g.1) There exist positive constants ¢; and ¢, such that
lg(z, )| < E1 +E|t|" @1 for all (x,t) € O x R,
where 7 € C(9Q) with 1 < r(x) < p?(x) for 2 € 0Q.

Proposition 3.2 (Fan and Zhao [17], Fan [14], [10]). Assume that (A.1)-(A.5)
hold.
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(i) Let (f.1) and (g.1) hold. Ifu € W'P()(Q) is a weak solution of (Qy), then
u < LOO(Q) and ||UHL°°(Q) depends Only on Hu||>\7p77p+7N7)\7q+7617627r+7
C1 and Ca.

(i) If u € WHPO)(Q) N L>®(Q) is a weak solution of (Qx), then u € C%*1(Q)
for some ay € (0,1).

(i4i) Suppose that (iii) of (fg) holds. If u € WLrO(Q) N L>(Q) is a weak
solution of (@), then u € C1*1(Q) for some oy € (0,1) and [ull e @)

depends Only on ||UHL°°(Q)7 ||p||01(§)) piaeraNa )‘7q+7617627{r+761762 and
Q.

Proposition 3.3 ([8] A strong maximum principle). Let  be an open subset of
RY (N > 2). Suppose that (A.1)-(A.5) hold and f = f(z,t) is a Carathéodory
function satisfying f(x,t) > 0 for a.e. x € Q and t > 0. Let u € WP0)(Q) be
a generalized solution of (Qx) with A >0, u >0 in Q and u Z0. Then u >0
in Q. If Q satisfies the interior ball condition at xo € 0 and u € CH(QU{zo})
with u(zg) =0, then we have %z < 0.

=T

Proof. Let u € W'P()(Q) be a generalized solution of (Qy) with A >0, u >0
and u # 0. Then we have

(04 (), w) = /Q F (@, u(@))w(z)dz > 0

for all w € Wol’p(')(Q) with w > 0. Thus u is a weak supersolution of the
equation

—div [a(z, Vu(z))] + Mu(z)|P@~2u(z) = 0.
Hence we can apply [8, Theorem 1.1 and 1.2] with d(z) = A. O

Proposition 3.4 (A comparison principle). Assume that (A.1)-(A.5) hold and
let \ > 0. If u,v € WO (Q) satisfy that

(WA (v), w) < (W4 (), w) for all w € WHPO(Q) with w > 0 in Q,
then we can see that v < u in Q.

Proof. By the hypothesis, we have

/Q(a(:lc7 Vu(z)) — a(z, Vou(z))) - Vw(z)dz

+ )\/Q[|u(:1c)|p(”:)_2u(a:) - |v(x)|”(”)_2v(x)]w(x)da: >0 (3.2)
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for all w € W'PO)(Q) with w > 0 in Q. Let Qo = {z € Qu(x) < v(x)} and
take w(x) = max{—(u(x) — v(z)),0} as a test function of (3.2). We note that
w € WHPO)(Q) with w > 0 in Q and

—(Vu(z) — Vo(z)) if z € Qo,
Vu(z) = { 0 o e 0\ Q.

We use the following well-known inequality (cf. Kichenassamy and Veron [20]
and Thelin [24]).

(€|P=) 72 — P =2n) - (¢ — )

clg —n|P® if p(z) > 2, }
- { c(1+ €[+ [P =2|g —n>  if 1 < p(x) <2 >0 (3.3)

for all £,n € RY (N > 1) with a positive constant ¢, and in the last inequality,
the equality is only valid when & = n. Hence, from (3.2) and Lemma 2.9(i) we
have

0< /(a(m, Vu(z)) — a(z, Vou(z))) - Vw(z)dz
Q
+ )\/Q[|u(m)|p(r)_2u(x) — |v(m)|p(z)_zv(x)]w(x)da:
=— /Q (a(z, Vu(z)) —alz, Vu(z))) - V(u(z) — v(z))dz

[ [P @) ~ [o(@) o) (u(x) — v(@)de <0, (34

If || > 0, then it follows from Lemma 2.9(i) and (3.4) that Vu(z)—Vou(z) =0
and u(z) —v(x) = 0 in Qp. This implies that Vw = 0 in Q, so w(x) = const.
in Q. Since w = 0 in g and || > 0, w = 0. This contradicts || > 0. Hence
we see that || =0, so v < w in . O

Proposition 3.5. Suppose that (A.1)-(A.5) hold and let X > 0. Let g € C1.(9)
andr € C(0) satisfy that q(x) < p*(x) for all x € Q and r(x) < p?(x) for all
x € 0. Then for each h € L9 )(Q) and k € L") (9Q), the following problem

~div [a(e, Vu(e))] + Aju(@) ") 2u(z) = @) in 2,
{ n(z) - a(z, Vu(z)) = k(z) on 90 (V)

has a unique weak solution w € WYPC)(Q) which is a global minimizer of a
functional

oxA(v) = Ya(v) — /Q h(z)v(z)dr — - k(z)v(z)do, forve WPO(Q). (3.5)
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Proof. Recall that the functional ¢ on W'P()(Q) is defined by (3.1). We note
that it follows from Proposition 2.2 and 2.3 that W?()(Q) — L10)(Q) and
WP (Q) « L") (90Q) are compact embeddings. By Proposition 3.1(i), it is
known that 1y € CH(WHP()(Q),R) and

(W (u), v) = /Qa(x,Vu(m))~Vv(x)dm+)\ /Q () PO ~2u ()0 () de

for u,v € WP (Q), and o} : WHPO)(Q) — (WHPO)(Q))* is strictly monotone,
bounded on every bounded subset of W'P()(Q) and a homeomorphism from
Proposition 3.1(ix). Moreover, we note that since WP (Q) < L10)(Q), we
have L9 () () < (WHP0)(Q))*, and since WHPO)(Q) — L™ (99Q), we have
L7 O(0Q) — (W20 (Q))*. For each h € LY (Q) and k € L™ (), if we
define a functional on W1P()(Q) by

V) = x)v(x)dz x)v(x)do, for v Lp()
(S.) /Qh<><>d+/mk<><>dxf e w0 (q),

then S € (W'P()(Q))*, so there exists a unique v € W'P()(Q) such that
Py (u) = S, that is,

@0} = Whw).0) = [ hap@de = [ Hapl@do. =0 (6)
for all v € W2()(Q).

On the other hand, the functional @ defined by (3. 5) is clearly sequentially
weakly lower semi-continuous, and coercive on WP()(Q). Indeed, it follows
from the Holder inequality (Proposrmon 2.2) and WP (Q) — LI0)(Q) that
we have

z)dz| < 2/|hll oo @) [0l ao @) < CllAl Lo @ lvlla < Chllvlia

and similarly,
kE(x)v(z)dz

o0
for some positive constants C’ and C}. So we obtain that

< Chlfvllx

Pa(v) 2 ealoll} — C2 = vl

for v € WHP()(Q) with [jv][x > 1. Since p~ > 1, we see that §x(v) — oo as
[lv][x — oo.

Hence it follows from [26, Theorem 25.D] that @, has a global minimizer
ug in WHPO(Q). Thus @) (ug) = 0, that is,

(@) (uo),v) = () (uo), / h(z)v(x)dx — k(z)v(z)do, =0  (3.7)

o0
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for all v € WP()(Q). From (3.6) and (3.7), we have

0 = (Ph(u) — P\ (uo), u — ug) = (P} (u) — ¥} (uo), u — uo).

Since ¢} is strictly monotone from Proposition 3.1(v), we see that u = ug is a
unique weak solution of (Ny). O

Define an operator K = Ky : LYO(Q) x L"O0Q) — WLrO(Q) by
K(h,k) = u for h € LYO(Q), k € L")(8Q) and u is a unique weak solu-
tion of (Ny). K is called the solution operator.

Proposition 3.6. Assume that (A.1)-(A.5) hold and let X > 0. Then the
following properties hold.

(i) If ¢ € C1(Q) and r € C(00Q) satisfy that q(x) < p*(x) for all z € Q

and r(z) < pO(x) for all x € O, respectively, then the operator K :
LYO(Q) x L7 O(09) — WLPO(Q) is continuous and bounded on every
bounded subset of LY () () x L") (99Q).
Moreover, if q € C () satisfies that q1(x) < p*(x) for all x € Q, then
K : LYO(Q) x L™ O(8Q) — L1O)(Q) is weakly-strongly continuous, that
i, if (A, kn) — (h, k) weakly in LY O (Q) x L™ O(99Q), then K (hy, kn) —
K (h, k) strongly in L7 (Q) as n — occ.

(ii) The operator K : L=®(Q) x C%*(9Q) — C1*1(Q) for some oy € (0,1) is
continuous, bounded on every bounded subset of L>(Q) x C**(09), and
hence K : L°°(Q) x C%*(9Q) — C(Q) is a compact operator.

(ii) K is an increasing operator, that is, if hy, ha € qu(')(Q) with hy < hy in
Q and ky, ky € L™ O(0Q) with ky < ky on 8Q, then K (hy, k1) < K (ha, ko)
in Q.

Proof. (i) Let (hn, kn) — (ho, ko) in LT (Q) x L™ ()(99) as n — oo. Define
S € (WHPD(Q))* by

(S, ) = / ho(2)o(@)de + [ kn(@)o(@)do, (n=0,1,2,...)
Q o0

for v € WHP()(Q). By the Holder inequality (Proposition 2.2), we have

[(Sn = S0, v)| < 2[hy — hO”L’I’(-)(Q)”UHL‘J(')(Q) + 2[|ky, — kOHLT’(-)((’)Q)HUHLT(')(E)Q)
< C(llhn = holl oy ) + [1kn = Foll e aey Ivl1x

for some constant C' > 0. Thus S,, — Sp in (WHP()(Q))* as n — oco. If we
put u, = K(hy,, kn) and ug = K(ho, ko), then ¢ (u,) = S, and 9} (uo) = So.
Since (4)~! is continuous from Proposition 3.1(ix), u, — uo in WP()(Q) as
n — oo.
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Let {(hn, kn) Yoo, € LYO(Q)x L™ ) (99Q) be a bounded set and { K (hy,, k) }
be not bounded. If we put {S,} € (W'P()(Q))* as above, then there exists
M > 0 such that [y (wire) 0y < M and{u, = (1/)3\)*15”} is not bounded.
Passing to a subsequence, we can assume that ||u,||x — co. Hence we have

<¢S\(un)vun> _ <Snaun> <Oy M

[ [ [

for some constant C7. This contradicts the coerciveness of 9} .

(i) When h € L*(Q) and k € C%*(9Q), if we put f(z,t) = h(z) and
g(z,t) = k(z), (ii) follows from Proposition 3.2.

(iii) Let hy, hy € L7 (Q) satisfy hy < hy in Q and ky, ky € L™ ) (09) satisfy
k1 < ko on 09, and put u; = K(hy, k1), us = K(hy, k). For w € WhP()(Q)
with w > 0 in Q, it follows from (3.6) that

(Y (u1) / hi(x)w(z)dz + k1 (z)w(x)do,

[219]

S/hg(x)w(x)dz+/ ko(z)w(z)do, = (P (u2), w).
Q a0
Hence it follows from a comparison principle (Proposition 3.4) that we have

u; < ug in Q. O

Proposition 3.7. Assume that (A.1)-(A.5) hold and let A > 0. Let g € C(9)
such that q(x) < p*(z) for all x € Q and r € CL(9N) such that r(z) < p?(x)
forall z € 8Q. If h e LYO(Q) with h > 0 and k € L™ (8Q) with k > 0, then
K(h,k) > 0.
In addition, if h € L>(Q) and k € C%*(0Q) with k # 0, then K(h,k) > 0
on Q.
Proof. Let h € LY (Q) with & > 0 and k € L" ()(99) with k > 0, and put
u = Ky(h,k). By Proposition 3.5, u is the unique global minimizer of the
energy functional @y defined by (3.5). Since A(z,—§) = A(x,§) from (A.1)
and
Vu(x) if u(z) >0,
Viu(z)|=4¢ 0 if u(z) =0,
—Vu(z) ifu(z) <0,

we can see that [u| € WP (Q) and A(x, V|u(z)|) = Az, Vu(z)), so ¥x(|u]) =
¥a(u). Since h(z)u(z) < h(z)lu(z)| and k(z)u(z) < k(z)|lu(z)|, we have
ox(u) > @aJul), so |u| is also a global minimizer of $). Hence Ky (h,k) =
u=|u| >0.

In particular, if h € L°(Q) with h > 0, and k € C%%(99Q) with & > 0 and
k # 0, then it follows from Proposition 3.2(iii) that u = Ky (h,k) € C1*1(Q)
with 4 > 0. We claim that u #Z 0. Indeed, for 1 > ¢ > 0, we have

- 1
Pr(e) < AeP /—dm—a k(z)do.
NG P - (z)
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Since k > 0 and k # 0, we see that fasz k(x)do, > 0. Since p~ > 1, if we choose
a small € > 0, then we can see that @y (u) < @x(e) < 0= @x(0). Thus u £ 0.
By a strong maximum principle (Proposition 3.3), u > 0 in Q. If there exists
xo € 09 such that u(zg) = 0, it follows from the boundary condition that
n(zo) - a(zo, Vu(zo)) = k(x0) > 0. This implies that 9% (zo) > 0 from (2.4) in
(A.1). This contradicts the result of a strong maximum principle (Proposition
3.3). Hence u > 0 on Q. O

Proposition 3.8. Assume that (A.1)-(A.5) hold. Let h € L>(Q2) with h > 0,
k € C%%(0Q) with k > 0, and for A > 0, put uy = Ky(h,k). Then we have the
following properties.

(i) |luxllx is bounded uniformly for A € [1,00) and uy — 0 in LPC)(Q) as
A — 00.

(ii) If A\ > o > 0, then Ky, (h, k) < Ko, (h, k).
(iii) We obtain that ||ux||peo) — 0 as A — co.

Proof. First we note that it follows from Propositions 3.2 and 3.7 that uy €
C1(Q) for some a € (0,1) and uy > 0. Since uy is a weak solution of the
problem (Ny), we have

(z/JS\(u)\)7v>:/Qh(x)v(m)dx+/ k(z)v(z)do, (3.8)

o0

for all v € W1P0)(Q).
(i) Let A > A\g = 1. Taking v = uy as a test function of (3.8) and noting
that if ||uy||x > 1, then

(WA (ur), un) = &1 </ |V“A(I)|p(m)d$+ /\/ UA(I)p(I)dz> —-C1> 01||U>\||§7 -C1
Q Q

for some positive constants ¢; < 1 and C; from (2.6). Hence it follows from
the Holder inequality (Proposition 2.2) that

crflually < Co+ (W (un), un)
=Ci + /Q h(x)ux(z)dx + /c’m k(z)uy(z)do,

< Cr+2|All ooy @ llualleo ) + 20kl o) a0y luall Loe (a0
< Cr+ Coflunllx, < C1+ Coflux|ix

for some constant Cy independent of A. Since p~ > 1, we see that |jux|x is
bounded uniformly for A € [1,00) and we have

)\/ uy (z)P®) dx S/ |Vu,\(x)\p(‘"”)dx—|—)\/ uy ()PP de < Oy
Q Q Q
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for some constant C3 > 0 independent of A. This implies that uy — 0 in
LPO(Q) as A — oo.

(ii) Let Ay > A2 > 0 and put u; = Ky, (h, k) and up = K),(h,k). Then
it follows from Proposition 3.7 that u;,uz > 0. Then for any w € WP()(Q)
with w > 0,

W) w) = [ Wopw)des [ keyule)do, = (W, (). w) < (0, (u2),0).
By a comparison principle (Proposition 3.4), we have u; < us.

(iii) It follows from (ii) that {ux} is decreasing with respect to A > 0,
80 is [|ux|[pe(q). This implies that [[ux|[ze(q) is convergent as A — oo. By
Proposition 3.2(iii), the boundedness of {[|ux||z ()} implies the boundedness
of {[|uxllc1.e1 @)}, Where ay € (0,1) is a constant. Hence {|Vux|} is bounded.

Suppose that lim_,oo [[us | L) = 3a > 0. Then there exists z € Q such
that |ux(wo)| > 2a for large A > 0. Since uy — 0 in LP0)(Q) as A — oo from
(i), for large A > 0, there exist ry > 0 and 21 € Q with ry\ < |r1 — 20| < 27\
such that |uy(z)] > a for all x € Bg(zo,7)\) == {z € Q; |z — 20| < ry} and
lux(z1)] < a. It is easy to see that we can choose ry — 0 as A — oo. Then
|Vuy| is unbounded. This is a contradiction. O

Proposition 3.9 (A sub-supersolution principle). Assume that (A.1)-(A.5),
(fg), (f1) and (g.1) hold. Let A > 0. Suppose that ug,v° € WHPO(Q)NL>®(Q),
ug and v° are a subsolution and a supersolution of (Qy), respectively, with
uo < V0. If f and g satisfy the conditions:

f(x,t) is nondecreasing in [inf ug(z), supv®(x)] for all x € Q,
g(z,t) is nondecreasing in [inf ug(z),supv°(z)] for all x € R,

then (Qx) has a minimal weak solution u, and a mazimal weak solution v* in
the order interval [uo,vo] in the sense that ug < u, < v* <% in Q and if u is
any weak solution of (Qy) such that uy < u < 0 in Q, then u, < u < v* in Q.

Proof. For u € L*>(Q), it follows from (f.1) and (g.1) that f(-,u(-)) € L>(Q)
and g(-,u(-)) € L*(09). So we can define an operator T by

Tx(u) = Kx(f(5ul-)), 9( ul))) for u e L=(Q).

Then it follows from (fg) and Proposition 3.2(iii) that T : L>(Q2) — C1(Q) is
a compact operator, and by Proposition 3.6(iii), T is an increasing operator
on the order interval [ug,v°]. We show that ug < Th(ug) and Ty (v°?) < 2°.
Since ug € WHPO(Q) N L>(Q) is a subsolution of (Q)), we have

(64 (o), v) < / f (@, uo(@))o(@)de + /8 gle @), (39
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for any v € Wl’p(')(Q) with v > 0. If we put

= Tx(uo) = Kx(f(-;u0(+)), 9 uo (),

then ug is a weak solution of the problem

{ —div [a(x, To(x))] + Mo (z) [P 2Ty (z) = f(z,uo(z)) in Q,
n(x) - a(x, Viy(z)) = g(z, up(z)) on 0f.

Hence for v € WP()(Q) with v > 0 in Q, it follows from (3.9) that

(4 (To), / f(,uo(@))o(@)de + /8 gl uo(a))o(@)do, > (vh(u0).v).

By a comparison principle (Proposition 3.4), we see that ug < @y = T (up)
in Q. Similarly we can see that Ty(v°) < 9" in Q. Thus we have T) :
[ug, v°] — [ug,v°]. It is clear that the cone of all non-negative functions in
L*>(Q) is normal, that is, the norm is semimonotone (that is, if 0 < u < v,
then [|ul|p(q) < 6||v||L(q) for some 6 > 0). Hence this proposition follows
from applying the fixed point theorem for the increasing operator on the order
interval. See Amann [2, Corollary 6.2]. O

Proposition 3.10. Assume that (A.1)-(A.5) hold. Let X > 0. If u € C'(Q) is
a local minimizer of a functional py in the C*(Q)-topology, where the functional
o is defined by

or(v) = Yr(v) — /QF(J:,U(:L'))dx — /m G(z,v(z))doy forve WHPO(Q),

(3.10)
fo x,s)ds and G(z,t) fo x,s)ds, then u is also a local mini-
mizer of ©x in the WHPC)(Q)-topology.

For the proof, see Fan [13, Theorem 3.1 and its proof].

Proposition 3.11 (A strong comparison principle). Assume that (A.1)-(A.5),
(fg), (f-1) and (g.1) hold. Moreover, assume the following properties.

(f.2) For eacn z € Q, f(x,t) is nondecreasing with respect to t > 0.
(9.2) For eacn x € 99Q, g(x,t) is nondecreasing with respect to t > 0.

Let A\, A2 € A with 0 < A2 < A1 and uy, and uy, be the positive weak sglutions
of (Qx,) and (Q»,), respectively, with uy, < ux,. Then uy, < uy, on Q.

Proof. By (fg), (f.1) and (g.1), it follows from Proposition 3.2 that uy, € C*(9)
and uy, > 0 on Q. Hence there exists b > 0 such that b < uy,(z) for all x € Q.
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Let 0 < e < (1 - ()\2/)\1)1/(?+_1)) b and put v. = uy, —e. We note that
Mve(2)P@ 1 > Aguy, (2)P®) 1 If we put

h(2) = f(@,ux, () + Ae (@)1 = Aguy, ()77,
then it easily follows from (f.2) that hy(z) > f(x,ur,(x)) > f(z,ux (z)). For
any w € WHP()(Q), we have

/ a(z,Vue(z)) - Vw(x)dx + )\1/ ve ()P L () da
Q Q

= / a(x,Vuy,(x)) - Vw(x)dx—f—)\g/ un, ()P~ Lw () da
Q Q

- /Q()\ws(w)p(l)_l = Aaty, (2)P " o () de
- / (f(x,u,\2 () + /\11)6(:1:)1’(”)_1 — Aauy, (gc)p(“')_1> w(z)dx
Q
+ /((mg(ac,u,\2 (z))w(z)do,
— [ m@uwde+ [ gl @)oo
Q

o0

Thus v. is a weak solution of the problem

{ —div [a(z, Vu(z))] + A1 |u(@)[P@~2u(z) = hi(z) in Q,
n(x) - a(x, Vu(z)) = g(x,ux, (x)) on 99.

Therefore, it follows from Proposition 3.6(iii) that

ve = Ky, (hl(')?g('au/b('))) 2 KAl(f(m7U’)\l(.)>7g(.7u)\1(.))) = Ux,-

So we see that uy, > ux, +€ > uy, on Q. O

4 Main theorems and their proofs

In this section, we give main theorems and their proofs. Since we consider only
the positive solutions, without loss of its essence, we can assume that

(fy) f(x,t) = f(z,0) for all Q and t < 0,
(94) g(z,t) = g(x,0) for all IQ and t < 0.

Lemma 4.1. Assume that (A.1)-(A.5), (fg), (f.1) and (g9.1) hold and let A > 0.
If uy is a weak solution of (Qx) with uyx >0 and g(-,ux()) # 0, then uy >0
on €.
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Proof. We note that if uy is a weak solution of (@), then it follows from
Proposition 3.2 that uy € C%*1(Q) for some a; € (0,1). If uy satisfies
that uy > 0 and g(-,ux(-)) # 0, then it follows from (f.1) and (fg) that
0 < f(-,ur(+) € L=(Q) and 0 < g(-,uxr(+)) € C%*(99) for some o € (0,1).
Since we can write uy = Kx(f(-,ux(")), g(-,ux(+))), it follows from Proposition
3.7 that uy > 0 on . O

Theorem 4.2. Suppose that (A.1)-(A.5), (fg), (f-1), (9-1), (f.2) and (g.2)
hold. Then A # 0, x > 0 and (M\s,00) C A. Moreover, for every A > A,
there exists a minimal positive weak solution uy of (Qx) such that uy, < uyx, if
A < Ao < A1

Proof. Step 1. A # () and )\, > 0.
Indeed, consider the following problem

n(z) - a(z, Vu(x)) = g(z,1) on 0. (4.1)

{ —div [a(z, Vu(z))] + Mu(z)[P®~2u(z) =0 in Q,
From (fg)(iii), for any =1, z2 € 08, we have |g(x1,1) — g(z2,1)| < A(1)|z1 —
z2|%, so g(x,1) € C%P(9Q). Since g(z,1) > g(x,0) # 0, if A > 0, then
it follows from Proposition 3.5, 3.6 and 3.7 that (4.1) has a unique weak so-
lution wy € CY(Q) with wy > 0 on Q. Moreover, from Proposition 3.8(iii),
lwallpe) — 0 as A — oo. Hence there exist Ao > 0 large enough and
e = ¢e(Ag) € (0,1) such that K),(0,g(-,1)) = wy,(x) < 1 with wy,(x) > ¢ for
all z € Q. Put d = sup, g f(z,wx,(2)), M = d/e?" =1 and A\; = Ao + M. For
any v € WHP()(Q) with v > 0, it follows from (g.2) that

(W4, (o), 0) = (B, (w03g),0) + M /Q wro ()P 2)dx
> /émg(x, Dv(z)do, + d/ﬂv(x)dx
> /a oo (@)ola)do, + /Q £ (@, w3, ()0 () de

Thus w), is a supersolution of (Qy,). By (fg), 0 is clearly a subsolution of
(@x,). By a sub-supersolution principle (Proposition 3.9), (Qx,) has a weak
solution wy, such that 0 < uy, < wy,. Since g(z,uy, (x)) > g(z,0) # 0 from
(fg) and (g.2), it follows from Lemma 4.1 that we see that uy, > 0 on . This
implies that A\; € A, so A # 0.

Let A € A and uy be a positive weak solution of (Q). Taking v =1 as a
test function of Definition 2.10(i), it follows from (fg) and (g.2) that

plx)-1,
)\/Qu)\ dx = /Qf(x,u,\(x))dx + /69 g(z,ux(z))do, > /aQ g(x,0)do,, > 0.
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Then A > 0, so A, > 0.

Step 2. If Ag € A, then for any A > Ay, we have A € A.

Indeed, let A\g € A, A > A\g and uy, be a positive weak solution of (Qx,)-
For any v € W?()(Q) with v > 0,

(W5 (uxg), v) = (¥4, (ux,), / (@ uxg ())o(z)de+ /6 . g(z; ux, (2))v(w)do.

Thus uy, is a supersolution of (Qy). By (fg), 0 is a subsolution of (Qy). Using
again sub-supersolution principle (Proposition 3.9), (@) has a minimal weak
solution uy such that 0 < uy < uy,. By (g.2) and Lemma 4.1, uy > 0 on Q.
This implies that A € A.

Step 3. For every A > A, there exists a minimal positive weak solution uy
of (@) such that uy, < uy, if A < Az < Aq.

Indeed, for every A > A,, by Step 2, we have A € A and (@) has a minimal
positive weak solution wy of (@y). Let A\i < Ay < A1, wy, and uy, be the
minimal positive weak solutions of (Q»,) and (Q.,), respectively. It is easy to
see that

(¥, (uay), v) = (¥, (un,), / [, un, (x))o(z)de+ /8 @ ws(@))v(z)dos

for all v € WHP(@)(Q) with v > 0. Thus wuy, is a supersolution of (Qy,),
and from (fg), clearly 0 is a subsolution of (Q,,). Hence it follows from a
sub-supersolution principle (Proposition 3.9), we have 0 < uy, < uy,. (Il

Corollary 4.3. Suppose that (A.1)-(A.5), (fg), (f.2) and (g.2) hold. Moreover,
we assume (f4) and (g+) and the following conditions hold.

(f,1) There exist constants My, c},c}y > 0 such that
fla,t) <+ Gt@= for all 2 € Q and all t > M,
where qo € C() with 1 < qo(z) < p(x) for all x € Q.
(g,1) There exist constants My,¢1,Cy > 0 such that
g(z,t) <7 + 2ot @=L for all x € OQ and all t > My,
where ro € C(0N) with 1 < ro(z) < rgy < p~ for all x € 99.
Then we have A, = 0.

Proof. Let A > 0 be arbitrary. By (f,1) and (f..), since go(z) < p(z) for z € €,
there exists M{ > 0 such that

A " =
|F(z,t)] < 2—+|t\p(*) for all z € Q and |t| > M,
p
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and by (g,1) and (g4 ), there exist constants ¢ and @, such that
|G(z,1)| < +t|® for all (z,t) € AN x R.

We consider the energy functional ¢y defined by (3.10). Let u € WP()(Q)
with |Jul[x > 1. Then using (2.8), we have

ox(u) > cz/ |Vu(a:)|p(”)da: — G| + i/ |u(m)|p(”)da:

- oo | @) = el

> (2 A /o)l — esllull — s

for some constants c3z, ¢4 and c5. Since 7"8' < p~, we see that @), is coer-

cive on WHP()(Q). Since ¢y is sequentially weakly lower semi-continuous on
WLPH)(Q), pa has a global minimizer ug € WP (), so ug is a weak solution
of (@,). Under the hypotheses, it follows from Proposition 3.2 that uy € C1(€).
By (f+), (94), (f2) and (g.2), F(x,t) and G(x,t) are nondecreasing with re-
spect to t € R. Hence

o (un) > 1 (ul) /Q F(z, [uo(2)])dz — /8 Glafun(a)dr, = (o).

Since |ug] € WHP)(Q), |ug| is also a global minimizer of ¢5. Thus we can
assume that the minimizer ug satisfies that ug > 0 in Q. Since g(x,uo(z)) >
g(z,0) £ 0, it follows from Lemma 4.1 that ug > 0 on €, so A € A. Since A > 0
is arbitrary, we see that A\, = 0. ]

Proposition 4.4. Let (A.1)-(A.5), (fg), (f.1), (9.1), (f.2) and (g.2) hold, and
let M1, 2 € A with Ay < A < A\i. Suppose that uyx, and uy, are positive
weak solutions of (Qx,) and (Q»,), respectively, with uy, < uy,. Then there
exists a positive weak solution vy of (Qx) such that vy is a global minimizer
of the restriction of the functional @y defined by (3.10) to the order interval
[u)\l ) U’)\z] n Wl’p(.)(Q)

Proof. Define f: QxR —R by

N fl@un, (2) it <y, (2),
flat)=q f(z,1) if uy, (2) <t < up,(2),
f(xauk2 (lL’)) ift> U‘)\z( )

and define g : 9002 x R — R by
glx,uy, (x)) ift <uy(z

(),
g(x7t) = g(x,t) if U)\l( ) <t< ( )
g(@,ux, () it > up, (7).
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Let F(x,t) fo z,s)ds and G(z,t) fo x, s)ds. Moreover, define a func-
tional

oa(v) = ¥a(v /Fx u(z))de — BQG(x ,u(x))do,

for v € WHP()(Q). Then it is easy to see that @y is sequentially weakly lower
semi-continuous and coercive on W1P()(Q). Thus the global minimum of & is
achieved at some vy € WHP()(Q). Hence vy is a weak solution of the following
problem.

—div[a(z, Vu(2))] + Mu(@)[" @~ 2u(x) = f(z,u(z)) inQ, (@)
n(z) - a(z, Vu(z)) = g(z, u(x)) on 90 A
and vy € C1(Q). For Ay < A < Ay, using the definitions of f and § and that
f(z,t) and g(x,t) are nondecreasing with respect to ¢ > 0, it is easy to see that

Flaun, (2) = Fla,ux, (@) < flz,0n (@) < fl@,us, (@) = f(2,us, (1)),
g(x7u>\1 (‘T)) = E(xa Ux, ($)) < 5(%?&(95)) < E(xaukz (l‘)) = g(x7u’>\2 (x))

By Proposition 3.6(iii), we obtain that uy, < vy < uy,. Hence f(z,vx(z)) =
f(z,va(z)) and g(z,vr(x)) = g(z,vxr(z)) and so vy is also a positive weak
solution of (Qy).

For u € [uy,,ux,] N WHPO)(Q), we have

/Qﬁ(x,u(x))dx = /Q </Ou(w) f(:r,s)ds) dx :/Q (/Oum f(x,s)ds) dx+Cy

= / F(z,u(z))dx + Cy
Q

for some constant C7. Similarly we have

/ G(z,u(z))do, :/ G(z,u(x))do, + Cs

o0 a0

for some constant Co. Thus we have @y(u) = @x(u) + C1 + Cy for all u €

[y, , ur, ] VW EPO) (). Hence vy is a global minimizer of SD)\}[U/)\ i, JAW () ()
1’ 2

]

Remark 4.5. If we replace uy, with ug = 0 in Proposition 4.4, then we get
the same conclusion.

Theorem 4.6. Assume that (A.1)-(A.5), (fg), (1), (9.1), (1.2) and (g.2)
hold. Then for each X € (A, 00), the problem (Q)) has a positive weak solution
uy which is a local minimizer of the energy functional ¢, defined by (3.10).
Moreover, for A\, < Ao < A1, there exist the local minimizers uy, and ux,
of the corresponding energy functionals ©x, and py,, respectively, such that
uy, < uy, on €.
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Proof. For A > A, choose A1, s € A so that A\ < A < A;. By Theorem
4.2, (Qx,) and (Q»,) have positive weak solutions uy, and wy,, respectively,
such that uy, < uy,. By Proposition 4.4, there exists a positive weak solution
uy of (@) which is a global minimizer of sa)‘![ukl,uM]ﬁWl'P(')(Q)' By a strong

comparison principle (Proposition 3.11), uy, < ux < uy, on Q. Thus there
exists a CY(Q)-neighborhood U of uy in the C°(Q)-topology such that U C
[y, , ux,]. Hence uy is a local minimizer of ¢ in the C°(Q)-topology, so in the
C1(9)-topology. By Proposition 3.10, uy is also a local minimizer of ¢y in the
WrH) (Q)-topology.

Moreover, for A, < Ay < A1, let uy, be a positive weak solution of (@Q»,)
and a local minimizer of ¢y, constructed as above, then uy, > 0 on 2. By
Remark 4.5, there exists a positive weak solution uy, of (Q,) which is a global

minimizer of @All[oﬁuxz}ﬁWW(')(Q) and so 0 < uy, < uy,. By using again a

strong comparison principle (Proposition 3.11), we see that 0 < uy, < uy, on
Q. So uy, is a local minimizer of ¢y, . O

Theorem 4.7. Assume that (A.1)-(A.5), (fg), (f.1), (g,1) in Corollary 4.3,
(f.2) and (g.2) hold. Moreover, suppose that (f+), (9+) and

(f.3) There exist My >0 and 0 > p* such that

0 < 0F(x,t) <tf(z,t) for allz € Q and all t > Mo.

Then for each A € (A, 00), the problem (@) has at least two positive weak
solutions uy and vy with uy < vy, where uy is a local minimizer of the energy
functional @y .

Proof. Step 1. Existence of the first solution.

For A > A, choose A\, Ay € A so that A\a < A < Ap and let uy, < uy <
uy, be, as in Theorem 4.6, the positive weak solutions of (Q»,), (Qx), (Qx,),
respectively with uy being a local minimizer of @y in the WP()(Q)-topology.
Define

- | f(z,0) if t >uy(z), _ | g(=,1) if t > ux(x),
Falet) = { flzyux(z)) ift< ui(m), gx(@,t) _{ glx,un(x)) ift< ui(x),

and Fy(z,t) = fg Falx,8)ds, Gy(z,t) = fot 9, (z,s)ds. Consider the problem

{ —div [a(x, Vu(z))] + Nu(@)|P@2u(z) = f,(z,u(z)) inQ, @)
n(x) - a(x, Vu(x)) = g, (z, u(x)) on 0N A

and denote by P, the energy functional corresponding to (Q,). By the defini-
tions of f, gy, (£.2) and (g.2), for every u € WHP()(Q), we have

Fa(@,u(@) = fz,u(@)) and gy(z, u(2)) = g(@, ua(z)).
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For each weak solution u of (@, ), we have

/ I u@)o(z)dr + Aﬂgx(xau(x))v(x)dax

> [ @@+ [ g @i,
— (), 0)

for all v € Whp() (Q) with v > 0. Hence it follows from a comparison principle
(Proposition 3.4) that u > uy. So, f,(z,u(x)) = f(z,u(z)) and g, (z,u(z)) =
g(z,u(z)). Therefore, u is also a weak solution of (@y). It is easy to see that
uy, and uy, are a subsolution and supersolution of (@, ), respectively. By a
sub-supersolution principle (Proposition 3.9) and the proof of Theorem 4.6,
there exists uf € [uy,,ux,] N CH(Q) such that u} is a weak solution of (Q,)
and is also a local minimizer of %, in the C''(Q)-topology, so in the WP()(Q)-
topology by Proposition 3.10. Hence u} > uy and u} is also a positive weak
solution of (Qy).

Step 2. Existence of the second solution.

If u3 # uy, then the assertion of Theorem 4.7 already holds with vy = u3,
hence we can assume that u} = wuy. Thus u) is a local minimizer of P,
in the C'(Q)-topology, so in the WP()(Q)-topology from Proposition 3.10.
We can assume that uy is a strictly local minimizer of @, in the WP()(Q)-
topology. Indeed, if uy is not a strictly local minimizer of @, in the WP()(Q)-
topology, then for any € > 0, there exists @y € [uy,,u,] N WP (Q) such
that 0 < ||@x — ux||x < € and @y is a local minimizer of @, in the WP()(Q)-
topology. Hence @, (uy) = By (ur), Uy # uy and Ty > uy, so the assertion of
Theorem 4.7 holds.

Thus we can assume that uy is a strictly local mimimizer of ¢,. Then there
exists 6 > 0 such that

By (uy) < ey := inf{@, (u); |u — uxl[x = 6,u € WHPO(Q)}.

Under the hypotheses, we can see that @, satisfies the (PS)-condition. In-
deed, let {u,}52, C WHPL(Q) satisfy that ¢ := sup, ey [@y(un)| < co and
[1P5 (un) | (wree)())= — 0 as n — oo. Then by using (2.5), we have

¢ > Py (un) = Paluy) — A Fy(z,up(x))dx — . G(z,up(v))do,
1, ., h(x) — —
> EWA(Un)aUn) - /Q mdf - /QFA(%UTL(GS))dw ~ | Ga(z,up(z))dos.

(4.2)
Here we note that if ¢ <0, then it follows from (f) that

OF (2,1) = 9/0 Fa, 8)ds = 0tf(x,0) < tf(z,1).
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Moreover, for 0 < ¢t < My, it follows from (f.2) that
OF (z,t) < 0tf(x,t) =tf(x,t) + (0 — Dtf(x,t) <tf(z,t)+ (0 — 1) Maf(x, Ms).
Thus we have

OF (z,t) <tf(x,t) +cy forall z € Q and all t € R, (4.3)

where ¢ is a positive constant. By simple calculation we can see that

— 1
/QF)\(I',un({E))d(ES/QF(:C,U,”(.’E))LZI'-I-CQ < 5/Qun(sr)f(glmun(:zc))dm—i—cl—l—cQ7

(4.4)
where ¢y is a positive constant. Moreover, we have

@\ (un), tn) = 2 (W) (Un), un)

1 — 1 _
~3 /Q (@ un(x))uy (x)de — 7 /zm (@, upn (2))un(x)do,.  (4.5)

|~
S

Here we note that

/me (@) — (2 (1)) o ()
f(x7un(x))un(a?)da:+/ (f(z,ua(@)) = f(,un(x)))un (z)ds
QN{zeQu, (x)<ux(z)}

2/Qf(az:,un(JU))un(av)dyc—l—/Qm{aCEQ ereo) fzyux(z))uy (x)de

> /Qf(a:,un(x))un(x)dx—03Hun\|>\, (4.7)
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for some constant c¢z. Thus from (4.2)-(4.7), we obtain that

2 Falun) 2 - (0 n), )~ /Q Flau(@)de =2 = [ Gl ua(@)do
1, 1
> W) w) = 5 [ (o) (@) da
— ] —Cy — Gz, up(x))do,
oN
1, 1 [~
> St ) = § [ T (@)un (oo
—c —cCy — Gz, un(x))doy
o0
(5= 3) W)+ [ g @i,
+ 5@ ) un) [ G @)y 1

o0

1 1 - +
> ( - ) callunlll” = esllunl = collunln — e,

where ¢4, c5,c6 and c7; are positive constants. Since p~ > ra' > 1, {u,} is
bounded in W) (Q). Since {u,} is bounded in a reflexive Banach space
WLPH)(Q), there exist a subsequene {u,/} of {u,} and ug € WP()(Q) such
that w, — up weakly in WHP()(Q), 80t — ug strongly in L) (Q) asn’ — oo
from Proposition 2.3. Thus we see that
lm (4 (s ), unr — o) = lim (P4 (tns), U — ug) = 0.
n’/—o0 n’—oo

Since ¢} is of (S4)-type, it follows from Proposition 3.1(viii) that w, — wug
strongly in W1P()(Q). Thus 3, satisfies the (PS)-condition.

(f.3) implies that there exist positive constants cg and ¢g such that F(z,t) >
cst? —cg for z € Qand ¢ > 0. Let ¢ € (1,00) and ¢ > max, g ux(2). Then

2, (t) < )\/ itp(@dx - / F(z,t)dr — G(z,t)doy + cio
o p(z) Q o0

< )\in+ / Ld.’E — Cgt0|Q| + ¢cg + C10
o p(z)
for some positive constant cjg. Since § > pT, we see that ,(t) - —oo as
t — oo. Hence inf{®, (u);u € W) (Q)} = —oo. Using the Mountain Pass
Lemma (Ambrosetti and Rabinowitz [3]), (Q,) has a weak solution vy such
that @, (va) > cx > Py (uy). Hence vy # uy and vy > wy. Thus vy is also a
positive weak solution of (Q5). O
Now we discuss the relation between A, and A.



JUNICHI ARAMAKI 97

Proposition 4.8. Let (A.1)-(A.5), (fg), (f.2) and (g9.2) hold. Suppose that
there exists Mz > 1 such that

fla,t) > tP@=L for allz € Q and t > M. (4.8)
Then
_ b
)\* Z min +7717 1 N
Mg 9|
where b= [, g(x,0)do, > 0.

Proof. Let A € A and u be a positive weak solution of (Q,). Taking v =1 as
a test function of Definition 2.10(i), it follows from (g.2) that

)\/ u(x)p(w)*ldwf/ f(z,u(x))dx :/ g(x,u(x))do, 2/ g(x,0)do, =b> 0.
Q Q a0 o9

(4.9)
Arguing by contradiction, let A, < min{b/(M?’:Jr*1 |€2]),1}. Then it follows from

Theorem 4.2 that there exists A € A such that A < 1 and A < b/(M§)+_1|Q|).
Setting Q; = {z € Q;u(x) < M3} and Qs = {z € Q;u(z) > M3}, then

)\/u(x)p(x)*ld:c—/f(x,u(x))dx
Q Q
§)\/ u(x)p(m)fld:ch/ w(x)P®lde — flz,u(x))dx
Q1 Qo Q
< A/ u(z)P@de < AMET Q| < b.
Q

This contradicts (4.9). O

Remark 4.9. (i) (£.3) implies that F(z,t) > c3t’ — ¢4 for t > 0 with some
positive constants cs and ¢4, and (4.8) holds.

(ii) Let w > 0. Then it follows from (f.2) that

Fla, ulx))ds = e s)ds | de
Q Q 0
< /Q ( /O " f(a:,u(x))ds) da = /Q o u(@) u(z)da.

Similarly, it follows from (g.2) that

G(m,u(m))dowg/ g(x,u(x))u(x)do,.

o0 [219]
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Proposition 4.10. Let (A.1)-(A.5), (fg), (f-1), (9-1), (f.2) and (g.2) hold.
Then for each A > A, the problem (Q») has a positive weak solution uy which
is a local minimizer of vy such that px(uy) < 0.

Proof. Let A > A,. Choose Ay € (A, \) and let uy, be a positive weak solution
of (Q»,)- By Remark 4.5, the problem (Q,) has a positive weak solution
uy € [0, uy,] such that

ox(uy) = inf{ox(u);u € [0,ur,] N Wl’p(‘)(Q)}.

Hence @y (uyx) < ¢a(0) = 0. -
On the other hand, putting v; =t on €2, where ¢ is a positive constant, then
for sufficiently small ¢ > 0, we have v; € [0, uy,] N W1P()(Q) and

oa(vy) = )\/Q ]%tp(“’)dx —/QF(x,t)d:v — /ém </Otg(x,5)ds> dog

- 1
< AtP / ——dx — t/ g(x,0)do, < 0.
o p(x) aQ

Hence @y (uy) < @a(vy) < 0. O

Theorem 4.11. Under the assumptions of Theorem 4.7, if there exists a se-
quence {\n} C A such that A, — Ao as n — o0, then A\g > 0, A\g € A and
uy, — uy, in CH(Q), where uy, is, as in Theorem 4.6, a local minimizer of
Y, and uy, is a positive weak solution of (Qx,). In particular, A\, > 0 and
A €A

Proof. Let {\,} C A such that A\, — A\g as n — oco. By Proposition 4.8 and
Remark 4.9(i), Ao > A. > 0. By Proposition 4.10, for each n, ¢, has a local
minimizer uy, such that ¢y, (uy,) <0, that is,

Or (un, ) < / Fla,ur, (2)dz + [ Gla,un, (x))dos.
Q o0
On the other hand, since uy, is a positive weak solution of (@, ), we have
W), = [ o, @)us, (2o + [ glaus, (@), (@)dos.
Q fol

Q

By (f.3) and Remark 4.9(ii),

/QF(x,u)\n (x))dz + G(z,uy, (v))doy

o9
< é/ﬂf(:c,u,\n (@))ux, (x)dx + /mg(g;,u)\n (2))un, (x)dog + c3
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for some constant ¢z > 0. Thus we have

p%w;n (un,)run,) < P, (un,) + ca

< g )+ (1-5) [ e, @), @)dos + e

for some constant ¢4 > 0. Hence, for large n,

<pl+ _ ;) W (ur,), ) < (1 - ;) | st @), )i, + e

1
< (1 - ) 05/ luy, ()| dog + co
9 o0

for some positive constants ¢ and cg. Hence if ||uy, |[x, > 1, then

1 1 - + +
(5 = 5) crluon I < callun, 150+ 0 < cslun I + o
for some positive constants c7,cg and cg. Since § > pt and p~ > ], we see
that |luy,[[x, is bounded, so [Jux, |lw1.r¢)(q) is bounded uniformly in n. Since
wip() () is a reflexive Banach space, passing to a subsequence, we can assume
that uy, — ug weakly in WHP()(Q), and so we may assume that uy, (z) —
uo(z) € LPO)(Q) for a.e. = € Q. By Proposition 3.2(i), the boundedness of
{llux,[[x, } implies the boundedness of {|lux, ||z )}. By Proposition 3.2(iii),
the boundedness of {[|ux, ||z~ ()} implies the boundedness of {[|ux, [|c1.«@)}s
where « € (0,1) is a constant. Passing again to a subsequence, we can assume
that uy, — ug in C*(Q). For every v € WP0)(Q), since uy,, is a weak solution
of (Q», ), we have

/ alz, Vi, (2)) - Vo(z)dz + A / . (@) P20y (2)0(z)dz
Q Q

= f(x,u,\n(a:))v(x)da:—k/ g(x,uy, (x))v(z)do,. (4.10)
Q oQ

Letting n — oo in (4.10), we have
/ a(z, Vuy(z)) - Vo(z)dz + )\0/ o (2) [P ~2ug (z)v(x)dx
Q Q

_ /Q (@, uo(2))o(z)dz + /& glauo(e)o(a)do

which shows that ug is a weak solution of (Q»,). Since uy, > 0 on Q, we
have up > 0 in Q. Since g(z,uo(z)) > g(x,0) # 0 by (fg) and (g.2), we have
g(z,ug(z)) # 0. By Lemma 4.1, ug > 0 on §, so A\g € A, and it suffices to put
Uy, = Up. O
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Remark 4.12. (i) Under the assumptions of Theorem 4.11, (@,,) has at

least one positive weak solution uy, = lim, oo Uy, -

(ii) If A < A4, then (@») has no positive weak solution.
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