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Abstract

Independence polynomials of star graphs are used to investigate their
dynamic behavior. The analysis covers structural aspects, examines poly-
nomial stability, and studies the symmetry and rotational attributes of
the corresponding Julia sets. The results offer insight into the interaction
between graph theory and complex dynamics.

Introduction

The independence polynomial of a graph is defined as a polynomial in which the
coefficient is the number of the independent sets in the graph. Independence
polynomials are not always straightforward to compute; in general, it is an
NP-hard problem to determine the independence number of a graph [1].

The independence polynomial of a graph counts the number of independent
sets of each size and is widely studied in algebraic graph theory. Star graphs,
as a special class of trees, provide an interesting case study for examining
the properties of independence polynomials and their connections to complex
dynamics through Julia sets.
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1 Preliminaries

1.1 Basic Definitions

Definition 1.1.1. A star graph St, is a tree in which one vertezx (called the
central vertex) is adjacent to all other vertices, and no other edges exist. It is
a spectal case of the complete bipartite graph K ,,, consisting of n + 1 vertices
and n edges. One vertex has degree n, and all others have degree 1.

Formally, the vertex set is

VZ{UQ,Ul,...,Un}

and the edge set is
E = {(vo,v;) | 1 <i<n}.

Definition 1.1.2. An independent set in a graph G is a vertex subset S C V(Q)
that contains no edge of G. The independence number o(G) is the mazimum
size of an independent set of vertices.

Definition 1.1.3. The independence polynomial was introduced by Gutman
and Harary [2]. Let sy, denote the number of independent sets of size k in G.
Then the independence polynomial is defined as:

Definition 1.1.4. A polynomial P(z) is stable if the zero set Z(P(z)) = {z €
C:P(z) =0} C{z € C: Re(z) <0}.

Definition 1.1.5. The energy E(G) of a graph G is the sum of the absolute
values of the eigenvalues of its adjacency matrix:

E(G) :Z|/\i|

Definition 1.1.6. The Julia set of a function f is the boundary of the set of
points z € C that do not tend to infinity under iteration:

J(f)=0{z€C: f*(z) » o0 as n — oo}

1.2 Key Results

Theorem 1.2.1 ([4]). Let G be a graph and v € V(G). Let N[v] be the closed
neighborhood of v. Then

I(G;2) = I(G — v; 2) + 2I(G — Nv]; 2)

Applying this to the central vertex of the star graph gives I(St,,z) =
(14 2)™ + z. Thus I(St,,—1) = —1.
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2 Main Results

2.1 Root Localization

Theorem 2.1.1. For any integer n > 1, all the roots of the independence
polynomial 1(St,,z) lie within the rectangle [—3,0] x [—2i,2i] in the complex
plane.

Proof. Let f(z) = —(1+2)"™ and g(z) = I(Sty,2) = (14 2)" + 2. We analyze g
on the boundary of the rectangle R = [—3, 0] x [—2i,2¢]. Let OR be partitioned

into:
o (5 :Re(z) =0, =2 <Im(z) <2
o (5 :Im(z) =2, =3 < Re(z) <0
o C3:Re(z) = -3, —2<Tm(z) <

2
o Cy:Im(z) = -2, -3 <Re(z) <0

We aim to apply Rouché’s Theorem by showing that |g(z) + f(2)| = |z] <
/()] = |(1+2)"| on OR.

Case 1: z = ki € Cy. Then |f(2)]> = (1 + k?)" > k? = |z|%

Case 2: 2 =k +2i € Ca. Then |[f(2)?=((1+k)2+4)" > k2 +4= 2%

Case 3: 2 = —3+ ki € C5. Then |f(2)]*> = (4 + k*)" > 9+ k? = |2|2.

Case 4: z = k — 2i € (4 reduces to Case 2 by symmetry.

Thus, |f(z) + g(2)| < |f(2)] on OR. By Rouché’s Theorem, f and g have
the same number of zeros inside R. Since f(z) = —(1 4+ z)™ has n roots at
z=—1¢€ R, so does g(z). O

2.2 Stability Analysis

Theorem 2.2.1. The independence polynomial I(St,,z) = (1 4+ 2)" + z is
Hurwitz stable for all n > 1; that is, it has no roots with positive real part.

Proof. Let z = re’ withr >0, 6 € (=%, %). Then the real part of z is positive.
Consider: ‘
I(Sty,2) = (14 2)" + z = re'?

Suppose for contradiction that this expression vanishes for some Re(z) > 0.
Then: _ _
(1 +7reY +re? =0
Take modulus: A ‘
(1 +7e?)"| = |re?| =
However, |1+ 7e?| > 1 when Re(z) > 0, so |[(1 + 2)"| > 7, which contradicts

the equality. Hence, no root lies in the right half-plane.
Therefore, I(Sty,, z) is Hurwitz stable for all n. O

131



2.3 Zero-Free Regions

Theorem 2.3.1. The independence polynomial I(St,,,z) = (1+2)" + 2z has no
zeros in the open unit disk |z| <1 forn > 2.

Proof. Suppose there exists z € C with |z] < 1 such that I(St,, z) = 0. Then:
14+2)"+2=0 = ((A+2)"=-2
Taking modulus on both sides:
1+z"=]z2] <1
But since |z| < 1, we have |1 + z| > 0 and by the triangle inequality:
L4+z>1—]2|>0=|1+2">(1—|z|)" > |7]

This contradicts the assumption that |1+ z|™ = |z|. Hence, no zero of I(St,, z)
lies inside the unit disk for n > 2. O

2.4 General Stability Results

Theorem 2.4.1. Let G be a graph with independence number a(G) < 3. Then
the independence polynomial I(G, z) is Hurwitz stable.

We use the following classical results:

Theorem 2.4.2 (Turdn’s Theorem [6]). If G is a triangle-free graph on 2k
vertices, then it has at most k? edges.

Theorem 2.4.3 (Hermite-Biehler Theorem [7]). Let P(z) = P.(2?)+2P,(2?).
Then P(z) is Hurwitz stable if and only if both P. and P, have only nonpositive
real roots and P,(x) < P.(x) for all x < 0.

Proof of Theorem 3.4. If a(G) = 1, then G = K,,, the complete graph. The
independence polynomial is:

I(G,2) =1+nz,

which has root —1/n < 0. Thus, I(G, z) is stable.
If a(G) = 2, then:
I(G,2) =1+ nz + S92,

where Sy is the number of independent sets of size 2. The complement graph
G is triangle-free and by Turdn’s theorem has at most n?/4 edges, so:

n2

SQSI
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The discriminant of I(G, z) is:
A =n®—45, >0,

and hence all roots are real and negative. Thus, I(G, z) is stable.
If a(G) = 3, write:

I(G,2) =14+ nz+ Sp2% + S32° = P.(2%) + 2P,(2?),
where:
P.(z) =1+ S22z, P,(z) =n+ S3z.

Both P, and P, are linear with real nonpositive roots. To apply the Her-
mite—Biehler theorem, it suffices to show:

P,(z) < P.(x), for all z <0 <= nSy > Ss.

Each independent set of size 3 contains multiple subsets of size 2. There-
fore, adding an external vertex to any 2-set may overcount, but the inequality
S3 < nSs still holds by combinatorial bounding. Hence, the Hermite—Biehler
conditions are met, and I(G, z) is stable. O

3 Topological and Dynamical Properties

The roots of the independence polynomial encode significant information about
the dynamics and structure of the graph. In particular, their location in the
complex plane reflects the stability of various dynamical systems modeled by
the graph.

Proposition 3.0.1. For all n, we have I(St,,—1) = —1.
Proof. We compute:
I(St,,-1)=(1-1)"+(-1)=0+(-1) = -1

O
This value relates to the Euler characteristic of the independence complex
of St,, evaluated at z = —1, which is useful in topological combinatorics.

Proposition 3.0.2. The value I(G,1) = 1 implies that the Euler characteristic
of the independence complex of G is 1.

This topological invariant offers a combinatorial lens through which we view
the structure of independent sets. For star graphs, this condition implies a
precise balance in the structure of their independent sets.

Theorem 3.0.1. The Julia set J(I(Sty,2)) is connected for all n.
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Proof. The connectivity of the Julia set of a complex polynomial is typically
ensured when all critical points lie within the filled Julia set. The critical points
of I(Sty, z) occur where:

iI(Stn,z) =n(l+2)""t+1=0.

dz
1
1 n—1
z = (—) — 1.
n

)1/(n71)

Solving this yields:

As n — oo, the quantity (f% — 1, so z — —1. Therefore, the critical
points remain bounded and do not escape to infinity.

Hence, all critical points of I(Sty, z) lie within the filled Julia set, implying
that the Julia set J(I(St,, z)) is connected. O

Proposition 3.0.3. 1. The number of independent sets IFE(St,) exceeds
the number of edges E(Sty) for all n.

2. The Julia set J(I(Sty,z)) exhibits rotational symmetry of order n — 1,

i.e., it 1s invariant under rotation by angle %

Theorem 3.0.2. The symmetry group of the Julia set J(I(Sty, z)) is the cyclic
rotation group of order n — 1, with the center of rotation at z = —1.

Proof. Define the polynomial I(z) = (1 + 2)" + z, and note that I(—1) = —1,
so z = —1 is a fixed point. Let ¢(z) = z + 1, then ¢~!(z) = z — 1. Consider

(polow™)(2) =@z = 1) = p((z)" +2—1) = 2" + 2.

Let P(z) = 2™ + z = 2(2""! +1). This polynomial is in normal form with
leading coefficient 1 and no z"~! term, so its centroid is 0.
Now, let w = €27/ ("=1) and define g(z) = wz. Then:

P(g(2)) =wz((w2)" ' +1) =wz(w" 12" 4+ 1) =wz(z" 1 4+ 1) = wP(2).

Hence, P(g(z)) = g(P(z)). Therefore, iterations under P and P o g are conju-
gate. Since |g(z)| = |z|, the dynamics under P and g o P preserve escape/non-
escape behavior:
[P*(g(2))] = lg(P* ()| = |[P*(2)].
Thus, J(P(z)) = J(g(P(2))) = g(J(P(z))), and the Julia set is invariant under
g, i.e., rotational symmetry of order n — 1.
Since I(St,, z) = P(z) via conjugation by ¢, it follows that:

J(I(Stn, 2)) = @~ (J(P))

is also symmetric under rotation around z = —1. O
These results emphasize the symmetry and topological richness of the inde-
pendence polynomials of star graphs and their associated dynamical systems.
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Conclusion

This study provides a rigorous investigation into the root structure, stability,
and dynamic properties of the independence polynomials of star graphs. We
established bounds on the location of roots in the complex plane, analyzed
stability properties, and identified zero-free regions.

We further showed that the independence polynomial exhibits rich dynami-
cal behavior through the structure of its Julia set. In particular, we identified a
profound symmetry: the Julia set of I(St,,, z) possesses a rotational symmetry
of order n — 1, with center at z = —1.

These findings not only advance our understanding of independence poly-
nomials but also suggest new pathways for exploring the interaction between
discrete structures and analytic functions.
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