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Abstract

Let Py be the graded polynomial algebra Fa[z1,z2,...,xx] over the
prime field F2 with two elements and the degree of each variable x; being
1, and let GLj, be the general linear group over F2 which acts on P, as the
usual manner. The algebra Pj is considered as a module over the mod-2
Steenrod algebra A. In 1989, Singer [19] defined the k-th homological
algebraic transfer, which is a homomorphism

ok« Torp ppq(F2, Fa) — (Fo @4 Py)S"*

from the homological group of the Steenrod algebra Tor;i,C 1a(F2,F2)
to the subspace (F2 ®4 IDk)fL’c of Fo® 4 P consisting of all the GLj-
invariant classes of degree d.

In this paper, by using the results of the Peterson hit problem we
present the proof of the fact that the Singer algebraic transfer of rank
five is an isomorphism in the internal degrees d = 20 and d = 30. Our

result refutes the proof for the case of d = 20 in Phic [15].

1 Introduction

Let Py be the polynomial algebra Falxy,xa, ..., 2] over the field Fo with
two elements, in k variables x1, xs, ..., xk, each variable of degree 1. It is well-
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known that this algebra is the mod-2 cohomology of an elementary abelian
2-group Vi, of rank k. Hence, Py is a module over the mod-2 Steenrod algebra,
A. The action of A on Py can be explicitly determined by the elementary
properties of the Steenrod operations Sq¢’ and subject to the Cartan formula
Sqt(gh) = Zj:o Sq?(9)Sq?=7(h), for g, h € Py (see Steenrod and Epstein [21]).

The Peterson hit problem asks for a minimal generating set for Py regarded
as a module over the mod-2 Steenrod algebra. Equivalently, this problem is
to find a vector space basis for QP := Fy ® 4 P in each degree d. Such a
basis can be represented by a list of monomials of degree d. This problem is
completely computed for k& < 4, unknown in general.

Denote by G Ly the general linear group over the field Fy. This group acts
naturally on Pj by matrix substitution. The actions of A and GL; on P
commute with each other, so there is an action of GL; on QPx.

Denote (Py)q the vector subspace of Py consisting of all the homogeneous
polynomials of degree d in P, and by (QPx)s the vector subspace of QP
consisting of all the classes represented by the elements in (Py)g. In [19],
Singer defined the homological algebraic transfer, which is a homomorphism

Pr : Torfyya(F2, Fa) — (QP)§

from the homology of the Steenrod algebra Torﬁk +4(F2,F2) to the subspace
of (QPy)q consisting of all the GLg-invariant classes of degree d. It can be a
useful tool in describing the homology groups of the Steenrod algebra in terms
of GLy-invariants in @QP;. By passing to the dual we get the cohomological
algebraic transfer

o Fo®cr, P(Pr)) — Ext" (s, Fy),

where (Py)* is the dual of Py, and P((Py)*) is the primitive subspace consisting
of all elements in (Py)* that are annihilated by every positive degree Steenrod
squares.

The algebraic transfer was studied by Boardman [I], Bruner, Ha and Hung
[2], Chon and Ha [4, 5 [6], Hung [8], Ha [7], Hung and Quynh [9], Nam [I3],
Minami [12], Phic [14, 15], Quynh [I8] the present author [23] and others.

Singer proved in [19] that ¢y is an isomorphism for k¥ = 1, 2. Boardman also
showed in [I] that ¢3 is also an isomorphism. However, ¢ is not a monomor-
phism in infinitely many degrees for any k > 4 (see Singer [19], Bruner, Ha and
Hung [2], Hung [§].) Singer gave the following conjecture.

Conjecture 1.1 (Singer [19]). The algebraic transfer ¢y, is an epimorphism
for any k > 0.

This conjecture is true for k¥ < 3. Phiic stated in [14] that the conjecture is
also true for k£ = 4 but the computations are incomplete and the proof is not
explicit. The results in [14] is only a description of the dimension for QP; in
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each degree when Singer conjecture is true for £ = 4. It is not a proof for this
conjecture. Recently, we have proved in [28] that this conjecture is not true for
k = 5 and the internal degree d = 108. This result refused a one of Phtic in
[15].

In this paper, by using some results of the Peterson hit problem we prove
that the Singer algebraic transfer of rank 5 is an isomorphism in the internal
degrees d = 20 and d = 30.

Consider the case d = 20, we have the following.

Theorem 1.2. The dimension of the Fy-vector spaces (QP5)§)L5 is one with
a basis element presented by the following polynomial:

3,.3,.12 3,.5,.10 3,.6,..9 3,123
P = X1T2X3T4XT5" + XT1T2X3L, Ty + T1X2T3X4T5 + T1T2X3L, Ty

12 1
+ xlxgxgxixg + xlxgmgxgxg + mlxgxgxixg) + mlxgxgxixg)o

3. .69 3, 12,3 3,349 3,.3,.5.8
+ 2125230405 + X1X503T,° Ty + X1X53X3L,4T5 + T1X50304 T

3,.5.3.8 3.5.8.3 6. 3.9 6. 9.3

+ X1T5T3T4 5 + X1X3X3T4T5 + T1X9X3L YTy + T1ToT3T 4Ty
3, 439 3, 4.9 3 3. 5.3.8 3,....5.8.3

+ X7 ToT3T x5 + XTX2X3T4 Ty + T]X2X3Xy Ty + T{T2X3X 4Ty
3.4, .39 3.4, 9.3 3.5, .38 3,5, ..8.3

+ X{THT3T4 x5 + X]XL3TH Ty + T]XX3LY Ty + TITHT3T 4Ly

+ xlxgxgxia;g + xlxgxgxixg + mlxgxgxixg + a:lxgxgxix?

3, 556, 3. 565, 35 56, 35 635
+ X7 ToT3T4 X5 + X]X2X3T 4Ty + T]ToX3T 4Ty + T{ToT3X4 T
33,455 33545 33554 34355
+ TITRTT4 Ty + TITRT3T4T5 + T1TRT3T T + TITRT3TY T

+ m%x%x%ximg + x?x%x%xixé + xfxgxgxixg + x?x%aﬁgxixg

In [I5], Phic also stated that dim(QPs)5-® = 1 but he cannot provide any
basis element. Furthermore, the proof of this result in [15] is false.

From Lin [II] and Chen [3], we have EXti{25(F2, Fy) = (hog1 = hz2eo), where
where eg € Exti{m(Fz,Iﬁ‘g), g1 € Extjt{24 (F9,F2) and h; is the Adams element
in Ext}fl (F3,F2) for ¢ > 0. Combining the results of Ha [7] and Singer [19],
we have ¢5((haeo)*) = [p]. Hence, Theorem [1.2] implies that

©5 TOI‘é25(]F2,]F2) — (QP5)%L5
is an isomorphism. So, we get the following.

Corollary 1.3. Singer’s conjecture is true for k = 5 and the internal degree
20.

This result is also stated in [I5, Corollary 1.7], but it is derived from a result
with a false proof.

Consider the case d = 30. By using the explicit results for a basis of (QPs)30
in our work [26], we prove the following.
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Theorem 1.4. The dimension of the Fy-vector spaces (QP5)3GOL5 is one with
a basis element presented by the following polynomial:

1515 , 15,15 , 1515 , 1515 , 15 15 , 15 15 , 1515 , _15 15
q=Ty Ty +T37T5" + X3 Ty + Ty V5 Ty + T X3 X Ty XDy

15,15 15,15 14,15 15,14 15, .14 14,15
+xTr3” +x7Try” +x3xy x5 X375 + T3 X4x5 + ToTy Ty

15 .14 14 .15 14 .15 15 .14 15 .14 15 . 14
+ Xoxy x5 + o3 Xy~ + Tok3 Xy + Tok3z Ty + ToXz Ty + Ty T4y

15, .14 15, .14 14,15 15,14 14 .15 14,15
+ x5y r3xs + X5 x3Ty +T1xy Ty + 1Ty Ty + T1x3 Ty + X123 Ty

15,14 15,.14 14,1 14,1 14,1 15,.14
+ x1x351:5 + x1z351:4 + X175 x55 + X175 x45 + 175 x35 + x1x25$5

15 .14 15 .14 15, .14 15 . .14 15, . .14 15, .14
+ 21250 21T X3 + T X5 + T x3T5 + X 3T, + X7 Tax;

15 14 15 14 3,.13 .14 3..13 .14 3,13 .14 3,13 .14
+ 277z + 21 woxy” + ajxy xs + xhx ws + xhxs Ty + xhr3 Ty

+.733 13 14+JT3 13 14+$3 13 14+.’E3 13 14+J}3 13 14+l‘3 13,.14

174 Ts 173 L5 173 T4 172 T 172 24 172 T3
14,14 14, .14 3..5..10,.12 14,14 14, .14
+ Tox3xy x5 + ToXz Xaky + Tox3Ty T + T1X3Ty Ty + T1T3 T4y

14,14 14,14 14,14 14 14 14 14
+ X122y Ty + T1T2x3 Ty + T1X2X3 Ty + T1Ty Xaky + T1To T3Tj

14, 14 3,510 .12 3,510 .12 3,.5,.10,.12 3,.5,.10,.12
+ 2125 w3, + (T304 TyT + X7X%, 5T+ X7X5T3 XyT + T{ToT3 Ty

2,13 .14 3,12 .14 3,.14 .12 3 12 .14 3 14, .12

+ Xox3T Xy + ToX3T, Ty + ToX3Xy TyT + XX3TL Xy + ToT3T, Ty
3,132 12 2,13 .14 3,12 14 3,.14 .12 2 13 .14
+ 25237057 + 1030, Ty + 1030, Ty + X1X3T T5T + T1T524° T
2,13, .14 2,13 .14 3,.12 .14 3,.14 .12 3,12 .14

+ 2125237 x5 + T12503° T, + X150, T + X1T5T TyT + T1T5037 T

3,12 14 3,14 12 3,14 12 3 12 .14 3 14,12
+ 2125237, + T105203 TyT + 10503 4”0 + X7X3T, X5 + TIT3T, T

+ x‘;’xé?’xim? + x‘;’xgx}fxé‘l + xi’xgxl‘lx? + m?xgxé%},‘l + xi’xgx?aj}f
+ I?IQJE};LIéZ + $§I2I§4$4112 + x‘;’x%Sxix%Q + x?x?x%zé? + x?z%gmgax}lz
+ .’L‘QZE%.’E}E%%S + mx%xf’xéz + .’172.73;)53742156‘%2 + x55x3xixé2 + xlmgx}fx?
+ xlzgx}f:réz + xla:éSxi:céz + xlxgx}lzxé‘r’ + xlx%x}fzéz + mlxgxé%véf’
+ xw%x}fxf + xw%x%ﬁx? + xw%x%%}f + xlw%%ﬁxég + mlxé%‘gazéz
+ xlxésxgm}f + x}5x3xixé2 + $%5$2$ix%2 + x%5x2x§x},2 + x}5x2x§x}12
+ xlxgxgz}fxéz + xlxgzgx}lox? + m1x2x§4xixé2 + xw%x%x}lzxéz

+ xw%xéxix}f + a:lx%xgsc?lx}f + a:lx%xgx}fxg + sclx%xgxix}f

+ :clz%:ch}loxéQ + xlsc%:z:gx}fxg + xm%z?uwé‘i + xla:gxésxixg

+ J;lxgm%ﬁxng + $1$§x§$§1$é4 + xlmgxgx}fxg + xlmgxgx}fxg

+ xw%mfﬁx? + x1x§x§4xix§ + 1’1.’E§4$3$4215L'é2 + xlx%%%mixg

4.8 14 4,14 12 12,2 .12
+x‘;’x2x3mix5 +x‘;’x2x3m4 xg +m‘;’xgxgm4 :cg —|—mi’a:2x3 TyTy

3. .14 4 8 3,.5,.2.,.12 8 3,510,438 3,132 4.8
+ XT3 X X5 + T{ToX304 Ty + T{ToX3 TyT5 + T]T5  T3T 4Ty

15 2,48 3.5.6,.6..10
+ X" X234 X5 + XYTT3T 4Ty .

By using a computer program with an algorithm of the mathematics system
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SAGEMATH, Tin proved in [30, Page 1923] that dim(QPs)30 = 840. This
dimensional result is presented again in Phic [I6l Appendix] but there are
no any details of the computations for a basis of this space. So, it is not a
solution of the hit problem because dimensions are not the object of study of
the hit problem. When a basis cannot be found, the dimensional results are
meaningless. In [26] we present a solution of the hit problem by explicitly
computing a basis of (QPs)3p. Our results in this paper are completely new
and confirm the accuracy of dimensional result for (QPs)so in Tin’s work [30].

Phiic [I6] also stated that by using this dimensional result he proved that
dim(QPg)):%LS = 1 but this result must be proven by using a basis, it cannot be
proven by using a dimensional result. So, his statement is only a prediction.

From Lin [II] and Chen [3], we have EXti{BS(]FQ, Fs) = (hgh3). Hence, using
a result of Singer [19], we have o5((h3h3)*) = [q]. Hence, Theorem [1.4] implies
that

P35 : Torgss (P, Fa) — (QPs)55 "

is an isomorphism. So, we get the following.

Corollary 1.5. Singer’s conjecture is true for k = 5 and the internal degree
d = 30.

This result is also stated in [I6] but it is based on an unconfirmed result.

The paper is organized as follows. In Section [2| we recall some notions
and results on the admissible monomials in Py, criterion of Singer on the hit
monomials and some needed notations. In Section [3} we present a structure of
the space (QPs)20 and prove Theorem Theorem is proved in Section
Finally, in Section [p| we present some needed data for the proofs of the main
results.

2 Preliminaries on the hit problem

In this the section we present some needed notions and results for studying
the hit problem such as the weight vector of a monomial, admissible monomial,
criterion of Singer for hit monomial from the works of Kameko [10], Singer [20]
and our work [22] [24].

2.1 The admissible monomials and Singer’s criterion on
hit monomials

Definition 2.1.1. Let v = 2{'z5* ... 2}* be a monomial in Pj. Denote v;(w) =
¢j, 1 < j < k. We define

wu) = (wi(w),...,we(w),...), o(u) = (1(u),re(u),... ve(u)),
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where wi(u) = 30 ¢j<p @e—1(vj(w)), t > 1. The sequences o(u) is called the
exponent vector and w(u) is called the weight vector of w.

A a sequence of non-negative integers w = (w1, ... ,ws,...) is called a weight
vector if wy = 0 for s > 0. We define degw = > _, 2571w, the length
f(w) = max{t : wy > 0}. We denote w = (w1, ...,w;) if ws =0 for s > r.

For weight vectors w = (w1,...,wt,...) and £ = (&1,...,&,...), we define
the concatenation of weight vectors w|¢ = (w1,...,w,,&1,&,...) if L(w) =7

and (b)|" = (b)|(b)]...|(D), (r times of (b)’s), where b, r are positive integers.

We order the sets of weight vectors and exponent vectors by the left lexico-
graphical order.
For any weight vector, we denote

Pr(w) = (u € Py : degu = degw, and w(u) < w),
P, (w) = (u € Pr(w) : w(u) < w).

Definition 2.1.2. Suppose w is a weight vector and f, f1, fo are polynomials
of the same degree in P,. We define

i) fi=foif f1 + fo € ATP, and f is called hit if f = 0.

i) f1 =0 foif fi+ fo € AT P+ P (w).

It is easy to see that = and =, are equivalence relations. We set
QPi(w) = Pe(w)/((Py (w) + AT P, N Pi(w))).

Proposition 2.1.3 ([25]). For a weight vector w, the vector space QPy(w) is
an G Li-module.

Definition 2.1.4. Let u, v be monomials in P, with degu = degv. We say
that u < v if one of the following conditions satisfies:

i) w(u) < w(v);

i) w(u) = w(v) and o(u) < o(v).

Definition 2.1.5. A monomial w in Py is said to be inadmissible if there
are monomials w1y, wo,...,ws such that wy < w for s = 1,2,...,¢t and w +
22:1 ws € AT P,. A monomial w is called admissible if it is not inadmissible.

It is clear that, the set of all admissible monomials of degree d in Py is a
minimal set of generators for A-module P} in degree d.

Definition 2.1.6. If z is a monomial in P such that v;(z) = 2% — 1 with s,
a non-negative integer for t = 1,2,... k, then z is called a spike. If 51 > so >
c..>8y_1 2 8 > 0and sy =0 for t > u, then it is called the minimal spike.

Theorem 2.1.7 (Singer [20]). Suppose y is a monomial of degree d in Py such
that p(d) < k and z is the minimal spike of degree d. If w(y) < w(z), then y is
hit.
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2.2 Some other tools and notations

We set P,M = ({y € Py : v5(y) > 0, for all s}) and P = ({y € Py, : vs(y) =
0 for some s}). The spaces P and P are the A-submodules of P;,. We denote
QP = PYJATPY and QP = P;f JATP;F. Then we have QP, = QP & QP;f.

Set Ny = {(4;1) : I = (s1,82,...,8),1 <i<s1<...<s <k, 0<t <k}
For (i;I) € Ny, we define the A-homomorphism of algebras p(;,r) : Px — Pr_1
by setting

xs» lf ]. S S < 'L.,
p(i;]) (IL’S) = Zve] Ty—1, if s = iv (21)
Ts_1, ifi <s<k.

Lemma 2.2.1 ([17]). Ify is a monomial in Py, then pg,1)(y) € Pe—1(w(y)).

From Lemma we can see that if w is a weight vector and y € Py(w),
then p(;;1)(y) € Pr—1(w). Hence, we have the homomorphisms

iy (QP)n — (QPe)ns Py QPs(w) — QP1(w),

where n = degw. We set

(SFn= (1 Ker(pl)), SFilw)= [ Ker(p))),
(5:T)ENY (1) ENY,

QP (w) = QPu(w)/SFi(w), (QPy)n = (QPi)a/(SFk)n.

We note that (SF), and SFy(w) are respectively the subspaces of (QP)n
and QP (w).

Notation 2.2.2. We denote [g] the class in QP represented by g € Py. If
g € Py(w), we denote [g].,, the class in QPy(w) represented by ¢. If R is a
subset of Py, then we denote [R] = {[g] : ¢ € R}. If R C Py(w), then we set
[R], = {[9]w : g € L}. We denote |R| the cardinal of a set R.

Denote by Bi(n) the set of all admissible monomials of degree n in Py for
any nonnegative integer n. Set B (n) = By(n) N Py, BY(n) = By(n) N PY. If
w is a weight vector of degree n, we denote By(w) = By(n) N Py(w), B (w) =
B (n) N Py(w), QP (w) == QP,(w) NQP;.

For any subgroup G C GLy and S C Py(w), we denote

[G(9))w ={[98]lw:9 € G,s€S) CQPr(w).

Obviously, [G(S)]. is an G-submodule of QP (w). If w is a minimal weight
vector, then we denote [G(S5)], = [G(S)] C QP%.
If J is an index set and «; € Fy with j € J, then we denote v; = Zje,ﬂ VY5
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For a sequence T = (t1,ta,...,t.), 1 < t; < ... < t. < k, we define a
monomorphism 07 : P, — P of algebras by setting

Or(z;) =, for 1<i<r (2.2)
Obviously, 07 is an A-homomorphism. If w is a weight vector of degree n, then
QOr(P)(w) = QP (w) and (QOr(P))a = (QPF)a
for 1 < r < k. Here, Q0r(PF) = 01(PF)/ A0 (PF). Then we have

Biw)= |J 0B w), Bim)= |J 0r(Bf(n). (2.3)

n(n)<r<k, p(n)<r<k,
LT)=r LT)=r

3 A structure of () F;)2 and a proof of Theorem
1.2

By using a computer program with an algorithm of the mathematics system
SAGEMATH, Tin [29] proved that dim(QPs)20 = 641. This result is also
repeated in Phiic [I5] but the computation for a basis of (QPs)2 is incomplete
and the proof of this result in [I5] is false.

Firstly, we recall the results in our work [27] on the admissible monomials
of degree 20 in Ps. Recall from [27] and [15] that if = is an admissible monomial
of degree 20 in P5, then

w(z) = (DIID) or w(z) = (4)1(2)|(3) or w(z) = (4)*|(2).

From this result we get

(@P5)20 = QP5((4)(2)|(1)1*) D QP ((4)1(2)I(3)) D QP ((4)*[(2))-

In [I5], the author says that

However, the detailed computation is only presented for the space QPs5((4)](2)](3))
but the proof of it is false.

The set of all admissible monomials of the degree 20 in P; is explicitly
presented in Subsection [5.1] -

Consider the spaces (SF}), and SF(w) as defined in Section
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3.1 Computation of (SF5)s

We determined SF'5((4)[(2)[(1)[2). The following is announced [27] with no
the proof.

Proposition 3.1.1. We have
SF5((I2)IM)) = ([ga] : 1 <u < 10),
where the polynomials g, are explicitly determined in Subsection [5.3.

Proof. By a direct computation, it is not difficult to verify that pg;,r)(gu) =0
for all (i;1) € N5. Hence, [g,] € §F5((4)|(2)|(1)\2) for 1 < uw < 10. The set
{[as) : 1 <t < 225} is a basis of QP5((4)[(2)](1)]?) (see Subsection, hence if

[0] € SFs5((4)[(2)[(1D)?) € QP (()|(2)I(1)[?), then we have 6 = 37, ¢, o05 Tear,
where 4; € Fo. The leading monomial of g, is a(y4215), 1 < u < 10. Hence, we
get

0:=0+ Z V(u+215)Ju = Z Veat, (3.1)
1<u<10 1<1<215

where v, € Fp, 1 <t < 215, and p(;py () = 0 for all (i;1) € Ns.
Let ug, 1 < s < 45, be as in Subsection 5.1} Apply p15), 2 < j < 5, to
(3.1) to obtain

P(1;2)(0) = Y10v16 + Va6V17 + YarV1s + VasV19 + Ya9V20 + V11021 + Y50V22
+ Y51V23 + V52024 + Y53V25 + V54V26 + Y55V27 + Y56V28 1+ Y57V29
+ Y5830 + Y59V31 + Ye0U32 + V12033 + Y{97,169} V34 + V{98,170} U35
+ Y99V36 + V{100,171} V37 + Y{101,172} V38 + V{102,173} V39 + Y103V40
+ Y104v41 + V{105,174} Va2 + V121043 + V122044 + V123045 = 0,

P(1:3)(0) = 7504 + Y205 + Y21V6 + V2207 + Y2308 + Y6V9 + V(34,141} V10
+ V{35,142} V11 + V{36,143} V12 + V{37,144}V13 + V{44,155 206} V14
+ V{45,156,207} V15 + Y71V22 + Y72V23 + Y73V24 + Y78V25 + Y79V26
+ Y8027 + Y81V28 + V{88,164,185} V29 + V{89,165,186} V30 1 {92,185} V31
+ 7{93,1861 V32 + 7{96,168,213} V33 + Y112U38 + Y113V39 + Y116V40
+ 7117041 + Y{120,192} Va2 + Yova5 = 0,

p(1;4)(§) = 72U1 + Y{17,127} V2 T V{19,131,199} U3 + Y25U5 + Y2706 + V{29,138,148} V7
+ V(31,1481 V8 + (33,140,205} V9 + Y39V11 + Y41V12 + V{43,154} V13
+ Y415 + Y62V17 + V64V18 + V{66,161,178} V19 T V{68,178} V20
+ Y{70,163,212} V21 + Y75V23 + Y{77,184} V24 + Y83V26 + Y85V27
+ Y{87,167,184} V28 + Y91V30 + Yo5U32 + Y107VU35 + Y109V36
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+ Y{111,101} V37 + Y115V39 + Y119V41 + Y8V4a4 = 0,

P(1:5)(0) = Y{16,126,108} V1 + {18,130} V2 + V1V3 + V{24,137,204} V4 + V{26,147} V5

+ V{28,139,147} V6 + Y30U7 + Y328 + V{38,153} V10 + Y40V11 + Ya2V12
+ Y3V14 + Y{61,160,211}V16 T V{63,177}V17 + V{65,162,177} V18 T Y67V19
+ Y69V20 + V{74,183} V22 + Y7623 + V{82,166,183} V25 T V84V26

+ Y86V27 + Y90V29 + Y9431 + V{106,190} V34 T Y108V35 + Y110V36

+ V114038 + V118040 + Y7v43 = 0.

By computing from above relations we have

v =0 for t € Ly, vy = vy for (u,v) € My, (3.2)

where Ly = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 20, 21, 22, 23, 25, 27,
30, 32, 39, 40, 41, 42, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57,
58, 59, 60, 62, 64, 67, 69, 71, 72, 73, 75, 76, 78, 79, 80, 81, 83, 84, 85,
86, 90, 91, 94, 95, 99, 103, 104, 107, 108, 109, 110, 112, 113, 114, 115,
116, 117, 118, 119, 121, 122, 123} and M; = {(17,127), (18,130), (26,147),
(31,148), (34,141), (35,142), (36,143), (37,144), (38,153), (43,154), (63,177),
(68,178), (74,183), (77,184), (92,185), (93,186), (97,169), (98,170), (100,171),
(101,172), (102,173), (105,174), (106,190), (111,191), (120,192)}.

By applying the homomorphisms p(a.,), u = 3,4,5 to (3.1) and using (3.2),

we obtain

P(2:3)(0) = Y{34,073V10 + (35,98} V11 + V36V12 + V{37,100} V13 + V{44,02} V14

+ V{45,931 V15 + V134V22 + V135V23 + V136V24 + V{34,97} V25
+ V{35,981 V26 + Y36V27 + V{37,100} V28 + Y{101,151,164,181} V29
+ Y{102,152,165,182} V30 1 {92,155} V31 + 7V{93,156} V32

+ 7{105,120,159,168,189,195} V33 + 7202038 1 7Y203V39 + Y206V40
+ Y207V41 + Y{210,213} Va2 + V15045 = 0,

P(2;4)(9) = Y{17,97}V2 + ¥{19,68}V3 T+ {29,101} V7 + Y31V8 + V{33,77,102} V9

+ {43,105} V13 + V125017 + V{17,973 V18 + 7{98,129,161,176} V19

+ 7{68,1313V20 + Y{100,111,133,163,180,194} V21 + Y{101,138} V23

+ Y{77,102,140} V24 + Y146V26 t V31V27 + Y{150,167,188} V28

+ {43,105} V30 + Y158V32 + Y197V35 + Y199V36 + V{201,212,215} V37
+ Y205v39 + Y209v41 + Y14v44 = 0,

P(2:5)(0) = V{16,63,98) V1 + V(18,1001 V2 + V{24,74,101} V4 + Y26U5 + V{28,102} V6

+ Y{38,105}V10 T ¥{97,106,124,160,175,193} V16 + V{63,98,126} V17
+ Y{128,162,179} V18 + {18,100} V19 + Y132V20 + VY{74,101,137} V22
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+ {102,139} V23 + V{145,166,187} V25 + Y26V26 1 Y149V27
+ V(38,1051 V29 + Y157V31 + V{196,211,214} V34 + Y198V35 + Y200V36
+ 7204038 + Y208v40 + Y1343 = 0.

Computing from the above equalities gives

v =0 for t € La, v, =, for (u,v) € My, (3.3)

where Lo = {13, 14, 15, 26, 31, 36, 125, 132, 134, 135, 136, 143, 146,
147, 148, 149, 157, 158, 197, 198, 199, 200, 202, 203, 204, 205, 206, 207,
208, 209} and My = {(16,126), (17,34), (17,97), (18,37), (18,100), (19,68),
(19,131), (24,137), (28,102), (28,139), (29,101), (29,138), (33,140), (35,98),
(38,43), (38,105), (44,92), (44,155), (45,93), (45,156), (210,213)}.

Applying the homomorphisms p;,;), 3 <7 < j <5 to and using the

relations (3.2)), (3.3)) give

P(3:4)(0) = Y{10,443V3 + V{66,88) V7 + V{19,44} V8 T V{45,70,77,87,89,96} V9

+ Y{111,120}V13 + V{29,35,129,151} V19 + V{19,44} V20

+ 7{18,33,38,45,133,150,152,159} V21 T Y{161,164} V23 + V{163,165,167,168} V24
+ Y{176,181}V26 1 V{19,443 V27 + V{45,77,180,182,188,189} V28 + {111,120} V30
+ V{194,195} V32 + V{201,210} V37 + V{210,212} V39 + Y215V41 = 0,

P(3;5)(0) = V{16,35,45)V1 + V{44,61,74,82,88,96} V4 + V{45,63} U5 + V{65,89} V6

+ Y{106,120} V10 + V{17,24,38,44,124,145,151,159} V16 + V{16,35,45} V17

+ (28,128,152} V18 + Y{160,164,166,168} V22 + V{162,165} V23

+ Y{44,74,175,181,187,189} V25 T V{45,63} V26 1 Y{179,182} V27 + Y{106,120} V29
+ {193,195} V31 + V{196,210} U34 + Y¥{210,211} V38 + Y214v40 = 0,

P(4;5)(9) = 7{24,28,29,33}V1 + 7{19,61,63,65,66,70} V4 + V{74,773 V5 + V{82,871 V6

+ Y{106,1113V10 + V{16,17,18,19,124,128,129,133} V16 + V{24,28,29,33} V17

+ Y{145,150} V18 + Y{160,161,162,163} V22 + V{166,167} V23

+ Y{19,63,175,176,179,180} V25 + Y{74,77}V26 + Y{187,188} V27 + {106,111} V29
+ {193,194} V31 + V{196,201} V34 + Y{211,212} V38 T+ V{214,215} V40 = 0.

From these equalities it implies

Yo14 = Y215 = 0 and v, = 7, for (u,v) € Ms, (3.4)

where My = {(19,44), (45,63), (65,39), (66,88), (74,77), (82,87), (106,111),
(106,120, (145,150), (161,164), (162,165), (166,167), (176,181), (179,182), (187,188),
(193,194), (193,195), (196,201), (196,210), (196,211), (196,212)}.
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Apply the homomorphisms p(1;(2 3)), P(1;(2,4)) and P(1,(3,4)) to (3.1)) and using
' ) " " to get

P(1;(2,3))(0) = Y17v22 + V35V23 + Y18V24 + Y{19,66,151,161}V20 + V{45,65,152,162} V30
+ Y19V31 + Ya5U32 + Y{96,159,168} V33 T Y176VU38 + Y179V39 + Y19V40

+ YasVa1 + Y189Va2 + Y193va5 = 0,

P(15(2,4)) (0) = V17017 + V{19,66,120,161} V19 + V19V20 + V{70,133,163} V21
+ (28,33} V24 1 Y29V26 + V{28,74,82,145,166} V28 1 V38V32 + Y176VU35
+ Y19V36 + Y180V37 + Y74V39 + Y187V4a1 + Y193Vaa = 0,

P(1;(3,4))(0) = Y1705 + V12007 + Y19U8 + V{133,196} V9 T V{19,151} V11 + V19V12
+ V{145,152} V13 + V{159,196} V15 1+ V¥{19,66,161}V19 T V{70,163,196} V21
+ V{19,161}V23 + Y{163,179,180,196} V24 T V{19,161} V26
+ V{74,82,162,166,179,180} V28 1 ¥{19,66,161} V29
+ Y{45,65,162,166,187,189} V30 T Y{168,187,189,196} V32
+ 196,168,196} V33 T Y106V39 + Y106V41 = 0.

By a direct computation using the above equalities we obtain
Vi = 0 fOI‘j S L4, Vi = Y124 for j S L5, (35)

where Ly = {16, 17, 18, 19, 24, 28, 29, 33, 34, 35, 37, 38, 43, 44, 45, 61,
63, 65, 66, 68, 70, 74, 77, 82, 87, 88, 89, 92, 93, 96, 97, 98, 100, 101,
102, 105, 106, 111, 120, 126, 127, 128, 129, 130, 131, 137, 138, 139, 140,
141, 142, 144, 145, 150, 151, 152, 153, 154, 155, 156, 161, 162, 164, 165,
166, 167, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181,
182, 183, 184, 185, 186, 187, 188, 189, 190, 191, 192, 193, 194, 195} and
Ls = {133, 159, 160, 163, 168, 196, 201, 210, 211, 212, 213}.
Then, 0= Y124 Z]EJ{, w;. By a simple computation we get

P(2:(3,4)) (0) = V124(v24 + V32 + v39 + v41) = 0.

This equality implies that 7124 = 0 and v = 0 for 1 < ¢t < 215. Hence, we get
0= Zlguglo Y(ut215)9u- The proposition is proved. |

Proposition 3.1.2. Set w = (4)](2)|(3), we have

SF5(w) = ([glu),

where the polynomials g11 is explicitly determined in Subsection|5.2

Proof. The proposition is proved by an argument analogous to the one in the
proof of Proposition By a direct computation, we can easily verify that
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P (911) =w 0 for all (4;1) € Ns. Hence, [g11] € SF5(w). The set {[be]o, : 1 <
t < 50} is a basis of QP (w) (see Subsection , hence if 8* € SF5(w), then
we have 0* =, Z1<t<50 ~ibe, where v; € Fy. The leading monomial of g1; is
bso. Hence, we get

0:=0" + 911 = Z by, (3.6)

1<t<49

where v, € Fy, 1 < j <49, and p;.1(0) =, 0 for all (¢;1) € N5.
Let vg, 46 < 5 < 49, be as in Subsection[5.1} Applying p(u:.), 1 < u < v <5,
to (3.6) and using Theorem [2.1.7 give

P:2)(0) =w Y1046 + Y2047 + Y3V48 + Y{34,46) Va9 = 0,
P(133)(0) = Y616 + Y7047 + V(33,43 Vas + Va9 =o 0,

D(1;4) (0) = Ysvas + V{(32,44,47} Va7 + Y1008 + Y12V49 =w 0,
P(1;5) (0) = V{31,45,48,49} V46 T YoVa7 + Y11V48 + V13V4a9 =4 O,
P(2:3)(0) =0 Y14V46 + V15047 + V{37,41,43 46} V48 + V5049 =0 0,
P254)(0) =w Y16va6 + V{36,441 Va7 + V1848 + V26V49 = 0,
P(2;5) (0) = V{35,42,45} V46 T Y17Va7 + Y19V48 + Y27V19 =0 0,
P3:4)(0) =w V20046 + V{39,41,47) Va7 + V23V48 + V28049 = 0,
P(3;5) (0) =, V{38,41,42,48)} V46 T+ V2147 + Y24V48 + Y2949 =, O,
D(4;5) (0) =w V{40,42,49} V46 + Y22va7 + Y2548 + Y30V49 =w 0.

From the above relations we get

vi =0, 1<t <30, v33 = V43, Y34 = V46, V36 = V4d- (3.7)

By applying the homomorphisms p(i;(u,0)), 1 < u < v < 5, to (3.6) and
using (3.7), we get

p(l;(2,3))(§) = V37048 + Ya1va9 =0, 0,
p(1;(2,4))(5) = V{32,34,47) V47 + YarVa9 =4 O,
P(l;(3,4))(5) =w Y{32,33,36,39,41,47} V47 T Y36V48 = 0,

By a direct computation using these equalities we get
v; = 0 for j € {32, 33, 34, 36, 37, 39, 41, 43, 44, 46, 47}, (3.8)

Apply the homomorphisms p(2;(3,5)), P(2;(4,5)) to (3.6) using (3.7), (3.8) to
obtain

p(z;(3,5))(9) =w Y{35,38,42,45} V46 T V{45,48} V48 =w 0,
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p(z;(4,5))(9) =w V{35,40,42,45} V46 T V{45,49} V47 =w 0.

From the above relations we obtain
V45 = Y48 = 7Y49- (3~9)
Apply the homomorphisms p(1;(2,5)), P(1:(3,5))> P(13(4,5)) to (3.6) using (3.7),

, to get

P(1(2,5)) (0) = V35016 + Vazvao = 0,
p(l;(3,5))@) =, Y38V46 + V42048 =u 0,
p(l;(4>5))(9) =, Y40V46 + Ya2va7 =4, 0,

These equalities imply that 1, = 0 for 1 < ¢ < 49. Hence, we get 0* = v2yg11.
The proposition is proved. (Il

Remark 3.1.3.
i) Consider the relation (3.13) at the end of Pages 15 of Phic [I5]:

n = E adm; =, 0
501<5<550

with w = (4,2,3). Here, we use the notations as defined in [I5]. From the
proof of Proposition we see that pg.p(n) =, 0 for all (i;1) € Ns if
and only if v; = 7531 for 531 < j < 550, 7 # 535,540,541,542 and v; = 0
for j € {501,502, ...,530,535,540, 541, 542}. However, in [15], the author says
that from P(u;w) (77) =, 0,1<u<v <5, p(1;(2,4))(7l) =, 0 and p(l;(2,5))(n) =0
he obtains ; = 0 for all 501 < j < 550. Thus, the computations for p.r)(n)
on Page 16 of [I5] are false.

ii) It is not difficult to show that [g11],, is an G Ls-invariant, hence we obtain
dim QPs(w)%Ls > 1. However, in [T5], the author stated that dim Q Ps(w)%ts =
0. Thus, the computations for QPs(w)“L> on Pages 16, 17 of [I5] are false.

By similar computations as presented on the proof of Proposition we
get the following.

Proposition 3.1.4. We have SF5((4)[2](2)) = 0.

3.2 Computation of QPs((4)|(2)[(1)[?)%%s
To prove the main results, we need to use the following homomorphism.

Definition 3.2.1. Recall that Vi = (x1,29,...,2%) C P,. For 1 < j < k.
Define the Fo-linear map p; : Vi, — Vi, by pr(z1) = z1 + @2, pr(x) = x; for
t>1and pj(z;) = zj41,pj(z11) =25, pj(ze) =a fort #4,7+1, 1 <j<k.
The group GLi, = GL(Vy) is generated by p;, 1 < j < k, and the subgroup
is generated by p;, 1 < j <k.
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The linear map p; induces an A-homomorphism of algebras p; : P, — D.
Hence, a class [g]., € QP (w) is an element of QPkGL’“ if and only if p;(g9) = g
for 1 < j < k. It is an element of QPy(w)>* if and only if p;(g) =, g for
1<j<k.

Proposition 3.2.2. We have QP5((4)|(2)|(1)|?)%Ls = 0.
To compute QPs5((4)[(2)[(1)[2)4L> we need the following.
Lemma 3.2.3. We have

QP((WI@IMF)™ = ([hs] : 1 <5 <7,
where the polynomials hs are determined as in Subsection [5.3

Proof. We have Bs((4)[(2)(1)2) = B(@I@I(D?) U{ar : 1 < ¢ < 225},
where the monomials a; are determined as in Subsection [5.1} By using this set
we see that there is a direct summand decompositions of the ¥5-modules

QP (4)|2)I(W)*) S5 (01)] D155 (v2)] D155 (vs, v6, v7)]
D=5 (v23)] D[Es(a)] P M,

where vg, a; are defined as in Subsection and M = ([as] : 16 < t < 225).
By a direct computation, we have

(S5 ()] = (]}, [Ss(v2)]™ = ([ha]),
(S5 (05, v6,07)]7 = ([hs]), [Ss5(w23)]™ = ([ha]),
[Z5(a1)]™® =0, M = ([hs], [he], [h7])-

To illustrate the proofs, we present a proof for the relation [£5(a1)]™® = 0. The
proofs of other cases are carried out by a similar computation.

Note that [X5(a1)] = {[a:] : 1 < t < 15). Suppose h € Ps((4)|(2)|(1)|?) and
[h] € [Z5(a1)]¥s. Then we have h = Ztlil viay. Cnssider the homomorphisms
pj + Ps — Ps as defined in Section [2 with 1 < j < 5. A direct computation
shows

p1(h) +h =q7a1 +ysaz + y7a3 + Ysas + Yoas + Y9a6 + (10,13} @10
+ Y{11,14} @11 + V{12,15}012 + V{10,13} @13 + V{11,14} Q14
+ v{12,15y015 = 0,
p2(h) +h = i3 7103 + Yia,8104 + V(5,101 05 + V{6,111 06 + V(3,7} 07
+ V{4,8}08 T V{9,12} 49 + V{5,10}¢10 T V{6,11}A11 + V{9,12} @12
+ 715013 + 715014 = 0,
p3(h) +h = vyp1,3y01 + Yi2,5102 + V{1,3103 + V{4,6}04 + V{2,505
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+ V{4,6106 T V{8,0108 T V{8,009 + V{11,12} 011 + V{11,12}C12
+ Y{14,15)014 + Y{14,15y015 = 0,

pa(h) +h = y12y01 + V41,2302 + V{3,403 + V(3,41 04 + V{(5,6) @5
+ V{5,6106 + V{7,807 + V{7,808 + V{10,11} 410 + V{10,11}C11
+ 7{13,14}013 + V{13,14y014 = 0.

By computing from the above relations, we get v = 0 for 1 < ¢ < 15. Hence,
h =0 and [Z5(a;)]* = 0. O

Proof of Proposition[3.2.9 Suppose f € QP5((4)[(2)[(1)|?) such that the class
[f] € Ps((4)(2)|(1)[%) %>, Then, [f] € P5((4)|(2)|(1)[)*. By Lemma [3.2.3]

we have
fE Z 'Yshs;

1<s<7

where v € Fo. By computing p5(f) + f in terms of the admissible monomials,
we get

ps(f) + f = v1ia1 + 20125 + 3016 + Y4026 + V50121
+ (2 + v6)ae1 + yrass + other terms = 0.

This equality implies v, = 0 for 1 < s < 7. Hence, [f] = 0. The proposition is
proved. (Il

3.3 Computation of QP5((4)|(2)[(3))¢"s

In this subsection we prove the following.

Proposition 3.3.1. Setw = (4)](2)|(3). Then, we have
QP (@) = ([hwolw)-

Note that h1g = g11. We need the following for the proof of Proposition
B3I

Lemma 3.3.2. We have
QPs (421 = ([hs]w [hola [ho]w)-

Proof. We have Bs(w) = B2(w) U {b; : 1 < t < 50}, where the monomials b,
are determined as in Subsection [5.1] By using this set we see that there is a
direct summand decompositions of the ¥5-modules

QP5(@) = [25(va6) |z D[E5(01)lz PS5 (1),



100 Determination of the fifth Singer algebraic transfer in some degrees

where vy, b; are defined as in Subsection By a direct computation, we
have

[25(046)]™° = ([hslz), [E5(01)]° = ([holw), [S5(b31)]™® = ([hro)w)-

We present a detailed proof for the case [25(b31)]25 = {[h10]z)-
Note that [X5(b31)] = ([b¢] : 31 < t < 50). Suppose h € P5(w) and [h]z €
[Z5(b31)]2°. Then we have h =g 3,04, 7:bs. By a direct computation we have

p1(h) +h =5 v(31,351031 + V{32,36) 032 + V(33,37,461 033 + V{34,46) D34
+ 431,35} 035 + V{32,36) 036 + V{33,34,37} 037 + V4143
+ V47,50 baa + V{42,48,49} 015 + V(34,46} 016+ =z 0,
p2(h) +h =z V(33,343 b33 + V(33,343 034 + V{35,38,41) D35 + V{36,39,41} b36
+ V(37,41 b37 + V{35,37,38} b3s + V{(36,37,391 030 + V{37,41) b1
+ V{43,461 043 + V(44,47 baa + V{45,48}ba5 + V{43,46} D16
+ V{44,47yba7 + V{45,48y bas =5 0,
p3(h) + h =5 V(32,331032 + V{32,331 b33 + V{36,37,461 D36 + V{36,37,46} 037
+ 7{38,40,47) 038 + V{39,503 D39 + V{38,39,40,411 010 + V{41,47,50) D41
+ V{43,44,47,50} 043 + V{41,43,44}0aa + V{39,41,47) Da7 + V{48,40} bag
+ V{48,493 049 + V{39,501 050 =5 0,
pa(h) +h =5 v(31,321031 + V{31,321 032 + V{35,36} 035 + V{35,361 D36
+ (38,30} D38 + (38,30} 039 + V{40,42} 010 + V{40,421 D12
+ V{42,44,45) 044 + V(40,44,45y a5 + V{42,47,48)Da7 + V{40,47,48) bag
+ 7{49,50) ba9 + V{49,503 b50 =z 0.

Computing from the above relations gives v = 0 for t € {37, 40, 41, 42} and
v = 31 for t # 37, 40, 41, 42. Hence, h =gz h1g. The lemma is proved. |

Proof of Proposition[3.3.1 Suppose g € P5(w) and [gz € QPs(@)“L>. Then,
(9] € QPs(w)®s. By Lemma we have

g = vshs + Y9h9 + Y10h10,
where v, € Fo. By computing p5(g) + g in terms of the admissible monomials,
we get
ps(9) + 9 =z (38 +79) (z32305] + w3aiwia? + adwiziad)
s (w3a5aiald + afwfaial + aiwiadel + afagada]
+ b3y + bsa + byz + baa + bss + bz + bag)
+ Y9 (ba + b6 + b7 + bs + by + big + b1y + b1z + bi3
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+ bas + bas 4 bas + bag + bas + bas) =5 0.

This equality implies v = 79 = 0. Hence, [g|z = [h1o]z- The proposition is
proved. O

3.4 Computation of QPs((4)|?(2))%s

In this subsection we prove the following.
Proposition 3.4.1. We have QP5((4)[?|(2))%L> = 0.

Proof. This proposition is proved by the same computations as in the proof of
Proposition We only present here a brief proof.

We have Bs((4)?[(2)) = B2((4)?[(2)) U {e; : 1 < t < 91}, where the
monomials ¢; are determined as in Subsection [5.1] Based on this set we have
a direct summand decomposition of the ¥5-modules

QPs(w") = [S5(ws0)]wr EPIE5(c1)]wr @DIE5(c31)] D[S (cs6)
where w* := (4)|?|(2). By a direct computation we have

[Ds(wso]2 = ([h1lwr)s [Ss(c)]? = ([haz)us),
[S5(es)]o? =0, [B5(es6)]o? = ([h3lwr),
where hi1, hi2, h13 are defined in Subsection |5.3]
Suppose f € Py(w*) and [fly- € QPs(w")7%. Then, [flu- € QPy(w")™.
Hence, we have
[ =w+ y1ha1 + y12h12 + 713ha3,

where v11,712,713 € Fo. By computing p5(f) + f in terms of the admissible
monomials, we get

p5(f) + f =wr 711Ws2 + 712¢4 + 113¢40 + other terms =+ 0.

This equality implies 11 = y12 = 713 = 0. Hence, [f].,~ = 0 and the proposi-
tion is proved. (I

Remark 3.4.2. In [I5], Phic stated on Page 16 that dim V&5 = 1 with
V =0QPF5(4,2,1,1) P QPF5(4,4,2). However, by combining Propositions
and we have V&L5 = (0. Hence, Phiic’s result is false.

3.5 Proof of Theorem [1.2]

We note that by a direct computation we can easily check that p;(p)+p =0
for 1 < j < 5. Hence, [p] € (QP5)Si.
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Suppose f € Ps and [f] € (QPs)S*. By Proposition[3.4.1} [f].- = 0, hence
[flz € QPs(@)%s. By using Proposition we get

f =~hio+ Z V- Ts
z€B((4)1(2)1(1)?)

where 7, 7, € Fa for all z € B((4)|(2)|(1)?). By computing from the relation
p;i(f)+ f =0, we see that p;(f)+ f=0for 1 <j <5 if and only if

f=v(ho+ho)+ D i,

1<t<T

where v; € Fy and

3,..3,.12 3,..5,.10 3,69 3,12 3
ho = T1T2X3X4 X5 + T1 T34 X5 + T1X2X3L 4Ty + T1TaX30, Ty

+ xlxgxgxixg + xlxgmgx?lxg + xw%x;;xix? + xlxgachixéo

+ xlx;’zgxgxg + xla:ga:gx}fxg + xw%x%xiaxg + xlx“;’mgxixg

+ xlxga:gxixg + xlxgxgxixg + wlxgmgxixg + xla:gxgx?lxg

+ x?xﬂ%xix? + x?:@xéxix? + x?xgxgxi:cg + xi’@x%xix%

+ xi’x%xgxixg + w%x%xgx?lmg + xi’xgxgxixg + x%xgxgxia:g.
Note that hg + h1g = p. Since [p] € (QP5)%L5, we get

[ Z vihe] € QP5((4)|(2)|(1)2)GL5'

1<t<7

By using Proposition [3.2.2) we obtain 74 = 0 for 1 < ¢t < 7. The theorem is
proved.

4 Proof of Theorem [1.4]

Recall from [27] that

(QP5)30 = QP5((2)|4) @QP5(2,473a 1) @QP5(47 3,3, 1)'

The set of all admissible monomials of the degree 30 in Ps is explicitly presented
in [26].

The proof of this theorem is carried out by the same argument as presented
in the proof of Theorem So, we only present here some main results of the
proof.
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4.1 Computation of QP;((2)|*)"s and QP5(2,4,3,1)%Ls

In this subsection we explicitly compute QP5((2)[*)¢%s and QP5(2,4,3,1)%%s.
Proposition 4.1.1. We have QPs((2)|*)¢%s = 0.

To compute QP5((2)|*)%%s we need the following.

Lemma 4.1.2. We have
QP(2)1™ = (Ips] : 1< s <9,
where the polynomials ps are determined as in Subsection [5.7.

Proof of Proposition[{.1.1 Suppose f € QPs((2)[*) and [f] € Ps((2)|*)%Ls.
Then, [f] € P5((2)[*)>*. By Lemma[4.1.2] we have

f= > vps,

1<s<9
where v, € Fy for 1 < s < 9. By computing p5(f)+ f in terms of the admissible
monomials, we get
15 14 12,14

ps(f) + f = (m +12)23°25° + (92 + v6)z2w’ 2" + ysadaswyias

3. 410,12 3,212, 12 3 12 2 12
+ Y6l ToT5Ty 5] F YIT1THTEX X5 + YeT1 XT3 T T

+ (2 + ya)w’watt + (v2 + ys) v wyt
+ (95 + 7o) [m2x3 222 t] + other terms = 0.

This equality implies 75 = 0 for 1 < s < 9. Hence, [f] = 0. The proposition is
proved. ([l
Since QP5(2,4,3,1) is an GLs-module of dimension 1, we get the following.

Proposition 4.1.3. We have

QP5(2,4,3,1)L5 = ([a325252521],,), with w = (2,4,3,1).

4.2 Computation of QP;s((4)|(3)]?|(1))%Ls

By a direct computation based on the basis of the space QPs((4)[(3)]?[(1))
as presented in [26] one gets the following result.

Lemma 4.2.1. We have
QPs((H)IB)P1(1) = ([gs)w : 1 < s < 7),

where the polynomials qs, 1 < s < 7, are determined as in Subsection and
w* =(4,3,3,1).
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Proof. We have a direct summand decomposition of the ¥5-modules

QP ((4)3)1(1) = Es(zrz3252)”) @ Ts (afadalal’) P Bs (aialala)?)

6,.7,.15

2.5 7 15 35,615
@E5(x1x2x3x4x5 , T1T5T3T4 T )@25(x1x2m3x4x5 )EBM,

where M is the subspace of QPs5((4)[(3)]?|(1)) spanned by 330 admissible mono-
mials of B (4,3,3,1)\ C as listed in [26, Theorem 3.3.7]. By a direct compu-
tation one gets

s (z1xletei®)®s

1 (lgr)er)
wiadries®)™ = ((go)or)
3

(

(
(ahelelal?™ =0
(

(

™
ot

S5 (vrapagries”, ragaieies’)™ = ((gsle-)
wra5e3edes’) = ([galor)

M = ((g5)wr, [@6]w [q7)w+)

We present the detailed proof for the relation X5 (z1 232532521%)%5 = ([qa]u-)-

We have X5(zir3ziasel®) = ([dio- : 1 < t < 60), where the monomials

dg, 11 < t < 60, are determined as follows:
1. zyzdafalal® 2. masxdePal 3. wpadalaal® 4 xpadafaldal
5. xyxdad®aial 6. mpadzlPalad 7. wpalaiaial® 8. ziafadaltal
9. myaSziPaiad 10, madPriaial 11 zalPadalel 12, xialPalaiald
13. afwodalal® 14 afwonlal®ad 15, adzeaSaial® 16, x3zoalei®al
17. 23wowd®afad 18, afwewd®aSad 19, aadxiaial® 20, azdaiei®al
21. zixdxfadal® 22, xdxdalalbat 23, afxdalPaixd 24, xdxdaxlbalad
25. irdrdaial®  26. x3zdadaltad 27, afxialPadxd 28, adxSagabald
29. 3x5xsxiPaS  30. x3xda3xial® 31, afadadalbad 32, adaladaiald
33. atadasaiPat 34, adadaSwaxl® 35, atalalalbrs  36. atadalPwgad
37. adxdalPariad 38, adadalPaixt  39. adalalPabas  40. adrlPrsaiad
41. 23xldraabad 42, 23alPadaiad 43, xizlPadxfat 44, afxlPaiadxd
45. 23xldrfraxd 46, 23olPaladad AT xdzlPaladat 48 afxliaialxs
49. 2¥Pxox3aial 50, 2PPzox3alad  51. aldxoaladad 52, xitxdxgaiad
53. xiPx3wsalad 54, xlbadadxiad 55, x{Pxdaiadad  56. xlPaixiaiald
57. wida3ada,xd 58, xldadalziad  59. albadaladxt  60. albadadabes.

Suppose f € Ps(w*) and [f],+ € s(

rir3xdari®)*s. Then we have f =,
S0 dy with v, € Fy and pj(f) + f =+ 0, 1 < j < 4.
By a direct computation we get

p1(f) + f =wr v a33d1 + vq2,143d2 + v43,15,251d3 + Yi4a,16,263da + Vi5,171d5
+ V16,18,273d6 + V{7,251 d7 + V(8,261 ds + V{9,273 do + V{10,49}d10
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+ 11,501 d11 + V{2,513 d12 + 41,18y d1s + Yi2,14yd1a + Y3,7,151das
+ 48,161 d16 + V{5,173 17 + V{6,9,18}d18 + Y30d19 + Y31d20
+ y32d21 + v33d22 + Y37d23 + Y3sdaa + Y{7,251d25 + V(8 26} 26
+ vq0,27yd27 + V{40,521 dao + V{a1,53}da1 + V{42 54} da2 + V{43,55) a3
+ V{a4,56)daa + V(45,57 das + V{46,58} da6 + V{a7,50}da7 + V{48,60} das
+ (10,49} a9 + V{11,50}d50 + V{12,51}d51 + V{40,52}d52 + V{41,53}d53
+ V{42,541 d54 + V(43,5555 + V{44,56}d56 + V{45,57}d57 + V{46,58}d5s
+ Y{47,50) 59 + V{48,603 d60 =w= 0,

p2(f) + f =wr v37yd3 + Va,8yda + vi5,103d5 + V6,113 d6 + V3,73 d7 + V{483 ds
+ Ygo,123d9 + V5,103d10 + V{6,113d11 + V{9,121 d12 + V{13,28,30}d13
+ V{14,29,31}d14 + V{15,303 d15 + V{16,311 d16 + V{17,40}d17
+ (18,41} d18 + V{19,25yd19 + V{20,261 d20 + V{21,32,34}d21
+ V{22,33,35)d22 + V{23,42}d23 + V{24,431 d24 + V{19,25)d25
+ (20,26} d26 + V{27,44yd27 + V{13,15,28) D28 + V{14,16,20} d29
+ V{15,301 d30 + V{16,31}d31 + V{21,32,341d32 + V{22,33,35) 33
+ V(36,451 d36 + V(37,46 d37 + V{38,471 d38 + V{30,48}d39 + V{17,40}d10
+ {18,413 da1 + V{23,42}daz + V{24,43)d43 + V{27,44ydaa + V(36,45 d45
+ V(37,46)da6 + V{38,473 da7 + V(39,48 das + V{49,52) D19
+ V{50,53,56) 50 + V{51,56}d51 + V{49,521 d52 + V{50,51,53) 53
+ ¥58d54 + Ys59d55 + V(51,561 d56 =w+ 0,

p3(f) + f =wr 71,3141 + Y2,53de +Y{1,31d3 + V{a,63da + Yi2,51d5 + V{4,616
+ 7z,9yds + V(8,93 do + Y{11,12yd11 + V{11,12)d12 + V{13,15,25} d13
+ {14173 d1a + V(13,15,25yd1s + Y{16,18)d16 + V{14,173 d17 + V{16,181 d18
+ {19,21,323d19 + V{20,231 d20 + V{19,21,30}d21 + V{22,24} do2
+ (20,23 d23 + V{22,24}d24 + V{26,27)d26 + V{26,27}d27 + V{28,34} d2s
+ 7V{29,36)d29 + V{30,32}d30 + V{31,371 d31 + V{30,32) D32 + V{33,38} d33
+ 128,34} d34 + V(35,30 d35 + V{20,361 d36 + V{31,37} 37 + V{33,38} d3s
+ V35,301 39 + V{40,45,46}d40 + V{41,461 da1 T+ V{42,44) 42
+ V{43,47,48) 443 + V{42 44y 44 + V{40,41,45} 45 + V{41,461 16
+ V{43,47,48)da7 + V{50,513 d50 + V{50,511 d51 + V{52,57,58) 52
+ (53,58} d53 + V{54,56} 54 + V{55,59,60} D55 + V{54,56} 56
+ V52,53,57)d57 + V{53,58}d58 + V{55,59,601 59 =w* 0,

pa(f) + [ =we v1,20d1 + vq1,23de + Yg3,43d3 + V3.43da + Yis.61d5 + V5,61 d6
+v(7.8yd7 + Yq7,8yds + Y{10,113d10 + V{10,111 d11 + V{13,14)d13
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+ 13,14y d1a + V{15,163 415 + V{15,161 d16 + V{17,18,273d17
+ Y{17,18,273d18 + V{19,20}d19 + V{19,201 d20 + V{21,22) 21
+ v{21,22)d22 + V{23,24,38)d23 + V{23,24,37}d24 + V{25 26} d25
+ V{25,261 d26 + V{28,20}d2s + V{28,201 d29 + V{30,31}d30 + V{30,31}d31
+ V(32,331 d32 + V(32,33 d33 + V{34,35}d34 + V{34,35} 35 + V{36,30}d36
+ V¢37,38}d37 + V{37,38}d38 + V{36,391 430 + V{40,41,44} d40
+ V{40,41,44)d41 + V{42,43,47yda2 + V{42,43,46)d43 + V{45,48) 45
+ V{46,471 d46 + V{16,473 da7 + V{45 48} d1s + V{49,50} A9 + V{49,50}d50
+ V(52,53,56) 52 + V{52,53,56} 453 T V{54,55,59} 54 T V{54,55,58) 55
+ V{57,603 d57 + V{58,591 d58 + V{58,591 d59 + V{57,60}d60 == 0.
From the above equalities we get 7, = 0 for t € J = {15, 16, 18, 30, 31, 32,

33, 37, 38, 41, 46, 47, 53, 58, 59} and v = 1 for t ¢ J. Hence f =+ qa.
The lemma ia proved. O

Proposition 4.2.2. We have QPs((4)|(3)|?|(1))%s = 0.

Proof. Let h € Ps(w*) such that [h],~ € QPs((4)[(3)[?|(1))¢%s. Then we have
[hox € QPs((4)[(3)]%(1))*>. By Lemma [4.2.1| we have h =, 22:1 G With
Yo € Fo. By a direct computation we get

— 7.7 15 357 15 15 6.7
p5(h) + h =4x V1@2xixjT5° + V250504 T5° + Y3T1Ts T3XLTE

15,3 7 .12 7 14
+ Yax125 x3x4x5 + 75x1x2x3x4x5 + 76x1x2x3x4x5
+fy7x1xgxgx4x5 + other terms =« 0.

This equality implies 7, = 0 for 1 < u < 7. The proposition is proved. (]

4.3 Proof of Theorem [1.4]

It is not difficult to check that p:(q) + ¢ = 0 for 1 < ¢t < 5. Hence,
4] € (QPy)Se.

Suppose g € Ps and [g] € (QP5)GL5 By Proposition 9l(1,3,31) = 0,
hence [g](2,4,3,1) € QP5(2,4,3,1)%%5. By using Proposition 4.1.3}, we get

g =yatadalalal’ + > Wb,
beB((2)4)

where 7, 7, € Fo for all b € B((2)*). By a direct computation, we see that
pt(g) +g=0for 1 <t <5if and only if

f57($1$g$§$4$5 +p0 Z VsDPs;
1<s<9
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where v; € Fs for 1 < s <9, and

2. .14 12 2,312 12
Po = T1T503%4 T5" + X1X53X3T, X5

3,.4,10,.12

3,.2,.12, 12
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2,12 2,132 12

14
+ 2125237045 + L1053 T4 Ty

3,.6,.8, .12 3,.12_2 12

+ L1203, Ty + X1X5X3T, TyT + T1THT3X4 X5 + T1X5X3° Ty,

14, .2 .12
+ 115 X377

3,.5,2.8,.12
+ xixoT30475".

3, 4,10, 12
+ xiT2x 3T, X

6,.8,.1 12 2 12

3 2 3
+ X ToT3T 45" + T T2x3 " THT]

Now, computing from the relation p5(g)+g = 0, we obtain vs = yfor 1 < s < 9.

Then, we have

_ 3.5 6,610
g=7| T1T2T3T4%5

The theorem is proved.

5 Appendix

+ Y P | =

0<s<9

5.1 The admissible monomials of degree 20 in P;

In this subsection we list the needed admissible monomials of degree 20 in
Ps. The elements in BY(20) can easily determined by using the results in [24]

and the relation

v = T1T9x5T L0
Vs = 1‘1%%%%1&3
Vg = {)31.”[:%1‘;,51'4
V13 = $1Ig$§1$4
V17 = xi”mgxgx}lg
V21 = Ii’l‘gl’%sl’;l
Vo5 = wixdw3Tyt
Vg9 = l“;’x;.%'g.’liz
V33 = x§$%5$3$4
V37 = $Z$2$%1$4
Vg1 = III%I‘%I;;
vg5 = r1023w374
V49 = xix%x%xi
Vs3 = x{x%xixz

vy = T Tox !
Ve — xlxgxgx}ll
— 7 11
V10 = T1ToT3Ty
— 15 3
V14 = T1T5° 3Ty
3 5,11
U18 — $1$2$3$4
— 333 13
V29 = £1711‘2£C3I4
— 35,39
V26 = T1TT3T
— 37,9
V3p = {E1£L'2£L'3$4
— 7 11
V34 = T1T2T3Ty
— T3 9
V3g — 221332.7331‘4
— 711
V42 = 1T XT3T4
vg6 = ThrTia]
3737 7
V50 = T1T3T3T4
— 13723
U54 — 11$2x3$4

U3

v

V11
V15
V19
V23
Vot
V31
VU35
VU39
V43
Va7
Us1
Us5

We have B4(20) = {w; : 1 <t < 55}, where

170’ vy = myadwaxld

(Ell'g.’ﬁgfﬂg Vg = xw%x%gazi
= l‘ll‘gxgl'?l V12 = mlxgwga:i
= x1x§5x§x4 Vie = l‘%l‘g.ﬁgl‘}f
= 33:13.732%‘;33?1 V2o = x:{’xgx?xi
= x‘fz%xg:cz VUgy = x%x%x?o@
= zixdafad o = 2ialallay
= 1‘?%%3%3{,6;1 V32 = $:1;{L‘%3$§1'4
= $I$2$§$Z V3 — Z‘Z.’L‘gl'gl‘i
= xe%x%m V4o = xzxgxga:i
= JC%E)QZQI;;IZ V44 = x%5x2x§x4
=z3xd2lal vy = 2ialaiad
= z3zladz] v = 2dalalad
- afafafl

Note that w(w:) = (4)[(2)|(1)|* for 1 < ¢t < 45, w(wy) = (4)[(2)[(3)

for 46 < t < 49 and w(wy)

|BS((H)](2)[(1)?)]

(
|BY(20)| = 275. So, we list only the elements in

= 225, [B3((4)[(2)I(3))]

(4)%|(2) for 50 < t < 55. Hence, we get

20, [B3((4)]?1(2))] = 30 and

B; (20) = B (DI [ B (DI@)13) U B (4)P1(2)).
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B ((4)|(2)](1)[2) = {as = a; : 1 <t < 225}, where

2
1. z1z22325 75

15
15 2

d. T1T2T3° T4 x5
9.x1m§x§5x4x5

13.
17.
21.
25.
29.
33.
37.
41.
45.
49.
53.
o7.
61.
65.
69.
73.
e
81.
85.
89.
93.
97.

101.
105.
109.
113.
117.
121.
125.
129.
133.
137.
141.
145.
149.
153.
157.
161.
165.

x%5x2x3x4x§
6,11
T1T2T3T 4T

Ty7oziaiall

1’1552%%1’?1.%%3

xlxgmgxgxg
3,14

T1X2T3T4 T

1‘133233%1‘}111‘5
l‘lwzl'gl’ifﬂg
1’1$2CB%4(E25E5

xlxgacg,m}f’xg

xlx%xgmx%l

$1$§$§$4$g
I1I§$3I4I%4
T3zl
xlxgzvgm}f’x%

.’171.%'%3?%.’17}13.’135

xlxgaﬁ%x}f%

1‘1$g$§$}111‘5

Ty r3riafad
xlxgxgx?lxg,
x1x§$§2mix5
6 11
T1ToT3T4Ty
$1$g$§$4$2
6,..11
T1ToT3 T4T5
(Ell';.’tgxil'g
xlmgxgxgxg,
$1$5$§ZE2$5
14 3
T1T5 X3T4T5
r3zoxzriat?
x:{’xgxg:nfixg

CE?‘TQ.’E;),{L'}LZL(EE,

$‘;’$2$g$4$é2
x%x2x§x4xél

x?xgxguxéo

3 5.9 ,.2
xéxgx%%xg
T1X2X3X4T5
$?$2$é3$4$§

rirdrsriad

rirdriadzs

=
2. ziT2737,° %5

15,.2

15,.2

6. T1T273°T5T5

10.
14.
18.
22.
26.
30.
34.
38.
42.
46.
50.
54.
58.
62.
66.
70.
74.
78.
82.
86.
90.
94.
98.

102.
106.
110.
114.
118.
122.
126.
130.
134.
138.
142.
146.
150.
154.
158.
162.
166.

$1$%5.’133.T4$g
15 2
T T2X3T4T5
7..10
T1T2T3T 4T

zlxgx:%;dxg

$11’2.’E%!Ei$%2

:Elxgxg:leg
6 11
T1T2T3T4T5

$11‘2$§Z‘4I%0

1'11’2151'21%

$1$§$3$i$%3

$11‘%£L‘§(E41‘%3

Ty r3ririad

$1$%£§$Z$5

zlxgxg:rixég’

(Ell'%.’ﬂgxgl’g
$1$§$3$}L4$5

$1$§$§$4$é2

l‘ll‘g.ﬁgl‘zll‘%l

a:la:gxg:uxéo

Ty r3rdadr?

ra3xlrgad

$1$§$é3$4$g
xlxgxgximg
.13133327%132])5
I1I5I3I4Ié0

xlxgxg,x?lm%

xlac;xgbmmg
.’1)’11‘5.’1?856‘4.%‘%

$1$%4$3$2$5
CE%J?QJC&T%I%Q
.Z:{’I'ng.’ﬂzwg

30 22 213
T{T2XZT4T

3 3.4 ..9
.T11‘2$3.T4$5
3 5,.10
TIT2X3T, X5
$?$2$§x§1$5
3 13,.2
Phatgatas
x11‘2x3$4l‘5
v3rdrdwyad

3.x1x2x§x4x5

15

2 15

7. T1X5T3T4 T

11.
15.
19.
23.
27.
31.
35.
39.
43.
47.
51.
55.
59.
63.
67.
71.
75.
79.
83.
87.
91.
95.
99.

103.
107.
111.
115.
119.
123.
127.
131.
135.
139.
143.
147.
151.
155.
159.
163.
167.

$1$%5$3$i$5

.13%5.13233‘%1‘4.135

$1$2I3$}14$g

r1z0m3T 303

.’E1$2£E§.’E3$%1

xlxgxga:}fxg
xlxgxgximg
xla:gxgmia:g
Illﬂgl’gfﬂ}loxg,

xlxgmg,xixél

$1$%$%3$4$g

I1I§I3I2I%2

xlxgxngmg

ry3rdrwid

Tir3Tiria?

T1T3TiTI T
T T3riiey
rizirdzilas
x1x§m§x§x5
rzsridaias

xlxgxgximg

331.733],‘%334.73%

xlxgxgxﬁxg

1'1.’[;1'31'41101'5
legxgil'ifﬂf,

.13131‘5.%‘%.7333’35

.731.73%4.13%334@‘5
r3zowariri!
r3zomaTi?ad
r3zexiaia?
r3roxiziad
r3roxialad
r3roxiriad

3 6 9
TIT2X3T4T

3 12 3
TIX2X37 T4 Ty
1‘?1’2{)3%4{,641'5

x:{’m%xgx}l?%

r3rixdatas

.
4. zyz0137i005

2 15

8. 2125T3T4°T5

12.
16.
20.
24.
28.
32.
36.
40.
44.
48.
52.
56.
60.
64.
68.
72.
76.
80.
84.
88.
92.
96.

100.
104.
108.
112.
116.
120.
124.
128.
132.
136.
140.
144.
148.
152.
156.
160.
164.
168.

$1$L‘55$§$4$5

331.1321‘333233%4

1‘1:521‘%3721‘%3

T1Tow3T T

xlxgxgxixéo

.1‘15(}2{1}31'}131‘%
xlxgxgxixg

xlxgachimg

1‘15821’:1)’41'41’§

1’1.’[%1’31’1.%%

1‘11‘%%%1&31‘5
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169.
173.
177.
181.
185.
189.
193.
197.
201.
205.
209.
213.
217.
221.
225.

We have By (4,2,3) = {b; : 1

x?m§x3x4x%1
$§$§$§$2$5
x%xgxgxixg

r3rdadraxd
r3rdairyad
3x5xilryxs

$%$%3$3$4$§

7 2,.9
$1x2$31‘4$5

7 10
T1T2X3T Ty

7 3...8
z%x2x8z3x5
$%$§$g$4$5
$1m2$3$41‘5
$%$%$g$4$g
$§$%2$§$4$5

7292
T1TT3T4T5

2.5 .57
1. zyxix3228
5. x]zor3zia?

3..5..7

9. zyxHTRTLTS
13.
17.
21.
25.
29.
33.
37.
41.
45.
49.

Ty rsririas
3rozialad
rixdrsrliad
rixlririad
wladrsaied
T3S}
r3xroxSada?
r3xdriada?
rixdririad

I

170.
174.
178.
182.
186.
190.
194.
198.
202.
206.
210.
214.
218.
222.

2. xyw3zialad
7

r3zdra3ric)
x§x§x§1x4x5
rizdwaada?
rixdrialrs
r3zdaSadas
r3zlrsryad

3..13 2
.’L'l:EQ $3$4$5
megxgxixg

$Z$2$§$4Ig

7o 0B, 23
T{L2TGLATE

7 10
x%xgmg $4§5
T1ToX3T4T
$§$§$g$2$5

$Z$§$3£4$§

5

6. r1w3raiwl

10.
14.
18.
22.
26.
30.
34.
38.
42.
46.
50.

Ty r3ririad
r3zomiaial
r3zoxlaiad
rixdxlr,ad
r{zoxizia?
wladafrwd
Ty a§riadad
r3rdzaadal
r3xdaiada?
rixiriada?

GEEE

171.
175.
179.
183.
187.
191.
195.
199.
203.
207.
211.
215.
219.
223.

3. vix3xladad
7 3 4.7
. $1$2$3$4$5

11.
15.
19.
23.
27.
31.
35.
39.
43.
47.

3.4, .11
TIT5T3LL T

x?x%m3x4x%0
r3rdrswir?
r3rdairyad
r3xdadr a?
x?x%x3x§x5
$?$§3$§$4$5
$I$2$3x§$g
$I$2$§$Z$5
xIxngxﬁm5
rirdzaryad
rlrdrsrizs
x?m§2x3x4xg

xzm§x3x§x5

t < 50}, where

5
5
rizdrliaird
r3zomial T}
r3zowliadad
r3zlrsaia?
PO i
Tixyrieiad
r3zowiaial
r3xdwaala?
r3ririria?

riaswiriey

172.
176.
180.
184.
188.
192.
196.
200.
204.
208.
212.

216

7,25
4. xizyriTiT?
8. zix3ziairl

109

x?x%x§x4x2
$?$g$3$2$g
x§x3x3xi0x5

r3zdadaies

3.5,.9,.2

xéx%xgx4x5
T1XQX3X4T5
$I$2$3$4$%
$Z$2$3x2$§
$Z$2$g$4$§
$I$2$§$4$§

7.3 8
T1ToT3T4T5

0

. x3xjwsaied
220.
224.

x§x52x3x2x5

$Z$§$§$4$5

5
7
7 o3 e 25

12.
16.
20.
24.
28.
32.
36.
40.
44.
48.

Ty xlrivia?
3zexiaial
r3xdzaaial
r3xlrsadad
rixdrsxia?
Ty ryriae?
r3zowiala?
r3rdriryal
r3xiriria?

viadageies

Note that these monomials have also been explicitly determined in [I5].

B;(4,472) ={c;: 1 <t <91}, where

1. zy2323x]x]
5. ryaszirial
9. x1xsririal
13.
17.
21.
25.
29.
33.
37.

7
7

7

rixoxdalal
rialrsaia?
{zoxdzial
rlrdrsrial
rlxlrsada?
rya3ririal

ryaSririal

2. myadaladal
6. Tyr3zialc?
10.
14.
18.
22.
26.
30.
34.
38.

7

2

ryxlriala?
ixoxlrial
ixlalr x?
rlzoxiala?
rlrdzaala?
rlxlzdn a?
Ty x3rialed

raSrialed

2,..7,.7
3. T1THT3TLXS

3

7,237
7. T1XHTETITE

11.
15.
19.
23.
27.
31
35.
39.

rizdzlaia?
3oz lala?
Y

T oo il 2.3
T{L2TLXTITE

7037 0 2
T{THTLLATE

3.3 1.6 .7

. .%'1:62.%'3.%'4:65

riz3wiariad

R e

4. ryxirdxial
8. wyzlrdxiad
12.
16.
20.
24.
28.
32.
36.
40.

7

3

ryxlzliarde?
rixlrsxial
wlxoadalad
rlzonlaia?
rlxlrsxia?
ryr3rialal
ryr3riala?

rasriaied
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41. zyaledalad 42, zyalaladad 43, 2dwaxdalal 44, adwoxdalal
45. x3woa§aial 46, xiwoaSalad AT, wdzoalaixl  48. xdwoxlalad
49. x3z3xsabal  50. 2dadraalal 51, afadalraxl  52. adalrzadal
53. ixlzsxbad 54, adxladryal 55, alwgxdxial 56, alxgziafad
57. alxqaSaiad 58, alxdzzxiaxl 59, ladzzxbad 60, 2ladzdral
61. z3xdziadal 62, 2ixdziala? 63, xiadalaia? 64, aixdaiadal

65. x3rdadalad  66. xiadyiaial 67 afxdadzia?  68. xiadalaad

69. z3x5zlriz? 70, pdxladata? 7L 2laladadxd 72, alaladadxd
73. m{x%x%mix% 74. lx3xfadxd 75 xzmgxgxixg 76. zir3ririal
77. pirdadalad 78, pdxdaiadal 79, adadxialad 80 2dadaladad
81. zixdalotad 82, adaladxdat 83, adaladxiad 84, aladadxdal
85. xlxdxiwiad  86. xiadadafal 87, wfxdafaixl  88. adwdadala?d
89. adxdaiwial  90. adadadalad 91, afadaSaiad
5.2 A basis of the space (SF’5)q
We have (SF5)20 = ([pu) : 1 < u < 11), where
3,14 14,3 6,.3..9 6,.9..3
g1 = T1T2T3T4 X5 + T1T2X3X,4 Ty + T1T2X3XT Ty + L1T2T3T 4Ty
6. .39 6. .9.3 3 3,12 3 5 .10
+ T1X5T3X4T5 + T1THXITHXTE + TIX2T3TLT5" + TIX2T3T4T5
3 6,.9 3 12,3 3, 4.3 9 3. 4,93
+ T]X2T3X4T5 + X7T2X3L, Ty + X7T2X3T Ty + T{T2L 3T,y
3,4, 3.9 3,4 .93
+ TIXT3X YTy + XTI THX3TL T,
3., .14 3,12 .3 14, .3 6.3, .9
g2 = X1T2T3T4%5 + T1T2X3X4 L5 + T1ToX3 T4Ty + T1ToX3L4T5
6.9, .3 3, 3, .12 3, 3,49 3. 5. .10
+ X1 ToT30405 + XTX2X3T4T5° + X]X2T3T4T5 + T]X2X3L4T 5
3. .5.8.3 3. 6. .9 3. .12 .3 3,43 .9
+ X ToT3T4 Xy + X]X2X3T4T5 + T]X2X3°T4Ty + TIXX3L4 Ty
3,49 3

+ T1TT3T4Ts,

g3 = xlxgxga:i’a:%Q + xlxgxga:i‘l% + x1x2$§4xix5 + xla:gxgx?lm
+ xlxgxgxixg) + x‘;’xgxgacixg + m?xgxgx}fxg, + m?xgxgwixg
+ I?IQIinO$5 + x?IQIgIZI{S + zi’xgx§2xim5 + z‘i’xéx%zz%
+ x?x%x%xim,

g4 = xlxgxgmx})‘l + :clxgxgm?xg’ + xlxgxészcg’ + x1x§4x3x4x§’
+ x?xgxgmx? + x?xgxngxg + xi’x%xémw? + x?xgxgxixg
+ x?xgacgmixg + x‘;’mgxgmxg + m?xgxguxg + x?x%%guxg,

g5 = xlmgxgxizéz + xlmgxgxi‘la:g; + xw%x?wixs + xlz%41:3x2335

3,3, .58 3,.3 12 3,349 3,5, 3.8
+ x]T5T30405 + X7X5X3T,° X5 + XTXT3T4T5 + T{XX3L YTy

3.5 9.2 3,.5..2..9 3,.5.8.3 3,12 . .3
+ X1ToT3X T + TITX3TY X5 + TITTZT Ty + T Ty~ T3Xy T,

3,.3 12 3,..3,.12 3,14 14,3
g6 = T1X5T32405" + T1ToT30,4 T + T1T5T3 T4Ts + T1Ty T3T4T5
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3,35, .8 3,.3,.5.8 3,.3,.12 35,3, .8
+ TIXT3X4T5 + XYTHX3T4XT5 + TIXHT3" T4X5 + TIToT3X4 T

3,538 3,59, .2 3,592 3,.12,.3
+ TIXT3X4T5 + X7THX3L4XE + TITT3X4T5 + 7L L3042 5,

14 12 12 12
g7 = x?m2x3x4z5 + x?z2x3x4 xg’ + x?z2x3 x43:§ + x?zQ m3x43:g’

+ $I$2$3.’L‘4$‘})0 + xzxgxgﬂcimg + a:{xgxgmxg + xischgmscg,
gs = $§$2$3$§$%2 + xi’mxg:c}fxg) + :ci’xQx%Q:ri% + xi’x%zxga:i%
+ xzxgxgxixg + Z‘Il‘gxgl‘iol‘t’, + x{xgxgxi% + xzxgmgxixg,,
go = xi’xgxgux? + xi’xgxgxfmg, + x?x2x§4x4m5 + xi’x%zxgmxg,
+ xzmgxgmmg + xzxgxgxixg, + $Z$2$§0$41‘5 -+ xzxga:gmm&

3,.3 12 3,.3 12 3,.3..12 3,.13 2
J10 = T1THX3T4X5" + TTTHX3T, " T5 + XTITHX3 T4X5 + 7L L3T4X5
3,13 .. .2 3,132 7.3 8 7.3, .8
+ XL X3X,T5 + TITFX3L4T5 + T ToX3T4 Ly + L1 ToT3T 4 X5
7,.3,.8 7.9 2 7.9, 2 7,.9,.2
+ X1 T5T304%5 + X1 XT3T4T5 + L1 XX3TYT5 + T ToX3X4T 5,

3,.5,5,6 3,565 3,.6,.5,5 6,.3,.5.5
g11 = L1T5X3T 1T + T1X5T3T4T5 + T1ToT3T4T5 + T1T9L3T4 Ty

3. .5..5..6 3, ,.5.6.5 3,5, 5.6 3,5, .65
+ X ToT3X 4Ty + XTX2T3T4T 5 + XTI XXIL, Ty + TITHX3T 4T

33,455 3,.3,5..4.5 3,.3,5.5,.4 3,.4,3.5.5
+ 2T5T304 X5 + XTXT3T 4T85 + TIX3X3L 4Ty + T{ToX3X4 Ty

3.5.3,4.5 3,535 4 3,553 4 3,554 3
+ TIXT3X,4 Ty + TYTHXZ3T 45 + TIToT3T YTy + XY ToX3T 4Ty

5.3 Xs-invariants of degree 20
QP ((MI@)IW)*)™ = ([he] : 1 <t < 7), where

15,.3 3,.15 15 3 15,.3 3 15
hi = LT3, Ty + ToT3T4X5 + ToX3  Taly + LT3 Tyxs5 + LoT3T425
3,.15 15 3 15 3 15,.3 3 15
+ XoT3T,4 X5 + X3TX3X4TE + X3 X3XL X5 + Ty T3X4X5 + X3T3T4T5

3, 15 3,15 15,3 3,15 15, .3
+ 5037, X5 + XT3 X4 X5 + X1T3T, X5 + T1X3TLT5 + T1X3 T4Xy

15,.3 3 15 3,.15 15,.3 3,.15
+ 2123745 + T1T3T405° + X1T3T, s + T1ToTy Ty + T1ToT Ty

15,.3 15,.3 3,15 3,15 15, .3
+ T1To3" X5 + X1T2T3° Xy + X1T2T3T5" + X1X2T3T, + X1X5 T4xy

15,3 15, .3 15 3 15,3 15 .3
+ L1257 X5 + 1T X3xy + T1T5 X3, + 1T T35 + XXy T3X4

3 15 3,15 3 15 3 15 3,.15
+ 1250425 + X125, s + X1T5T3T5° + X1X5T3T, + X1X5T3° X5

3,.15 15 3 15,. .3 15,.3 15 3
+ zix5es’ e + 20 r3Taxs + w03y xs + o7 23T4x5 + 27 ToT4TE

15, ,.3 15 3 15 3 15, ,.3 15,, .3
+ 1" ToxyTs + X X2T3Xy + T T2X3Ty + X X2T3X5 + T TaX3T4

15,.3 15,.3 15,.3 3 15 3 15
+ 217252425 + X7 X5T3X5 + T THX3T4 + XTT3X4TET + TIX3TL T

1 1 1 1 1
+ x?x35$4m5 + z‘;’xgx4z55 + 5[3:’1))1?2$451'5 + x?x2z3x55 + z‘;’xgxga:f’

3, .15 3. .15 3,.15 3,15 3,15
+ X1{Tox3 X5 + X T2T3 Xy + XX X4X5 + XT7XS"X3X5 + XT3 T3X4,

7,11 7 11 7,11 7 11 7 11
hoy = ToX3T X5 + ToT3X4X5 + ToT3Ty T + LoT3T4X5 + LoT3Ty T

7,11 711 7. .11 711 711
+ ToT3 Xax5 + X1T3T4T5 + T1T3T4T5 + T1T3T4 T5 + T1T2T,4T5
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7,11 7,11 7. .11 7,11 7. 11
+ T1X2T3X5 + X1T2X3Ty + T1X5T4X5 + T1ToXy Ts + T1X5T3T5

7,11 7 11 7,11 7 11 7 11
+ 212523 T5 + X1T5X3T, + T1X5T3 Ty + X1 T3X4T5 + T1X3TL T

7,11 7 11 7. .11 7 11 7,11
+ T1T3 X4x5 + X1 T2T4T5 + T T2y T5 + T{X2T3T5 + XLy T4xs

7 11 7..11 7 11 70 11 7..11
+ X1ToT3 X5 + X1 Ty X3X5 + X1 T2T3T, + X1X2T3 T4 + XT3 T3X4,

3,.13,.3 3,.3,.13 3, ~13,3 3, 3,13 3,13, .3
h3 = Tax5324 Ty + T2x5x3T5” + THT3x,° Ty + XT3 X" + THx3" T4 Xy

3,133 3.3, .13 3,.3,.13 3,133 3,.3,.13
+ 2523745 + XT30405° + XHT3T,° X5 + T1T3T,4° X5 + X1T3T, Ty

3,133 3,.3,.13 3,133 3,133 3,.3,.13
+ 21252,°T5 + 212523257 + 125237 T5 + 125037 T, + T1X5T30

3,313 3, ..13.3 3, .3..13 3,13 . 3 3,133
+ 21250320, + XT3, x5 + X7T3TLT5T + 7T x4Xy + X7X3 T4 X5

3,3, .13 3,.3,.13 3,. 13,3 3, 3,13 3, ..13.3
+ xir30475" + X723T,° x5 + X7ToTy X5 + X7X2T4T5” + X7 X2T3° Xy

3 13,.3 3. .3.13 3,13 .. .3 3,133 3,13, .3
+ XT3 Xy + X7 T2x3T5" + XL X4X5 + TTXF T X5 + XTXF°T3Xy

3, 3,13 3,13, .3 3,133 3,133 3.3, .13
+ x1Tox3x,” + XT3 X3Ty + XT3 X3T5 + XL X34 + X T5T4 X5

3,.3,.13 3.3 13 3.3 13 3,.3,.13 3,.3,.13
+ 27T, x5 + x7T523057 + X7THT3T,7 + X7XHT37 x5 + XTXT37 X,

7..3,.9 7..9,.3 7 3,.9 7 9,3 7.3, .9
+ XoT3T X5 + XoX3Xy Ty + ToT3T Xy + ToX3TYT5 + ToX3X4T

7,.3,.9 7.9, .3 7,.9,.3 7,.3,.9 7,.9,.3
+ ToT304X5 + XLoX3X4T5 + ToT3T x5 + XL1X3T4T5 + T1 T304 X5

7..3,.9 7..9,..3 7..3,.9 7..3,..9 79,3
+ L1ToT x5 + X1XXy Ty + T1ToX305 + T1XoT3T, + T1ToX3Ts

7,.9,.3 7 3,.9 7 9,3 7.3, .9 7,.3,.9
+ Z1ToT32 + X1 X3XY Ty + T1T3T4 X5 + X1 X3T4T5 + T{T3X4X5

7,9, .3 7..9..3 7 e 23,9 7 9.3 7 3.9
+ L1T3T405 + X1 X3XYT5 + T1ToX Xy + T1X2TyT5 + T{T2X3Ly

7 n3,.9 7 09,3 7 09,3 7.3, .9 7..3,.9
+ X1 ToT3Xy + X1 X2X3T5 + T1T2X3Xy + T1X53T4T5 + T T4 X5

7.3, 2.9 7.3, .9 7..3,.9 7.,.3,.9 7.9, .3
+ 21252305 + T1X5T3X, + T1XLT3X5 + T1XT3X4 + T1XT4XE

7..9.3 7.9, .3 7.9, .3 7.9..3 7..9..3
+ X1 ToT x5 + X1 XX3Ty + T1ToX3X, + T1XoT3T5 + T T3y,

3,.3,..5..9 3,.5,.3,.9 3,593 3,359 3,.5,.3,.9
hy = X523T3Ts + THX3T4TE + THLT3TYTE + TITRTLT5 + T]TRTH T

3,.5.9.3 3,.3,.5..9 3,.3,.5..9 3,.3,.5..9 3,.5..3..9
+ TIT3T4X5 + X]X3X4 Ty + TITHX305 + TTXT3T, + TIToX Ty

35,93, .35239, 3539, 3593, 3593
T X{TTy Ty + X{TT3T5 + TIToT3Xy + T1TT3T5 + T XT3y,

3,.14 6,.11 7,10 14,3
hs = T1X2L3T4 L5 + T1X2X3T4X5 + T1T2X3T4X5 + T1T2X3T4 Ty
3 14 3,.14 6 11 6,11

+ T1ToT3X4X5" + T1T2X3X, T + T1T2X3X4T5" + T1T2X3Xy, Ty

7 10 7,.10 14 3 14,3
+ T1ToT3X4X5 + T1T2X3X4 T + T1T2X3 T4Ty + T1T2X3 Ty4Ts

3 14 3 14 3. .14 6 11
+ L1T5T304%5" + T1X503%,4 T + T1T5X3 T4Ts + T1X5X3L4T5

6 11 6, .11 7 10 7 10
+ Z1ToT3%4 T5 + T1ToX3 T4Ts + T1ToX3X4T5 + T1ToX3T, Ts

7..10 14 3 14 3 14,3
+ T1ToT3 TyT5 + T1T5 T3TL4TE + T1 Ty LITHT5 + T1 Ty T3T4T5

3 4,11 3 7.8 3. 4. 11 3. 411
+ X]{ToT3X 45" + T{T2X3X4 X5 + T{T2T3X4X5 + T{T2T3X4 Ts

3 T 8 3, 7.8 3,4 11 3,4, .11
+ TIX2T3X4T5 + X{T2X3T4T5 + TIXoL3T4X5 + T1ToX3T, Ty

4,11 7 7 7
+ x?x2z3 T4T5 + x?xzzgasﬂg + xi’xgx;},zim + x?xzzguxs
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7 3.8 7 8,.3 7 3,0 28 7 3,8
+ L1 ToT3X Xy + X1 X2T3T4XTy + X1 X2X3T4T5 + T{T2X3L4T5
7 800 23 7. 8.3 7.3 8 7.3, .8
+ T1X2T3X4T5 + X1 T2X3TLT5 + T1T5L3T4L5 + T1XHT3X4T5
+ xzxgzguxs + x{xgxguxg + xeSzgxixs + x{:z:gxgux&

6,.11 7..10 6 11 6,.11
he = T1T2X3X4 X5 + T1T2X3X 4Ty + T1X2X3X4T5 + X1X2X3T, X5

7 10 7..10 6 11 6 11
+ L1ToT3X4X5 + T1T2X3X4 T5 + T1ToX3L4T5" + T1ToX3Ly, Ts

6,11 7 10 7 10 7,.10
+ T1ToT3 T4T5 + T1ToT3X4X5 + T1ToX3X, T + T1ToX3 T4Ts

3 14 3 4,11 3 7.8 3 14
+ X7X2T3X4T5" + TIX2T3X, L5 + T{X2T3X4 Ty + T7T2X3T, T

3 4 11 3 4, 11 3 7 8 3 7.8
+ T{ToT3X4X5" + T{T2X3X4 Ty + T{T2X3T4T5 + T T2T3T4 X5

3,. .14 3,4 11 3,4, 11 3,411
+ T1ToT3 X455 + T{ToX3X4X5" + T{ToX3X, T + T{ToX3 T4Ts

3.7 8 3.7, .8 3,.7..8 3,13 2

+ T1ToT304X5 + XTTXT3T4T5 + T]XoX3L4T5 + T1T5 L3TL4Ty
3,13, .2 3,.13,.2 7 10 7 10

+ XT3 X3X,T5 + TITF°X3L4T5 + T T2X3X4 X5 + T T2X3T, Ty
7 010 7.9 2 7.9 .2 7,.9..2

+ LT3 TyT5 + T1ToX3X4X5 + L1 LoT3THXT5 + T ToL3T4T5,

3.3 12 3,12 3 6,.3,.9 6,9, 3
hy = T1T2X3X X5 + T1ToX3X, Ty + T1T2X3X 4Ty + L1T2T3T 4Ly

3, 3,12 3, 12,3 3,3, .12 3,.3,.12
+ Z1T5T3X4 5" + T1X50304 T5 + T1T5X304X5" + L1 0503045

+ xw%z?mx% + xw%z?mim + xlxgzga:ixg + xlxgxgz?lxg
+ xlxgajgmxg + xlxgx§x2x5 + mlxgmgmxg + xlachgxi%
+ £L’?$2$33’]i$€é0 + a:?:chng:cg + xifxgxgxﬁxg + I’?l’giﬂgﬂfi%g
+ x?xgxéxi’xg + w:{’xgxéxiacg + xi’xgxgmxéo + xi’xgxgacixg
+ x?xgzvgmixg + xi’xgxgx}loxs + xi’xgxgmxg + xi’xgxgx?lxg,
+ x?x%zgazix? + xi’m%xg:cixg + x?x;’mguxg + x‘i’x%x%xi%
+ x?x%mgmxg + xi’xgxgxixg) + xi’x%mgxixg + xi’x%xgx?lxg
+ x?xéx%mm? + x?z%x%xz% + x?x%m%mx? + xi’z%x%xi:&
+ x?xgxgxixg + x:fxgxgximg + xi’xgxgxixg + x?xgxgx?lxg
+ x?xéx%mx? + xi’xgmgx?l% + x?xix%mx? + xi’x%x%xixg,
+ x?xga:guxg + m‘;’a:gxgmi’xg, + x?xgxguxg + xi’x%x%xixg,.
QPs((1)[(2)[(3)™ = ([lu]z : 8 <t < 10), where & = (4)[(2)|(3) and

3,.5,.5,.7 3,.5,.7,.5 3,.7,.5.5 7.3,.5..5 3,.5,.5,.7
hs = T5X3T3X5 + THX3THX2 + THXZTLXE + THX3TL T8 + TTX3T4T5

3,.5,.7,.5 37,55 3,.5,.5..7 3,575 3,.5..5..7
+ i X324y + TIX3T,TE + TIXT, Ty + TIXT 4Ty + TITT 3Ty
+ m‘;’xgxgmz + z?xgxgmg + x?xgmgxi + x?x;ajixg + x?xgxgxg
3,.7,5..5 7,.3,5,.5 7,.3,5..5 7..3,.5..5 7..3,.5..5
+ XITT3Ty + TN T3y L5 + T1TT4 Ty + T XT3T5 + T TRT 3Ty,

2,.5..5..7 2,.5.7.5 27,55 7,255
hg = 2123232, T5 + T1T523T4T5 + T1T5T3T4 L5 + T1ToT53L4T8

7 n2,,5,.5 3,457 3,.4,7.5 3,.5,.4..7
+ X XoT3T 4Ty + X1X3X3T4 Ty + T1X5X3X4T5 + T1T5T30,4 T
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4 4 4 4
+ xlxgxgxz% + xw%x%mm? + xlxgxgxi% + xlx;x§x4x§

7.3.5. 4 3. 4,57 3, 475 3. 547
+ T1X5T3T4 L5 + X7T2X3L 4Ty + TIT2X3T4 X5 + TIL2X3L 4Ty

4 4 7,54 4
+ zi’xgxgzz% + a:gfxga:gx‘lxg + m§x2x3mix5 + x?xgzga:ﬂg

3,5, .74 3,57, 4 3,7 4.5 3,70 B4
+ X7T5T3T 45 + X]XX3T4T5 + T{XoX3T4T5 + T{ToT3X 4T
3,75, .4 7 3245 7 3,54 7.3, 4.5
+ TIXT3T4Ty + T T2X3T4T5 + T{T2TZTH L5 + T THT3L LT
7.3 5.4 73,5, 4
+ X1 X5T3T4T5 + T X5X3T4 T,

3.5.5 .6 3,565 3655 6..3..5,.5
hio = T125T3T, %5 + T1T5T3L4 T + T1THT3TL L5 + T1ToLRT4 Ty

5 5,.6..5 3.5

+ xil)’xgxga:ixg + x?x2x3x4m

5+ m%xgxgxixg +x

6,.5
1L2L3Ly L5

3,.3,4.5.5
+ xir5r30,085 + X

3,.5.3.4.5
+ xixyr30,405 + X

3,.3.5 4.5
1L2X3L4T5

3.5.3.5 4
1L2L3Ly L5

3.3.5 5 4
T X{THTZ3T4T5

3.5 5 3 4
+ T1TT3T T

+:1734355

1L2X3L4T5
3.5.5 4.3

+ XT3 47y

QPs((4)2(2)% = ([he]o- : 11 < t < 13), where w* = (4)[2|(2) and

3,.7,.3,.7

3,.3,.7,.7 7,73 | 7,337
hi1 = 252524 T5 + THT3XTL T

3 73,73
+ T5x3T 42X + ToX3T X5 + ToX3T 42X

3,.7,.7..3 3,.3,.7..7
+ X{T3T4 Ty + TTXX 4T

3,7.7.3 3 7 3.7
T X{TT4 X5 + TITT3T5

7..3..3,.7 7..3..7,.3
+ X1 T3T4T5 + T X342

7.3.3.7, .7.33 7
T X XoW3T5 + T ToT3Ty

7,..3,.3 7..7,3,.3

7
+ mgxgximg + m?x%ximg + x?x;gmixg
3.7.3.7
T X{ToT4 T

3,.7,.7..3
+ x7xoT3Ty

3.3 7.7
T X]THT3T

3.7.7.3
+ 1Ty T3T

+atasaiel
+afajaie]
+afadaiel + aladaia?
+ xzmg’xgxi + xzxgxixg + wzx2x3x5 + x1T9T3Ty,

hig = xw%x%xlx% + xlmgxgxixg + a:lxgxgngvg + xlmgxgxhg
+ xlxgxgxixg + mw%xéwix% + mlxgxgxixg + xlxg;vgngcg
+ zlx;xgzixg + xlx;zngxg + mlx;xgzixg + xlx;zgxixg
+ m%xgxga{xg + x:{’xgxgxixg + mf;@xémlm? + x?xgxgxixg
+ xi’x;mngxg + xi’x;xguxg + x{mx%xix; + x{mx%xixé

+ xzxgxgxixg + xzxga:ngxg + xzxgxgxixg + xzxgxgxi’xg

703, 02,7 703 7 02 7..3,.7 . .2 77 2.3
+ X1 X5T3T4 X5 + X1 X3X3T4T5 + T1T5X3X4T5 + T ToX3X Xy

7.7.3.3
+ X1 T3T4 Ty

7.3.7.3
+ T T3T3T

7,7 2 7,7 2

+ z1x2x3z2x5 + x1x2x3x4x5,
3,3.3,5.6 , 3.3 53 6

hi13 = 2125252 Ts + TITHX3L3 Ty

3,.5.3.6.3 3,.5.6.3.3
+ X7XT3T 4Ty + XTI XX 3Ty T

3.3.5.6.3 , 3.5 3 36
T X{TRXZT4Ts + T TT3T4 X5

5.4 Yjs-invariants of QP5((2)|?)
QP ((DI@I(WP)™ = (fp] -1 < £ < 9), where

15 .15 15 .15 15 .15 15,15 15,15
p1 =23 x5 x50 Fx370 375 2570y
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15 .15 15,15 15 .15 15,15 15,15
+ 3 r3” ey ey ey g,

- 14,15 15,14 15,. .14 14,15 15,14 14,15
P2 = X3Ty T3~ + T3xy Ty + X3 XaT5 + TaXy Ty + XoTy Ty + TaXsg Ty

14,1 15 .14 15 .14 1 14 1 14 1 1
+ Tox3 x45 + x2x353:5 + x2x35x4 + 13251:4335 + 1:25x3$5 + x25x31:4

14 .15 15,14 14 .15 14 .15 15 .14 15 .1
+ 21Ty x5 11Ty x5 + T3 TyT X123 Ty 212037 T5 X123,

14,15 1415 14 .15 15,14 15,14 15,1
S TR S AR R S A T s S T Sl ol AR S R S A A

15 . .14 15 . .14 15 . .14 15 14 15 14 15, .1
+ 2 x4y 2305 + T x3%, + X XeTy + X7 ToTy + X7 ToXg

3,13 14 , 3 .13 14 , .3.13 14 , .3, 13 14 , 3 13 14
D3 = X34 T5 + XX T + ToX3" %5 + XpT3° Ty + 7T T

13,.14 13,.14 13,14 13,14 13,14
+x?x33x5 +x?x33x4 —|—a:§x23x5 —|—x‘;’x23x4 —|—x§’x23a:3,

14,14 14, 14 3,510 12 14,14 14, .14
P4 = XoT3Ty Ty + Tokz 4Ty + XyX3Xy X" + T1T3T4 Ty + T1T3 T4ls

14,14 14,14 14,14 14 14 14 1
+ X1ToTy X5 + T1T2X3 Ty + X1X2X3 Ty + T1To Xaky + T1To 3T

14, . .14 3,510 .12 3,.5..10 12 3,.5,.10, 12 3,.5,.10,.1
+ 2125 x3x, + T T304 5T+ X7x5%, X" + X{ToT3 TyT + T{Tox3 Ty

2,13, .14 3,.12,..14 3,.14,.12 3. »12,.14 3, n14,12
P5 = ToT3T, Ty + TaX3X4 Ty + ToX3xy Ty~ + ToT3T4 Ty + ToX3X4 Ty

3,132 12 2 .13 .14 3..12 14 3,.14 .12 213 1
+ 25x3° x5 + 1232175 + T1X3T,° Ty + T1X3T, TyT + T1X5T,° T

2,13 .14 2,13 .14 3,12, .14 3,14 .12 3,12 1
+ 2125037 %5 + T105203° Ty + 1257, x5 + X1T5T, TyT + T10503°T5

3,12 .14 3,14 .12 3,14 .12 3, .12 14 3. 141
+ x1w523° 0 + T1x5T3 x5 + x10523 v + T{X304 05 + T3, T

3,132 12 3. .12 14 3. .14 12 3. .12 14 3. .12 1
+ 2123757 + x{xox Ty + X7x2xy X" + X T2x3° X5 + T{T2x3° Ty

3 14,12 3 14, .12 3,.13,.2 .12 3,.13,.2 12 3,132 1
+ X1 Tox3 x5" + X\ T2x3 Ty + X7 T T + XT3 X3x5T +

_ 2 12 15 2 .15 12 15,2 .12 15 . .2 12 212 15
Pe = ToT3T, X5~ + ToX3X, T5~ + XoX3 Tyxs” + T3 T3X3X5" + T10304 T5

2,15 12 152 .12 2,12 15 215,12 2,12 1
+x12305 5" + r1203° 525" + 12050, 05” + 12050, 5" + 10523715

2,12 15 2 15 12 2 15 .12 15,2 .12 15,2, .1
+ 2125037 %," + 12503 5" + 1205303, + X125 X357 + T1T5 X325

2,12 2.1

15,2 .12 15,. ..2,..12 15, ..2,.12 15 15
+ 2125 3%, + 17032505 + X7 Tox xy” + X Xox3x5" + T X2x3T,°,

24,815 24,15 8 2,154 8 15,2, 4.8
P7 = T1THT3X4 X5 + T1T5X3L, Ty + T1X5X3  T4Tg + 1Ly T3T 4Ty
15, 2,4 8
+ 1" Tox37,4 5,
214,12 6,.10,.12 14,2 .12 2 12,14
P8 = T1T2X3%4 Ty~ + X1X2X3T,y Ty~ + T1T2X3 TyT5" + X1X53T3T, Xy

25,1012 2 12 14 3..2,.12 12 3,410, 12
+ T1X5T3%, T5" + X1THX3° X4 T + T1X5T34 Ty~ + X1T5X3T, Ty

3,.6,8,.12 3,612 8 14, ..2.12 3. 4,10 12
+ T1T5T304X5" + L1503, T5 + T1To X3T4T5" + X7X2X3Ty Xy

3. 6.8 12 3. ..6.12 8 3,.5.2.8 12 3,.5.2.12 8
+ X{ToT3T4X5" + TI{T2X3X 4 Ty + TIToX3XL4X5" + TIToX3X," Ty

+$351048

1T2%3 TyTs,
2, .12 14 2, .14 12 2,.4,9 14 2,.5,8..14
P9 = T1THX3T4 Ty + T1X3X3T, T5~ + T1THT3X4X5 + T1T5T3X4X5
2.5, 14 212 14 4,8 14 4,14
+x1w2x2x4 w? + r12523° T4T5 +x1x§x3xix5 —|—x1x§x3x4 xg
3,14 4 8 14,, .2..12 3, 4.8 14 3, 4148
+ 125037 T4X5 + T1X5 X3TYXE" + X7 T2X3L L5 + T7T2X3Ty Ty

14,4 13,2 4
+ SL‘?.’,EQJ??, z4$§ + JU?£E23$31?4$§,
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5.5 Ys-invariants of QP5((4)|(3)[%[(1))

QP(DHI(DIB3)PI1))™ = ([ge) ay3)211) = 1 <t < 7), where

7,.7,.15 7,157 15,.7,.7 7 7,15 7 15,7
Q1 = TaX3X X5~ + ToX3 Xy Ty + ToX3 TyTy + ToX3Xy Ty~ + Tol3Xy Ty

+ x%xémmf + xgxgx}fxs + x§w§5m4xg + xgxég'xz% + x%ngxeg
+ J;%5x§m4xg + x§5x§x1m5 + a:wéxix? + J;la:gxfxg + xw}fxlm%
+ xlachzgcéf’ + xlxgx}fxg + xlxgxgxés + xlxgxgx}f’ + xlxgxé%vg
+ xlzgxésxz + x1x55x1mg + zlx%‘%xgxg + xlz%5x§xz + x{x;;zixés
+ ximgx}fxg + m{xémx? + xixéw}f% + xim%ﬁmxé + m{x}fxim
+ LEICEQZL’ZiﬂéS + l"{iﬂgx}f.’[g + x{xgsc;x})s + mzxgxgxf + xzmgx?xg
+ xzxgaré%cz + xe;mxéE’ + xzxgxf% + xzxga:ga:f + xegxgac}f’
+ xzacgméf’% + xzxgac?m + xzxéf’mxg + x1$§5x1x5 + xzxfzgms

7.1 7,15 .7 1 1 1
+ x1z25m3xz + x1x25x3m5 + zzxgsxgm + x15x3m1xg + x15x§x4mg

+ w%5x§x1x5 + .’1?%5:,1,‘2.%‘137; + a:%5x2x§xg + x%5x2x§xz + .’1?%5:1,‘;1‘437;

+ xig)x;xz% + I’%SIE’;’I&’E; + xF:c;xg:cZ + xig)x;xg% + x%‘r’x;azgu,
0 = afafolel? +afodeldal + ofelalel? 4 alafoleld + afeluled

+ afalaled + afafelel® + ofedel®ed + alelbafed + aliadefa]

+ afadalad + elaledald + ateleled® + adafelle] + adufufeld

3.7.15.5 , 315 5.7 , 315 7.5, 3 5 715 , 3.5 157
T X{T3T, Ty + X{T3 TyT5 + X{T3° TyT5 + X{ToT4 X5 + X{ToTy X5

7

3,.5,.7.15 3,.5,.7..15 3,.5..15 7 3,.5,.15_ .7 3,.7,.5..15
+ X{ToT3T5" + XT3, + XVTRT3 Ty + T{TRT37 Ty + T7THT 4Ty

3,7.15.5 , .3 7515 , 3 7.5 15 , 3.7 155 , 3.7 15 5
T X{TT, Ty + X{TX3T5" + X[ ToW3% " + XT3 Ty + XT3 Xy

3,.15.5..7 3,.15.7..5 315,57 3,.15.5..7 315,75
+ 2T X Xy + XXX X5 + XTXSX3X5 + XTXY T3, + X]X T3Xy

+$31575+l‘73515+$73155+$71535+l‘73515

1L2 L3y 1L3L4T5 1L3Ly T 143 L4T5 1Ly L5
7.3.15.5 7.3.5..15 7.3.5. 15 7.3.15.5 7.3.15_5
T XXX, X5 T X TRT3T5" + X ToT3T, + X XT3 Ty + X ToT3" Xy
7.15.3.5 7.15.3.5 7.15.3.5 153,57 15,.3..7.5

+ XLy + XXy X3Xy + XXy X3, + X T3T 45 + X T3T 4Ty

157,35, 153 5 7, .15.3.7.5 , .15 3,57 , .15 3 5.7
T X T3TLXE X TRTy X5+ XXXy T5 + X ToT3T5 + Xy ToT3Ty

15 3.7.5 15.3.7.5 , 15735 15.7.3.5 15.7.3.5
T T XQT3TE + T TT3Ty + Ty TTTy + Ty TT3Ty + Ty TT3Ty,

6,.7,.15 6,157 7..6,.15 7,156
Q3 = T1T2X3X4T5" + T1X2X3L, Ty + X1X2X3T,4T5" + T1X2T3T, Ty

15,.6,.7 15,.7,.6 6 7,15 6 15,7
+ 12223745 + T1 X223 X4 T5 + T1T9X3T4 X5 + T1ToX3T, Ty

1 1 1 7 1
+ xlzgx§x4z55 + xlzgx§x45x5 + xlzgx35x4x5 + xlzg$35x1x5

7 .6,.15 7 15,6 7,6, .15 7,.6,.15
+ X1T5T3T4X5" + T1ToT3XT, Ty + T1ToX3X4X5" + T1ToX3X4 Ts

7,15 . 6 7,156 15 6.7 15 7.6
+ X1ToT3" X4 X5 + T1 T3 Ty T5 + T1T5°L3L4 Ty + T1 Ty L3T4Ty

15,.6,, .7 15,.6,.7 15,.7,. .6 15,.7,.6
+ X125 X3X4T5 + T1T5X3X4T5 + T1T5 L3X4T5 + T1To T3TyTs
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g4 =

q5 =

7 6,.15 7 15,.6 7 6, 15 7 .6,.15
+ T ToT3T 45" + L1 T2X3T, Ty + T1T2T3X4X5" + T1TaX3X, Ts

7 15, .6 7 15,6 7,15 6 7,15, .6
+ 122237 T4x5 + T1X2X3° X T5 + BTy T3X4T5 + L1 Ty T3X4T5

1 7 1 1 7 1
+ x15x21:3x23:5 + x15x2m3x1x2 + x153:21:gx4x5 + x153:21:gx1x5

15, .7, .6 15,, .76 15,7 6 15,.7,. .6
+ 21" X2X3X4T5 + T X2X3X4T5 + T XoX3T4T5 + T TX3T4T5

3, 47,15 3, 4157 3, 74,15 3, 2 715,.4
+ X{ToT3T 45" + T{T2X3XT, Ty + T{T2X3X4 X5~ + T{TaX3Xy, Ty

3, 15,47 3, 15,74 3,4, 7,15 3,4, 157
+ X]{ToT3 X X5 + T]{T2T3 Ty Ty + T{ToX3X4 X5 + T{ToX3T, Ty

3,47 15 3,.4,.7.15 34,15 7 34,15 7
+ TIXT30425" + T{ToX3T,4 T + X1 ToX3"X4T5 + TT7ToX 3" Ty T5

3.7, 415 3.7 15,4 3,74 15 3,.7..4.15
+ X{ToT3T 405" + T{ToX3T, Ty + T{ToT3X4X5" + T{ToX3X, Ts

3,715, 4 3,715, 4 3,15, 4.7 3,15, .74
+ X]T5T37 4T 5 + XT3 X L5 + T{T5 X3L 4Ty + LT[ To T3T4 Ty

3,15 4 7 3,15 4.7 3,15 7, . 4 3,157 4
+ XL X34 X5 + TVTF " X3X4T5 + TITS X3T 4Ty + TITo L3T,4T5

7.3, 415 7.3, 15,4 73,4, 15 7.,.3,.4,.15
+ X503 405" + T1ToT3T, Ts + T1ToT3X4X5" + T ToX3X, Ts

7,315, 4 7.,.3..15 4 7,153, 4 7,153 4
+ X1T5T37 X4 Ty + T ToT37 X4 T + T T X3L4T s + T Ty T3T,4T5

15,3, 4.7 15,3, 7.4 15,3 .4 7 15,34 7
+ 21T T5X30,4 X5 + T X5X3L 4T + T X334 Ty + T X3X3T,4T5

15,37, .4 15,.3,.7, .4 15,,7,3,, .4 15,,7,.3, .4
+ X7 X5X304T5 + T X5X3X,4T5 + T XaX3T4Tx + T TaX3T,4T5,

3,.5,.6..15 3,.5,.15 .6 3,.6,.5..15 3,.6,.15 5
T1X5T3T4T5" + T1T5X3T,4 Ty + L1T5XT3T4 X5 + T1T5X3T, Ty

3,155 .6 3,15 6,5 6,.3,5,.15 63,155
+ X1T523° X4 X5 + T1T5T3 T L5 + T1ToX3X4 X5 + T1ToX3X, Ty

615,35 1535 .6 15365 156,35
+ 2125257 x4 TE + 125  T3TL T + T125° T AR + X125 T TE

3, 56,15 3, 5,156 3, 1556 3,5, 6,15
+ X ToT3T4 X5 + T{T2X3X, Ty + T{ToX3 TyTy + T{ToX3T4T5

3,.5,. 15,6 3,56, .15 3,.5,.6,,15 3,515, .6
+ T{XT324 Ty + TIToL324X5" + T{ToX3T, T + T7THX 3" X4y

1 1 1 1
+ xi’zgx35x2$5 + x:{’zg‘r’mgajixg + x:{’zg‘r’mguxg + x‘i’zg‘r’mgajgws

15, 3,56 15,, ,.3..6,.5 15,, ,.6..3..5 15,3, 5.6
+ X7 Xox3X4 X5 + T XXX 4T + T X2X3TY Ty + T T3X3T4 Ty

15,35, .6 15,35 .6 3,.3.4.5.15 3,.3.4.15 5
+ X7 T5X34T5 + T XZX3L4T5 + TITHT3T X5 + TITHX3T, Ty

3,.3,5.4,15 3,.3,.5.,.15 4 3,.3,.15,4.5 3,315 5, 4
+ X{T5T30405" + X{THX3T, T + TI{THXT3 T yTy + T{T5X3" TyTy

3,43 515 3.4.3 15 5 3,415 3 5 3,15 3 4.5
+ XT38 + T{THX30,4 Ty + T ToX3  TyTy + TITo T3T 4Ty
3,153 5 4 3,15 4.3 5 15..3,..3,.4..5 15,..3,.3,.5,.4
+ XL XXXy + XL X3X YT + T X3X3L, Ty + T XX 3T, Ty
15,.3,.4,3.5
+ T T3 T T,

3,.5..7..14 3,.5..14 .7 3,.6..7..13 3,.6..13 .7
T1THT3T4 X5~ + T1THX3L, Ty + T1THX3L4T5" + T1X5X3L,° Xy

6,3..7,.13 6,313 7 6,.7..7,.9 6,.7,.9,.7
+ X1 ToT30405° + T1ToX32, Ty + T1ToX3X 4Ty + L1 ToT3T 4Ty

7,.6..7..9 7,.6.9..7 7,.7..7..8 7.,.7.8..7
T X1ToT3X 405 + X1XT3T4T5 + T1X9L 3L Ty + T1ToX3L 4T

3, 5714 3, 5147 3, 707,12 3, 70 12,.7
+ X ToT3T 45" + T]{T2X3XT, Ty + T{T2T3X4 X5 + T{ToX3X, Ty

3.3.4,.7.13 3.3.4. 137 3,357, 12 3.3.5 127
T X{TRT3T4T5" + TIXRX3T," Ty + TIXRT3T4T5° + X{THT3T 4" T

7.4 1 7,13 4 1347 13..7,.4
+ xi’zgx3x4z53 + x?z§x3x43x5 + x?z§$33x4$5 + x‘i’z§$33x4x5

117



118 Determination of the fifth Singer algebraic transfer in some degrees

+$343713+$343137+$34779+1‘34797

12X 3Ly Ty 1L2X3Ly Ty 1L2X3Ly Ty 123 T4 Ty
3,5 7,14 3,5 14,7 3,5,6,.7.9 3,5,6,9.7
+ TIXT304T5" + TITX3T,4 Ty + TITHX3T4 X5 + TIXT3X4 Ty

14 7 7 14
+ x?zgx§x4z5 + xi’z%xéum? + :z:“;'xgxgzixga + xi’z%xém T5

3,514, .7 3,.5,.14,.7 3,7 7,12 3,70 12,7
+ X{T5T3 T4y + XT3 Tyls + T{ToX3T4T5" + T{ToX3X 4 Ty

37,479 3,.7,.4.9.7 3,.7..7 12 37,749
+ XVToT3T 45 + X7 XX3TyT5 + T]ToX3 L4 L5~ + TIXoXL3L 4T

3,.7,.7..9,.4 3,.7,.7,.12 37,947 3,.7,9..7,.4
+ XT3y + XTXX3T, X5 + X]XT3T4T5 + T]XoXT3X 4T

3,.7,.12 7 37,127 7 726,79 7 ;6,97
+ {5237 T4y + TITX3 X, T5 + T T2X3T4 X5 + T1X2T3X 4Ty

T 7078 7787 7.3 7,12 7.3 12,7
+ X ToT3T 4Ty + X1 X2X3T4T5 + T XT3 T5" + X1 X3X3T," Xy

7..3,.4,..7.9 7.,.3,4.9.7 7..3,.7,. .12 7..3,.7,.4.9
+ X T5T30405 + X1 X3X3T4T5 + T ToX3X4T5" + T X5X3X,4T5

7.,.3..7..9.4 7..3,.7..12 73,947 7,397 4
+ XT3 + XXX 3T X5 + X1 XT3T 4T + T X5L3L,4 Ty

73,12, .7 7.,.3,.12..7 70T 7.8 707 e 8.7
+ X1 T5T3° 45 + T1ToX37 X T + T ToX3XT 4Ty + L1 ToT3T 4Ty

777 8 7,.7,.7..8 7,.7..8 7 7,.7,.8..7
+ X1 ToT3X405 + X1 XL 3T4T5 + T XoXL3T4Ty + T ToX3L 45,

3,.6,.7..13 3,.6,.13,.7 3,.7,.7,.12 37,127
Q6 = T1T5X3X,4T5" + T1X5X3L,° Ty + X1X53X3T,4T5" + T1X5T3T,4 Ty

6,.3,.7..13 6,.3,.13,.7 6,.7,3..13 67,115
+ Z1ToT30405" + T1ToT304 Ty + T1ToT3X 4 XT5" + T1ToX3X, Ty

6,11, 5 7 6,117 5 73,712 7,.3.,12 7
T 12503 Tyx5 + T1T5T3 Ty + T1ToX3T4X5" + T1T9X3T, Ty

7,.6,.7,.9 7,.6..9,.7 7,.7,.3,.12 7,.7,.7,8
+ X1T5T30405 + X1X3X3T4T5 + T1ToX3 X4 T5" + T1X9X3X 4Ty

7,.7,8..7 7..7,.10.5 7..10.5..7 7.,.10,.7..5
T X1ToT3T405 + X1X9T3T Ty + L1ToT3 TyLy + L1ToT3 TyTy

3, 27,613 3, 77,12 3, 7012,.7 3, 7,145
+ X ToT3T 45" + T{ToX3X 45" + T{T2X3X, Ty + T{TaX3X, Ty

3, 1457 3, 14,75 3,.3,4.7.13 3,.3,4.13 7
+ {223 T x5 + TIT2X3 Ty + TITHX3T4X57 + XIT5X3T, Ty

+$337413+$337134+[E331347+$331374

1L2L3Ly L5 1L2L3Ly Ty 1L2L3 LyTy 1L2L3 LyTs
3.4.3 7 13 3.4 3 137 3,473 13 3.4 7,115
T X{TXZT4T5" + T|TaX3Ty" Ty + T]XT3T4T5" + X{ToT3T4 T

3.4.11_5 7 3,.4.11.7.5 3.7, .5..14 3.7, ..6.13
+ X{THT3 XYLy + T\ ToT3 T yTy + TIToX3T4 L5 + T]THX3L4 Ty

3,7, 13,6 3,7, 14,5 3,.7,3,.4..13 3,.7,3,.13, 4
+ X{ToT3T,4 X5 + T{ToT3T, Ty + T{ToX3X4X5" + T{ToX3X," Ty

3,.7,,4,..7..9 3,.7,.4,.9.7 37,749 3,.7,.7,.8..5
+ TIXT3X4T5 + X7ToX3T4 Ty + LI ToL3T 4 X5 + LI LT3 4Ty

3,.7,8..5..7 3.7.8.7.5 3,.7,.13 .2 5 37,13 3 4
+ X{THT3T 4Ty + XTXX3T4 Ty + T]XoX3° T4 Xy + XTI XX3° Ty Xy

3,132 5.7 3,.13,.2,.7.5 3,133 4.7 3,.13,.3,.7,.4
+ X725 X304 X5 + XT3 XX T + T{TS X3X 4Ty + L] T T3T 4Ty

3,.13.7.2.5 313,73 4 7 3..7,.12 7 3,127
+ XL X3 X, X5 + BT X3X YTy + T ToX3X4X5" + T TaX3X 4" Ty

7 06,.7,..9 7 6,97 7 n70.3,,12 7 7.7 2.8
+ X ToT3T4 X5 + X1 X2X3T4T5 + T{T2X3 X4 T5" + T X2X3X 4Ty

7o 78,7 7 7210,.5 7. 1057 7. 10,75
+ X1 ToT3T 45 + X1 X2T 3Ty Ty + T1T2T3 TyLy + L1 T2T3 TyTx

734,79 73497, 7.3 7.4.9 , 7.3 7.9 4
T X TRT3T4T5 + T1TT3T4 X5 + T XoT3TyT5 + T ToT3T 4T

7.,.3,9.4..7 7.,.3,.9..7,.4 7.7, 3,12 7.7, 6.9
+ 150345 + X1 THX3T 45 + T ToL3TLTE" + T1ToL3T4Ty

7 7. .1 7,34 7 4
+ xlzgxgxizg + xzx2x3$40zg + x;x2x§x4x§ + xlmgxgx?l%
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7.7.9.2 5, 7.7.93 4, 79257, 79275
T X TX3TYT5 + T1TaX3Ty X5 + T XoT3TyT5 + T ToX3T 4T

7,.9,3.4.7 7.,.9,3..7,.4 7..9,.7.2..5 7,.9,.7.3,.4
+ XT3, L5 + X1 ToX3L4T5 + T ToL3T4 L5 + T LoT3T4 Ty,

1 14 1 14
qr = xi’z%x%xi%?’ + x‘i’z%x%u x? + x‘i’x%x:{?’azix? + x‘i’x%x%xi%

3,.5,.3,.6.,.13 3,.5,.3,.13,6 3,.5,3..14.5 3,.5,.6,.3.13
+ X]{ToT30405" + T{ToX3X04 Ty + T{ToX3X, T5 + T{ToX3XyTx

3,.5.6.11_5 3.5.11.5 6 3.5.,.11..6_5 3.5.,.14 3 5
+ X{ToT3T4 Ty + T{THT3 Ty Ty + T T3 TyTs + TiToX3 Ty

3,7.3.5.12 , . 3,.7.3.12. 5, . 3.7.5 6.9 , 3,759 6
T X{TRXZT4T5" + T1TpX3Ty" Xy + T1ToT3T4T5 + T{ToX3T 4T

3,.7,.9,..5..6 3,.7,12.3 5 7,.3,3,.5..12 7,.3,3,.12.5
+ XVToT30,X5 + X]XT3" X X5 + T THT3T 45" + L1 ToT304 Ty

+$73569+Z‘73596+$73956—|—$731235

1L2X3L4 Ty 123 T4 Ty 1L2X3L4 Ty 1%2X3 TyLy
+ xzxgxgxixg + x{x%xéwix? + xzm;xgxixg
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