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Abstract
Let Pk be the graded polynomial algebra F2[x1, x2, . . . , xk] over the

prime field F2 with two elements and the degree of each variable xi being
1, and let GLk be the general linear group over F2 which acts on Pk as the
usual manner. The algebra Pk is considered as a module over the mod-2
Steenrod algebra A. In 1989, Singer [19] defined the k-th homological
algebraic transfer, which is a homomorphism

ϕk : TorAk,k+d(F2,F2)→ (F2 ⊗A Pk)GLk
d

from the homological group of the Steenrod algebra TorAk,k+d(F2,F2)
to the subspace (F2 ⊗A Pk)GLk

d of F2⊗APk consisting of all the GLk-
invariant classes of degree d.

In this paper, by using the results of the Peterson hit problem we
present the proof of the fact that the Singer algebraic transfer of rank
five is an isomorphism in the internal degrees d = 20 and d = 30. Our
result refutes the proof for the case of d = 20 in Phúc [15].

1 Introduction
Let Pk be the polynomial algebra F2[x1, x2, . . . , xk] over the field F2 with

two elements, in k variables x1, x2, . . . , xk, each variable of degree 1. It is well-
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known that this algebra is the mod-2 cohomology of an elementary abelian
2-group Vk of rank k. Hence, Pk is a module over the mod-2 Steenrod algebra,
A. The action of A on Pk can be explicitly determined by the elementary
properties of the Steenrod operations Sqj and subject to the Cartan formula
Sqd(gh) =

∑d
j=0 Sq

j(g)Sqd−j(h), for g, h ∈ Pk (see Steenrod and Epstein [21]).
The Peterson hit problem asks for a minimal generating set for Pk regarded

as a module over the mod-2 Steenrod algebra. Equivalently, this problem is
to find a vector space basis for QPk := F2 ⊗A Pk in each degree d. Such a
basis can be represented by a list of monomials of degree d. This problem is
completely computed for k 6 4, unknown in general.

Denote by GLk the general linear group over the field F2. This group acts
naturally on Pk by matrix substitution. The actions of A and GLk on Pk

commute with each other, so there is an action of GLk on QPk.
Denote (Pk)d the vector subspace of Pk consisting of all the homogeneous

polynomials of degree d in Pk and by (QPk)d the vector subspace of QPk

consisting of all the classes represented by the elements in (Pk)d. In [19],
Singer defined the homological algebraic transfer, which is a homomorphism

ϕk : TorAk,k+d(F2,F2) −→ (QPk)GLk
d

from the homology of the Steenrod algebra TorAk,k+d(F2,F2) to the subspace
of (QPk)d consisting of all the GLk-invariant classes of degree d. It can be a
useful tool in describing the homology groups of the Steenrod algebra in terms
of GLk-invariants in QPk. By passing to the dual we get the cohomological
algebraic transfer

ϕ∗k : F2 ⊗GLk P((Pk)∗d) −→ Extk,k+d
A (F2,F2),

where (Pk)∗ is the dual of Pk and P((Pk)∗) is the primitive subspace consisting
of all elements in (Pk)∗ that are annihilated by every positive degree Steenrod
squares.

The algebraic transfer was studied by Boardman [1], Bruner, Hà and Hưng
[2], Chơn and Hà [4, 5, 6], Hưng [8], Hà [7], Hưng and Quỳnh [9], Nam [13],
Minami [12], Phúc [14, 15], Quỳnh [18] the present author [23] and others.

Singer proved in [19] that ϕk is an isomorphism for k = 1, 2. Boardman also
showed in [1] that ϕ3 is also an isomorphism. However, ϕk is not a monomor-
phism in infinitely many degrees for any k > 4 (see Singer [19], Bruner, Hà and
Hưng [2], Hưng [8].) Singer gave the following conjecture.

Conjecture 1.1 (Singer [19]). The algebraic transfer ϕk is an epimorphism
for any k > 0.

This conjecture is true for k 6 3. Phúc stated in [14] that the conjecture is
also true for k = 4 but the computations are incomplete and the proof is not
explicit. The results in [14] is only a description of the dimension for QP4 in
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each degree when Singer conjecture is true for k = 4. It is not a proof for this
conjecture. Recently, we have proved in [28] that this conjecture is not true for
k = 5 and the internal degree d = 108. This result refused a one of Phúc in
[15].

In this paper, by using some results of the Peterson hit problem we prove
that the Singer algebraic transfer of rank 5 is an isomorphism in the internal
degrees d = 20 and d = 30.

Consider the case d = 20, we have the following.

Theorem 1.2. The dimension of the F2-vector spaces (QP5)GL5
20 is one with

a basis element presented by the following polynomial:
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In [15], Phúc also stated that dim(QP5)GL5
20 = 1 but he cannot provide any

basis element. Furthermore, the proof of this result in [15] is false.
From Lin [11] and Chen [3], we have Ext5,25

A (F2,F2) = 〈h0g1 = h2e0〉, where
where e0 ∈ Ext4,21

A (F2,F2), g1 ∈ Ext4,24
A (F2,F2) and hi is the Adams element

in Ext1,2i
A (F2,F2) for i > 0. Combining the results of Hà [7] and Singer [19],

we have ϕ5((h2e0)∗) = [p]. Hence, Theorem 1.2 implies that

ϕ5 : TorA5,25(F2,F2) −→ (QP5)GL5
20

is an isomorphism. So, we get the following.

Corollary 1.3. Singer’s conjecture is true for k = 5 and the internal degree
20.

This result is also stated in [15, Corollary 1.7], but it is derived from a result
with a false proof.

Consider the case d = 30. By using the explicit results for a basis of (QP5)30
in our work [26], we prove the following.
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Theorem 1.4. The dimension of the F2-vector spaces (QP5)GL5
30 is one with

a basis element presented by the following polynomial:
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By using a computer program with an algorithm of the mathematics system
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SAGEMATH, Tín proved in [30, Page 1923] that dim(QP5)30 = 840. This
dimensional result is presented again in Phúc [16, Appendix] but there are
no any details of the computations for a basis of this space. So, it is not a
solution of the hit problem because dimensions are not the object of study of
the hit problem. When a basis cannot be found, the dimensional results are
meaningless. In [26] we present a solution of the hit problem by explicitly
computing a basis of (QP5)30. Our results in this paper are completely new
and confirm the accuracy of dimensional result for (QP5)30 in Tín’s work [30].

Phúc [16] also stated that by using this dimensional result he proved that
dim(QP5)GL5

30 = 1 but this result must be proven by using a basis, it cannot be
proven by using a dimensional result. So, his statement is only a prediction.

From Lin [11] and Chen [3], we have Ext5,35
A (F2,F2) = 〈h3

0h
2
4〉. Hence, using

a result of Singer [19], we have ϕ5((h3
0h

2
4)∗) = [q]. Hence, Theorem 1.4 implies

that
ϕ5 : TorA5,35(F2,F2) −→ (QP5)GL5

30

is an isomorphism. So, we get the following.

Corollary 1.5. Singer’s conjecture is true for k = 5 and the internal degree
d = 30.

This result is also stated in [16] but it is based on an unconfirmed result.
The paper is organized as follows. In Section 2, we recall some notions

and results on the admissible monomials in Pk, criterion of Singer on the hit
monomials and some needed notations. In Section 3, we present a structure of
the space (QP5)20 and prove Theorem 1.2. Theorem 1.4 is proved in Section 4.
Finally, in Section 5, we present some needed data for the proofs of the main
results.

2 Preliminaries on the hit problem
In this the section we present some needed notions and results for studying

the hit problem such as the weight vector of a monomial, admissible monomial,
criterion of Singer for hit monomial from the works of Kameko [10], Singer [20]
and our work [22, 24].

2.1 The admissible monomials and Singer’s criterion on
hit monomials

Definition 2.1.1. Let u = xc1
1 x

c2
2 . . . xck

k be a monomial in Pk. Denote νj(w) =
cj , 1 6 j 6 k. We define

ω(u) = (ω1(u), . . . , ωt(u), . . .), σ(u) = (ν1(u), ν2(u), . . . , νk(u)),
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where ωt(u) =
∑

16j6k αt−1(νj(w)), t > 1. The sequences σ(u) is called the
exponent vector and ω(u) is called the weight vector of u.

A a sequence of non-negative integers ω = (ω1, . . . , ωs, . . .) is called a weight
vector if ωs = 0 for s � 0. We define degω =

∑
s>0 2s−1ωs, the length

`(ω) = max{t : ωt > 0}. We denote ω = (ω1, . . . , ωr) if ωs = 0 for s > r.
For weight vectors ω = (ω1, . . . , ωt, . . .) and ξ = (ξ1, . . . , ξt, . . .), we define

the concatenation of weight vectors ω|ξ = (ω1, . . . , ωr, ξ1, ξ2, . . .) if `(ω) = r
and (b)|r = (b)|(b)| . . . |(b), (r times of (b)’s), where b, r are positive integers.

We order the sets of weight vectors and exponent vectors by the left lexico-
graphical order.

For any weight vector, we denote

Pk(ω) = 〈u ∈ Pk : deg u = degω, and ω(u) 6 ω〉,
P−k (ω) = 〈u ∈ Pk(ω) : ω(u) < ω〉.

Definition 2.1.2. Suppose ω is a weight vector and f, f1, f2 are polynomials
of the same degree in Pk. We define

i) f1 ≡ f2 if f1 + f2 ∈ A+Pk and f is called hit if f ≡ 0.
ii) f1 ≡ω f2 if f1 + f2 ∈ A+Pk + P−k (ω).

It is easy to see that ≡ and ≡ω are equivalence relations. We set

QPk(ω) = Pk(ω)/((P−k (ω) +A+Pk ∩ Pk(ω))).

Proposition 2.1.3 ([25]). For a weight vector ω, the vector space QPk(ω) is
an GLk-module.

Definition 2.1.4. Let u, v be monomials in Pk with deg u = deg v. We say
that u < v if one of the following conditions satisfies:

i) ω(u) < ω(v);
ii) ω(u) = ω(v) and σ(u) < σ(v).

Definition 2.1.5. A monomial w in Pk is said to be inadmissible if there
are monomials w1, w2, . . . , wt such that ws < w for s = 1, 2, . . . , t and w +∑t

s=1 ws ∈ A+Pk. A monomial w is called admissible if it is not inadmissible.

It is clear that, the set of all admissible monomials of degree d in Pk is a
minimal set of generators for A-module Pk in degree d.

Definition 2.1.6. If z is a monomial in Pk such that νj(z) = 2st − 1 with st

a non-negative integer for t = 1, 2, . . . , k, then z is called a spike. If s1 > s2 >
. . . > su−1 > su > 0 and st = 0 for t > u, then it is called the minimal spike.

Theorem 2.1.7 (Singer [20]). Suppose y is a monomial of degree d in Pk such
that µ(d) 6 k and z is the minimal spike of degree d. If ω(y) < ω(z), then y is
hit.
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2.2 Some other tools and notations
We set P+

k = 〈{y ∈ Pk : νs(y) > 0, for all s}〉 and P 0
k = 〈{y ∈ Pk : νs(y) =

0 for some s}〉. The spaces P 0
k and P+

k are the A-submodules of Pk. We denote
QP 0

k = P 0
k /A+P 0

k and QP+
k = P+

k /A+P+
k . Then we have QPk = QP 0

k ⊕QP
+
k .

Set Nk = {(i; I) : I = (s1, s2, . . . , st), 1 6 i < s1 < . . . < st 6 k, 0 6 t < k}.
For (i; I) ∈ Nk, we define the A-homomorphism of algebras p(i;I) : Pk → Pk−1
by setting

p(i;I)(xs) =


xs, if 1 6 s < i,∑

v∈I xv−1, if s = i,

xs−1, if i < s 6 k.

(2.1)

Lemma 2.2.1 ([17]). If y is a monomial in Pk, then p(i;I)(y) ∈ Pk−1(ω(y)).

From Lemma 2.2.1, we can see that if ω is a weight vector and y ∈ Pk(ω),
then p(i;I)(y) ∈ Pk−1(ω). Hence, we have the homomorphisms

p
(n)
(i;I) : (QPk)n −→ (QPk−1)n, p

(ω)
(i;I) : QPk(ω) −→ QPk−1(ω),

where n = degω. We set

(S̃F k)n =
⋂

(i;I)∈Nk

Ker(p(n)
(i;I)), S̃F k(ω) =

⋂
(i;I)∈Nk

Ker(p(ω)
(i;I)),

Q̃P k(ω) = QPk(ω)/S̃F k(ω), (Q̃P k)n = (QPk)d/(S̃F k)n.

We note that (S̃F k)n and S̃F k(ω) are respectively the subspaces of (QP+
k )n

and QP+
k (ω).

Notation 2.2.2. We denote [g] the class in QPk represented by g ∈ Pk. If
g ∈ Pk(ω), we denote [g]ω the class in QPk(ω) represented by g. If R is a
subset of Pk, then we denote [R] = {[g] : g ∈ R}. If R ⊂ Pk(ω), then we set
[R]ω = {[g]ω : g ∈ L}. We denote |R| the cardinal of a set R.

Denote by Bk(n) the set of all admissible monomials of degree n in Pk for
any nonnegative integer n. Set B+

k (n) = Bk(n) ∩ P+
k , B

0
k(n) = Bk(n) ∩ P 0

k . If
ω is a weight vector of degree n, we denote Bk(ω) = Bk(n) ∩ Pk(ω), B+

k (ω) =
B+

k (n) ∩ Pk(ω), QP+
k (ω) := QPk(ω) ∩QP+

k .
For any subgroup G ⊂ GLk and S ⊂ Pk(ω), we denote

[G(S)]ω = 〈[gs]ω : g ∈ G, s ∈ S〉 ⊂ QPk(ω).

Obviously, [G(S)]ω is an G-submodule of QPk(ω). If ω is a minimal weight
vector, then we denote [G(S)]ω = [G(S)] ⊂ QPk.

If J is an index set and γj ∈ F2 with j ∈ J, then we denote γJ =
∑

j∈J γj .
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For a sequence T = (t1, t2, . . . , tr), 1 6 t1 < . . . < tr 6 k, we define a
monomorphism θT : Pr → Pk of algebras by setting

θT (xi) = xti for 1 6 i 6 r. (2.2)

Obviously, θT is an A-homomorphism. If ω is a weight vector of degree n, then

QθT (P+
r )(ω) ∼= QP+

r (ω) and (QθT (P+
r ))n

∼= (QP+
r )n

for 1 6 r 6 k. Here, QθT (P+
r ) = θT (P+

r )/A+θT (P+
r ). Then we have

Bk(ω) =
⋃

µ(n)6r6k,
`(T )=r

θT (B+
r (ω)), Bk(n) =

⋃
µ(n)6r6k,
`(T )=r

θT (B+
r (n)). (2.3)

3 A structure of (QP5)20 and a proof of Theorem
1.2

By using a computer program with an algorithm of the mathematics system
SAGEMATH, Tín [29] proved that dim(QP5)20 = 641. This result is also
repeated in Phúc [15] but the computation for a basis of (QP5)20 is incomplete
and the proof of this result in [15] is false.

Firstly, we recall the results in our work [27] on the admissible monomials
of degree 20 in P5. Recall from [27] and [15] that if x is an admissible monomial
of degree 20 in P5, then

ω(x) = (4)|(2)|(1)|2 or ω(x) = (4)|(2)|(3) or ω(x) = (4)|2|(2).

From this result we get

(QP5)20 ∼= QP5((4)|(2)|(1)|2)
⊕

QP5((4)|(2)|(3))
⊕

QP5((4)|2|(2)).

In [15], the author says that

dimQP5((4)|(2)|(1)|2) = 450,
dimQP5((4)|(2)|(3)) = 70,
dimQP5((4)|2|(2)) = 121.

However, the detailed computation is only presented for the spaceQP5((4)|(2)|(3))
but the proof of it is false.

The set of all admissible monomials of the degree 20 in P5 is explicitly
presented in Subsection 5.1.

Consider the spaces (S̃F k)n and S̃F k(ω) as defined in Section 2.
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3.1 Computation of (S̃F 5)20

We determined S̃F 5((4)|(2)|(1)|2). The following is announced [27] with no
the proof.

Proposition 3.1.1. We have

S̃F 5((4)|(2)|(1)|2) = 〈[gu] : 1 6 u 6 10〉,

where the polynomials gu are explicitly determined in Subsection 5.2.

Proof. By a direct computation, it is not difficult to verify that p(i;I)(gu) ≡ 0
for all (i; I) ∈ N5. Hence, [gu] ∈ S̃F 5((4)|(2)|(1)|2) for 1 6 u 6 10. The set
{[at] : 1 6 t 6 225} is a basis ofQP+

5 ((4)|(2)|(1)|2) (see Subsection 5.1), hence if
[θ] ∈ S̃F 5((4)|(2)|(1)|2) ⊂ QP+

5 ((4)|(2)|(1)|2), then we have θ ≡
∑

16t6225 γ̄tat,
where γ̄t ∈ F2. The leading monomial of gu is a(u+215), 1 6 u 6 10. Hence, we
get

θ̃ := θ +
∑

16u610
γ̄(u+215)gu ≡

∑
16t6215

γtat, (3.1)

where γt ∈ F2, 1 6 t 6 215, and p(i;I)(θ̃) ≡ 0 for all (i; I) ∈ N5.
Let us, 1 6 s 6 45, be as in Subsection 5.1. Apply p(1;j), 2 6 j 6 5, to

(3.1) to obtain

p(1;2)(θ̃) ≡ γ10v16 + γ46v17 + γ47v18 + γ48v19 + γ49v20 + γ11v21 + γ50v22

+ γ51v23 + γ52v24 + γ53v25 + γ54v26 + γ55v27 + γ56v28 + γ57v29

+ γ58v30 + γ59v31 + γ60v32 + γ12v33 + γ{97,169}v34 + γ{98,170}v35

+ γ99v36 + γ{100,171}v37 + γ{101,172}v38 + γ{102,173}v39 + γ103v40

+ γ104v41 + γ{105,174}v42 + γ121v43 + γ122v44 + γ123v45 ≡ 0,

p(1;3)(θ̃) ≡ γ5v4 + γ20v5 + γ21v6 + γ22v7 + γ23v8 + γ6v9 + γ{34,141}v10

+ γ{35,142}v11 + γ{36,143}v12 + γ{37,144}v13 + γ{44,155,206}v14

+ γ{45,156,207}v15 + γ71v22 + γ72v23 + γ73v24 + γ78v25 + γ79v26

+ γ80v27 + γ81v28 + γ{88,164,185}v29 + γ{89,165,186}v30 + γ{92,185}v31

+ γ{93,186}v32 + γ{96,168,213}v33 + γ112v38 + γ113v39 + γ116v40

+ γ117v41 + γ{120,192}v42 + γ9v45 ≡ 0,

p(1;4)(θ̃) ≡ γ2v1 + γ{17,127}v2 + γ{19,131,199}v3 + γ25v5 + γ27v6 + γ{29,138,148}v7

+ γ{31,148}v8 + γ{33,140,205}v9 + γ39v11 + γ41v12 + γ{43,154}v13

+ γ4v15 + γ62v17 + γ64v18 + γ{66,161,178}v19 + γ{68,178}v20

+ γ{70,163,212}v21 + γ75v23 + γ{77,184}v24 + γ83v26 + γ85v27

+ γ{87,167,184}v28 + γ91v30 + γ95v32 + γ107v35 + γ109v36
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+ γ{111,191}v37 + γ115v39 + γ119v41 + γ8v44 ≡ 0,

p(1;5)(θ̃) ≡ γ{16,126,198}v1 + γ{18,130}v2 + γ1v3 + γ{24,137,204}v4 + γ{26,147}v5

+ γ{28,139,147}v6 + γ30v7 + γ32v8 + γ{38,153}v10 + γ40v11 + γ42v12

+ γ3v14 + γ{61,160,211}v16 + γ{63,177}v17 + γ{65,162,177}v18 + γ67v19

+ γ69v20 + γ{74,183}v22 + γ76v23 + γ{82,166,183}v25 + γ84v26

+ γ86v27 + γ90v29 + γ94v31 + γ{106,190}v34 + γ108v35 + γ110v36

+ γ114v38 + γ118v40 + γ7v43 ≡ 0.

By computing from above relations we have

γt = 0 for t ∈ L1, γu = γu for (u, v) ∈M1, (3.2)

where L1 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 20, 21, 22, 23, 25, 27,
30, 32, 39, 40, 41, 42, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57,
58, 59, 60, 62, 64, 67, 69, 71, 72, 73, 75, 76, 78, 79, 80, 81, 83, 84, 85,
86, 90, 91, 94, 95, 99, 103, 104, 107, 108, 109, 110, 112, 113, 114, 115,
116, 117, 118, 119, 121, 122, 123} and M1 = {(17,127), (18,130), (26,147),
(31,148), (34,141), (35,142), (36,143), (37,144), (38,153), (43,154), (63,177),
(68,178), (74,183), (77,184), (92,185), (93,186), (97,169), (98,170), (100,171),
(101,172), (102,173), (105,174), (106,190), (111,191), (120,192)}.

By applying the homomorphisms p(2;u), u = 3, 4, 5 to (3.1) and using (3.2),
we obtain

p(2;3)(θ̃) ≡ γ{34,97}v10 + γ{35,98}v11 + γ36v12 + γ{37,100}v13 + γ{44,92}v14

+ γ{45,93}v15 + γ134v22 + γ135v23 + γ136v24 + γ{34,97}v25

+ γ{35,98}v26 + γ36v27 + γ{37,100}v28 + γ{101,151,164,181}v29

+ γ{102,152,165,182}v30 + γ{92,155}v31 + γ{93,156}v32

+ γ{105,120,159,168,189,195}v33 + γ202v38 + γ203v39 + γ206v40

+ γ207v41 + γ{210,213}v42 + γ15v45 ≡ 0,

p(2;4)(θ̃) ≡ γ{17,97}v2 + γ{19,68}v3 + γ{29,101}v7 + γ31v8 + γ{33,77,102}v9

+ γ{43,105}v13 + γ125v17 + γ{17,97}v18 + γ{98,129,161,176}v19

+ γ{68,131}v20 + γ{100,111,133,163,180,194}v21 + γ{101,138}v23

+ γ{77,102,140}v24 + γ146v26 + γ31v27 + γ{150,167,188}v28

+ γ{43,105}v30 + γ158v32 + γ197v35 + γ199v36 + γ{201,212,215}v37

+ γ205v39 + γ209v41 + γ14v44 ≡ 0,

p(2;5)(θ̃) ≡ γ{16,63,98}v1 + γ{18,100}v2 + γ{24,74,101}v4 + γ26v5 + γ{28,102}v6

+ γ{38,105}v10 + γ{97,106,124,160,175,193}v16 + γ{63,98,126}v17

+ γ{128,162,179}v18 + γ{18,100}v19 + γ132v20 + γ{74,101,137}v22
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+ γ{102,139}v23 + γ{145,166,187}v25 + γ26v26 + γ149v27

+ γ{38,105}v29 + γ157v31 + γ{196,211,214}v34 + γ198v35 + γ200v36

+ γ204v38 + γ208v40 + γ13v43 ≡ 0.

Computing from the above equalities gives

γt = 0 for t ∈ L2, γu = γv for (u, v) ∈M2, (3.3)

where L2 = {13, 14, 15, 26, 31, 36, 125, 132, 134, 135, 136, 143, 146,
147, 148, 149, 157, 158, 197, 198, 199, 200, 202, 203, 204, 205, 206, 207,
208, 209} and M2 = {(16,126), (17,34), (17,97), (18,37), (18,100), (19,68),
(19,131), (24,137), (28,102), (28,139), (29,101), (29,138), (33,140), (35,98),
(38,43), (38,105), (44,92), (44,155), (45,93), (45,156), (210,213)}.

Applying the homomorphisms p(i;j), 3 6 i < j 6 5 to (3.1) and using the
relations (3.2), (3.3) give

p(3;4)(θ̃) ≡ γ{19,44}v3 + γ{66,88}v7 + γ{19,44}v8 + γ{45,70,77,87,89,96}v9

+ γ{111,120}v13 + γ{29,35,129,151}v19 + γ{19,44}v20

+ γ{18,33,38,45,133,150,152,159}v21 + γ{161,164}v23 + γ{163,165,167,168}v24

+ γ{176,181}v26 + γ{19,44}v27 + γ{45,77,180,182,188,189}v28 + γ{111,120}v30

+ γ{194,195}v32 + γ{201,210}v37 + γ{210,212}v39 + γ215v41 ≡ 0,

p(3;5)(θ̃) ≡ γ{16,35,45}v1 + γ{44,61,74,82,88,96}v4 + γ{45,63}v5 + γ{65,89}v6

+ γ{106,120}v10 + γ{17,24,38,44,124,145,151,159}v16 + γ{16,35,45}v17

+ γ{28,128,152}v18 + γ{160,164,166,168}v22 + γ{162,165}v23

+ γ{44,74,175,181,187,189}v25 + γ{45,63}v26 + γ{179,182}v27 + γ{106,120}v29

+ γ{193,195}v31 + γ{196,210}v34 + γ{210,211}v38 + γ214v40 ≡ 0,

p(4;5)(θ̃) ≡ γ{24,28,29,33}v1 + γ{19,61,63,65,66,70}v4 + γ{74,77}v5 + γ{82,87}v6

+ γ{106,111}v10 + γ{16,17,18,19,124,128,129,133}v16 + γ{24,28,29,33}v17

+ γ{145,150}v18 + γ{160,161,162,163}v22 + γ{166,167}v23

+ γ{19,63,175,176,179,180}v25 + γ{74,77}v26 + γ{187,188}v27 + γ{106,111}v29

+ γ{193,194}v31 + γ{196,201}v34 + γ{211,212}v38 + γ{214,215}v40 ≡ 0.

From these equalities it implies

γ214 = γ215 = 0 and γu = γv for (u, v) ∈M3, (3.4)

where M3 = {(19,44), (45,63), (65,89), (66,88), (74,77), (82,87), (106,111),
(106,120), (145,150), (161,164), (162,165), (166,167), (176,181), (179,182), (187,188),
(193,194), (193,195), (196,201), (196,210), (196,211), (196,212)}.
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Apply the homomorphisms p(1;(2,3)), p(1;(2,4)) and p(1;(3,4)) to (3.1) and using
(3.2), (3.3), (3.4) to get

p(1;(2,3))(θ̃) ≡ γ17v22 + γ35v23 + γ18v24 + γ{19,66,151,161}v29 + γ{45,65,152,162}v30

+ γ19v31 + γ45v32 + γ{96,159,168}v33 + γ176v38 + γ179v39 + γ19v40

+ γ45v41 + γ189v42 + γ193v45 ≡ 0,

p(1;(2,4))(θ̃) ≡ γ17v17 + γ{19,66,129,161}v19 + γ19v20 + γ{70,133,163}v21

+ γ{28,33}v24 + γ29v26 + γ{28,74,82,145,166}v28 + γ38v32 + γ176v35

+ γ19v36 + γ180v37 + γ74v39 + γ187v41 + γ193v44 ≡ 0,

p(1;(3,4))(θ̃) ≡ γ17v5 + γ129v7 + γ19v8 + γ{133,196}v9 + γ{19,151}v11 + γ19v12

+ γ{145,152}v13 + γ{159,196}v15 + γ{19,66,161}v19 + γ{70,163,196}v21

+ γ{19,161}v23 + γ{163,179,180,196}v24 + γ{19,161}v26

+ γ{74,82,162,166,179,180}v28 + γ{19,66,161}v29

+ γ{45,65,162,166,187,189}v30 + γ{168,187,189,196}v32

+ γ{96,168,196}v33 + γ106v39 + γ106v41 ≡ 0.

By a direct computation using the above equalities we obtain

γj = 0 for j ∈ L4, γj = γ124 for j ∈ L5, (3.5)

where L4 = {16, 17, 18, 19, 24, 28, 29, 33, 34, 35, 37, 38, 43, 44, 45, 61,
63, 65, 66, 68, 70, 74, 77, 82, 87, 88, 89, 92, 93, 96, 97, 98, 100, 101,
102, 105, 106, 111, 120, 126, 127, 128, 129, 130, 131, 137, 138, 139, 140,
141, 142, 144, 145, 150, 151, 152, 153, 154, 155, 156, 161, 162, 164, 165,
166, 167, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181,
182, 183, 184, 185, 186, 187, 188, 189, 190, 191, 192, 193, 194, 195} and
L5 = {133, 159, 160, 163, 168, 196, 201, 210, 211, 212, 213}.

Then, θ̃ ≡ γ124
∑

j∈J5
wj . By a simple computation we get

p(2;(3,4))(θ̃) ≡ γ124(v24 + v32 + v39 + v41) ≡ 0.

This equality implies that γ124 = 0 and γt = 0 for 1 6 t 6 215. Hence, we get
θ ≡

∑
16u610 γ̄(u+215)gu. The proposition is proved. �

Proposition 3.1.2. Set ω = (4)|(2)|(3), we have

S̃F 5(ω) = 〈[g11]ω〉,

where the polynomials g11 is explicitly determined in Subsection 5.2.

Proof. The proposition is proved by an argument analogous to the one in the
proof of Proposition 3.1.1. By a direct computation, we can easily verify that
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p(i;I)(g11) ≡ω 0 for all (i; I) ∈ N5. Hence, [g11] ∈ S̃F 5(ω). The set {[bt]ω : 1 6
t 6 50} is a basis of QP+

5 (ω) (see Subsection 5.1), hence if θ∗ ∈ S̃F 5(ω), then
we have θ∗ ≡ω

∑
16t650 γ

∗
t bt, where γ∗t ∈ F2. The leading monomial of g11 is

b50. Hence, we get
θ := θ∗ + γ∗50g11 ≡ω

∑
16t649

γtbt, (3.6)

where γj ∈ F2, 1 6 j 6 49, and pi;I(θ̃) ≡ω 0 for all (i; I) ∈ N5.
Let vs, 46 6 s 6 49, be as in Subsection 5.1. Applying p(u;v), 1 6 u < v 6 5,

to (3.6) and using Theorem 2.1.7 give

p(1;2)(θ) ≡ω γ1v46 + γ2v47 + γ3v48 + γ{34,46}v49 ≡ω 0,
p(1;3)(θ) ≡ω γ6v46 + γ7v47 + γ{33,43}v48 + γ4v49 ≡ω 0,
p(1;4)(θ) ≡ω γ8v46 + γ{32,44,47}v47 + γ10v48 + γ12v49 ≡ω 0,
p(1;5)(θ) ≡ω γ{31,45,48,49}v46 + γ9v47 + γ11v48 + γ13v49 ≡ω 0,
p(2;3)(θ) ≡ω γ14v46 + γ15v47 + γ{37,41,43,46}v48 + γ5v49 ≡ω 0,
p(2;4)(θ) ≡ω γ16v46 + γ{36,44}v47 + γ18v48 + γ26v49 ≡ω 0,
p(2;5)(θ) ≡ω γ{35,42,45}v46 + γ17v47 + γ19v48 + γ27v49 ≡ω 0,
p(3;4)(θ) ≡ω γ20v46 + γ{39,41,47}v47 + γ23v48 + γ28v49 ≡ω 0,
p(3;5)(θ) ≡ω γ{38,41,42,48}v46 + γ21v47 + γ24v48 + γ29v49 ≡ω 0,
p(4;5)(θ) ≡ω γ{40,42,49}v46 + γ22v47 + γ25v48 + γ30v49 ≡ω 0.

From the above relations we get

γj = 0, 1 6 t 6 30, γ33 = γ43, γ34 = γ46, γ36 = γ44. (3.7)

By applying the homomorphisms p(1;(u,v)), 1 < u < v < 5, to (3.6) and
using (3.7), we get

p(1;(2,3))(θ) ≡ω γ37v48 + γ41v49 ≡ω 0,
p(1;(2,4))(θ) ≡ω γ{32,34,47}v47 + γ47v49 ≡ω 0,
p(1;(3,4))(θ) ≡ω γ{32,33,36,39,41,47}v47 + γ36v48 ≡ω 0,

By a direct computation using these equalities we get

γj = 0 for j ∈ {32, 33, 34, 36, 37, 39, 41, 43, 44, 46, 47}, (3.8)

Apply the homomorphisms p(2;(3,5)), p(2;(4,5)) to (3.6) using (3.7), (3.8) to
obtain

p(2;(3,5))(θ) ≡ω γ{35,38,42,45}v46 + γ{45,48}v48 ≡ω 0,
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p(2;(4,5))(θ) ≡ω γ{35,40,42,45}v46 + γ{45,49}v47 ≡ω 0.

From the above relations we obtain

γ45 = γ48 = γ49. (3.9)

Apply the homomorphisms p(1;(2,5)), p(1;(3,5)), p(1;(4,5)) to (3.6) using (3.7),
(3.8), (3.9) to get

p(1;(2,5))(θ) ≡ω γ35v46 + γ42v49 ≡ω 0,
p(1;(3,5))(θ) ≡ω γ38v46 + γ42v48 ≡ω 0,
p(1;(4,5))(θ) ≡ω γ40v46 + γ42v47 ≡ω 0,

These equalities imply that γt = 0 for 1 6 t 6 49. Hence, we get θ∗ ≡ γ∗50g11.
The proposition is proved. �

Remark 3.1.3.
i) Consider the relation (3.13) at the end of Pages 15 of Phúc [15]:

η :=
∑

5016j6550
admj ≡ω 0

with ω = (4, 2, 3). Here, we use the notations as defined in [15]. From the
proof of Proposition 3.1.2, we see that p(i;I)(η) ≡ω 0 for all (i; I) ∈ N5 if
and only if γj = γ531 for 531 6 j 6 550, j 6= 535, 540, 541, 542 and γj = 0
for j ∈ {501, 502, . . . , 530, 535, 540, 541, 542}. However, in [15], the author says
that from p(u;v)(η) ≡ω 0, 1 6 u < v 6 5, p(1;(2,4))(η) ≡ω 0 and p(1;(2,5))(η) ≡ω 0
he obtains γj = 0 for all 501 6 j 6 550. Thus, the computations for p(i;I)(η)
on Page 16 of [15] are false.

ii) It is not difficult to show that [g11]ω is an GL5-invariant, hence we obtain
dimQP5(ω)GL5 > 1. However, in [15], the author stated that dimQP5(ω)GL5 =
0. Thus, the computations for QP5(ω)GL5 on Pages 16, 17 of [15] are false.

By similar computations as presented on the proof of Proposition 3.1.1 we
get the following.
Proposition 3.1.4. We have S̃F 5((4)|2|(2)) = 0.

3.2 Computation of QP5((4)|(2)|(1)|2)GL5

To prove the main results, we need to use the following homomorphism.
Definition 3.2.1. Recall that Vk

∼= 〈x1, x2, . . . , xk〉 ⊂ Pk. For 1 6 j 6 k.
Define the F2-linear map ρj : Vk → Vk, by ρk(x1) = x1 + x2, ρk(xt) = xt for
t > 1 and ρj(xj) = xj+1, ρj(xj+1) = xj , ρj(xt) = xt for t 6= j, j + 1, 1 6 j < k.
The group GLk

∼= GL(Vk) is generated by ρj , 1 6 j 6 k, and the subgroup Σk

is generated by ρj , 1 6 j < k.
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The linear map ρj induces an A-homomorphism of algebras ρj : Pk → Pk.
Hence, a class [g]ω ∈ QPk(ω) is an element of QPGLk

k if and only if ρj(g) ≡ω g
for 1 6 j 6 k. It is an element of QPk(ω)Σk if and only if ρj(g) ≡ω g for
1 6 j < k.

Proposition 3.2.2. We have QP5((4)|(2)|(1)|2)GL5 = 0.

To compute QP5((4)|(2)|(1)|2)GL5 we need the following.

Lemma 3.2.3. We have

QP5((4)|(2)|(1)|2)Σ5 = 〈[hs] : 1 6 s 6 7〉,

where the polynomials hs are determined as in Subsection 5.3.

Proof. We have B5((4)|(2)|(1)|2) = B0
5((4)|(2)|(1)|2) ∪ {at : 1 6 t 6 225},

where the monomials at are determined as in Subsection 5.1. By using this set
we see that there is a direct summand decompositions of the Σ5-modules

QP5((4)|(2)|(1)|2)[Σ5(v1)]
⊕

[Σ5(v2)]
⊕

[Σ5(v5, v6, v7)]⊕
[Σ5(v23)]

⊕
[Σ5(a1)]

⊕
M,

where vs, at are defined as in Subsection 5.1 and M = 〈[at] : 16 6 t 6 225〉.
By a direct computation, we have

[Σ5(v1)]Σ5 = 〈[h1]〉, [Σ5(v2)]Σ5 = 〈[h2]〉,
[Σ5(v5, v6, v7)]Σ5 = 〈[h3]〉, [Σ5(w23)]Σ5 = 〈[h4]〉,
[Σ5(a1)]Σ5 = 0, MΣ5 = 〈[h5], [h6], [h7]〉.

To illustrate the proofs, we present a proof for the relation [Σ5(a1)]Σ5 = 0. The
proofs of other cases are carried out by a similar computation.

Note that [Σ5(a1)] = 〈[at] : 1 6 t 6 15〉. Suppose h ∈ P5((4)|(2)|(1)|2) and
[h] ∈ [Σ5(a1)]Σ5 . Then we have h ≡

∑15
t=1 γtat. Cnssider the homomorphisms

ρj : P5 → P5 as defined in Section 2 with 1 6 j 6 5. A direct computation
shows

ρ1(h) + h ≡ γ7a1 + γ8a2 + γ7a3 + γ8a4 + γ9a5 + γ9a6 + γ{10,13}a10

+ γ{11,14}a11 + γ{12,15}a12 + γ{10,13}a13 + γ{11,14}a14

+ γ{12,15}a15 ≡ 0,
ρ2(h) + h ≡ γ{3,7}a3 + γ{4,8}a4 + γ{5,10}a5 + γ{6,11}a6 + γ{3,7}a7

+ γ{4,8}a8 + γ{9,12}a9 + γ{5,10}a10 + γ{6,11}a11 + γ{9,12}a12

+ γ15a13 + γ15a14 ≡ 0,
ρ3(h) + h ≡ γ{1,3}a1 + γ{2,5}a2 + γ{1,3}a3 + γ{4,6}a4 + γ{2,5}a5
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+ γ{4,6}a6 + γ{8,9}a8 + γ{8,9}a9 + γ{11,12}a11 + γ{11,12}a12

+ γ{14,15}a14 + γ{14,15}a15 ≡ 0,
ρ4(h) + h ≡ γ{1,2}a1 + γ{1,2}a2 + γ{3,4}a3 + γ{3,4}a4 + γ{5,6}a5

+ γ{5,6}a6 + γ{7,8}a7 + γ{7,8}a8 + γ{10,11}a10 + γ{10,11}a11

+ γ{13,14}a13 + γ{13,14}a14 ≡ 0.

By computing from the above relations, we get γt = 0 for 1 6 t 6 15. Hence,
h ≡ 0 and [Σ5(a1)]Σ5 = 0. �

Proof of Proposition 3.2.2. Suppose f ∈ QP5((4)|(2)|(1)|2) such that the class
[f ] ∈ P5((4)|(2)|(1)|2)GL5 . Then, [f ] ∈ P5((4)|(2)|(1)|2)Σ5 . By Lemma 3.2.3,
we have

f ≡
∑

16s67
γshs,

where γs ∈ F2. By computing ρ5(f) + f in terms of the admissible monomials,
we get

ρ5(f) + f ≡ γ1a1 + γ2a125 + γ3a16 + γ4a26 + γ5a121

+ (γ2 + γ6)a61 + γ7a63 + other terms ≡ 0.

This equality implies γs = 0 for 1 6 s 6 7. Hence, [f ] = 0. The proposition is
proved. �

3.3 Computation of QP5((4)|(2)|(3))GL5

In this subsection we prove the following.

Proposition 3.3.1. Set ω = (4)|(2)|(3). Then, we have

QP5(ω)GL5 = 〈[h10]ω〉.

Note that h10 = g11. We need the following for the proof of Proposition
3.3.1.

Lemma 3.3.2. We have

QP5((4)|(2)|(1)|2)Σ5 = 〈[h8]ω, [h9]ω, [h10]ω〉.

Proof. We have B5(ω) = B0
5(ω) ∪ {bt : 1 6 t 6 50}, where the monomials bt

are determined as in Subsection 5.1. By using this set we see that there is a
direct summand decompositions of the Σ5-modules

QP5(ω) = [Σ5(v46)]ω
⊕

[Σ5(b1)]ω
⊕

[Σ5(b31)]ω,
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where vs, bt are defined as in Subsection 5.1. By a direct computation, we
have

[Σ5(v46)]Σ5 = 〈[h8]ω〉, [Σ5(b1)]Σ5 = 〈[h9]ω〉, [Σ5(b31)]Σ5 = 〈[h10]ω〉.

We present a detailed proof for the case [Σ5(b31)]Σ5 = 〈[h10]ω〉.
Note that [Σ5(b31)] = 〈[bt] : 31 6 t 6 50〉. Suppose h ∈ P5(ω) and [h]ω ∈

[Σ5(b31)]Σ5
ω . Then we have h ≡ω

∑50
t=31 γtbt. By a direct computation we have

ρ1(h) + h ≡ω γ{31,35}b31 + γ{32,36}b32 + γ{33,37,46}b33 + γ{34,46}b34

+ γ{31,35}b35 + γ{32,36}b36 + γ{33,34,37}b37 + γ41b43

+ γ{47,50}b44 + γ{42,48,49}b45 + γ{34,46}b46+ ≡ω 0,
ρ2(h) + h ≡ω γ{33,34}b33 + γ{33,34}b34 + γ{35,38,41}b35 + γ{36,39,41}b36

+ γ{37,41}b37 + γ{35,37,38}b38 + γ{36,37,39}b39 + γ{37,41}b41

+ γ{43,46}b43 + γ{44,47}b44 + γ{45,48}b45 + γ{43,46}b46

+ γ{44,47}b47 + γ{45,48}b48 ≡ω 0,
ρ3(h) + h ≡ω γ{32,33}b32 + γ{32,33}b33 + γ{36,37,46}b36 + γ{36,37,46}b37

+ γ{38,40,47}b38 + γ{39,50}b39 + γ{38,39,40,41}b40 + γ{41,47,50}b41

+ γ{43,44,47,50}b43 + γ{41,43,44}b44 + γ{39,41,47}b47 + γ{48,49}b48

+ γ{48,49}b49 + γ{39,50}b50 ≡ω 0,
ρ4(h) + h ≡ω γ{31,32}b31 + γ{31,32}b32 + γ{35,36}b35 + γ{35,36}b36

+ γ{38,39}b38 + γ{38,39}b39 + γ{40,42}b40 + γ{40,42}b42

+ γ{42,44,45}b44 + γ{40,44,45}b45 + γ{42,47,48}b47 + γ{40,47,48}b48

+ γ{49,50}b49 + γ{49,50}b50 ≡ω 0.

Computing from the above relations gives γt = 0 for t ∈ {37, 40, 41, 42} and
γt = γ31 for t 6= 37, 40, 41, 42. Hence, h ≡ω h10. The lemma is proved. �

Proof of Proposition 3.3.1. Suppose g ∈ P5(ω) and [g]ω ∈ QP5(ω)GL5 . Then,
[g]ω ∈ QP5(ω)Σ5 . By Lemma 3.3.2, we have

g ≡ γ8h8 + γ9h9 + γ10h10,

where γs ∈ F2. By computing ρ5(g) + g in terms of the admissible monomials,
we get

ρ5(g) + g ≡ω (γ8 + γ9)(x3
2x

5
3x

5
4x

7
5 + x3

2x
5
3x

7
4x

5
5 + x3

2x
7
3x

5
4x

5
5)

γ8
(
x7

2x
3
3x

5
4x

5
5 + x3

1x
7
2x

5
4x

5
5 + x3

1x
7
2x

5
3x

5
5 + x3

1x
7
2x

5
3x

5
4

+ b31 + b32 + b33 + b34 + b35 + b36 + b46
)

+ γ9
(
b4 + b6 + b7 + b8 + b9 + b10 + b11 + b12 + b13
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+ b23 + b24 + b25 + b43 + b44 + b45
)
≡ω 0.

This equality implies γ8 = γ9 = 0. Hence, [g]ω = [h10]ω. The proposition is
proved. �

3.4 Computation of QP5((4)|2|(2))GL5

In this subsection we prove the following.

Proposition 3.4.1. We have QP5((4)|2|(2))GL5 = 0.

Proof. This proposition is proved by the same computations as in the proof of
Proposition 3.3.1. We only present here a brief proof.

We have B5((4)|2|(2)) = B0
5((4)|2|(2)) ∪ {ct : 1 6 t 6 91}, where the

monomials ct are determined as in Subsection 5.1. Based on this set we have
a direct summand decomposition of the Σ5-modules

QP5(ω∗) = [Σ5(w50)]ω∗

⊕
[Σ5(c1)]ω∗

⊕
[Σ5(c31)]ω∗

⊕
[Σ5(c86)]ω∗ ,

where ω∗ := (4)|2|(2). By a direct computation we have

[Σ5(w50]Σ5
ω∗ = 〈[h11]ω∗〉, [Σ5(c1)]Σ5

ω∗ = 〈[h12]ω∗〉,
[Σ5(c31)]Σ5

ω∗ = 0, [Σ5(c86)]Σ5
ω∗ = 〈[h13]ω∗〉,

where h11, h12, h13 are defined in Subsection 5.3.
Suppose f ∈ P5(ω∗) and [f ]ω∗ ∈ QP5(ω∗)GL5 . Then, [f ]ω∗ ∈ QP5(ω∗)Σ5 .

Hence, we have
f ≡ω∗ γ11h11 + γ12h12 + γ13h13,

where γ11, γ12, γ13 ∈ F2. By computing ρ5(f) + f in terms of the admissible
monomials, we get

ρ5(f) + f ≡ω∗ γ11w52 + γ12c4 + γ13c40 + other terms ≡ω∗ 0.

This equality implies γ11 = γ12 = γ13 = 0. Hence, [f ]ω∗ = 0 and the proposi-
tion is proved. �

Remark 3.4.2. In [15], Phúc stated on Page 16 that dimVGL5 = 1 with
V = QP5(4, 2, 1, 1)

⊕
QP5(4, 4, 2). However, by combining Propositions 3.2.2

and 3.4.1, we have VGL5 = 0. Hence, Phúc’s result is false.

3.5 Proof of Theorem 1.2
We note that by a direct computation we can easily check that ρj(p)+p ≡ 0

for 1 6 j 6 5. Hence, [p] ∈ (QP5)GL5
20 .
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Suppose f ∈ P5 and [f ] ∈ (QP5)GL5
20 . By Proposition 3.4.1, [f ]ω∗ = 0, hence

[f ]ω ∈ QP5(ω)GL5 . By using Proposition 3.3.1, we get

f ≡ γh10 +
∑

x∈B((4)|(2)|(1)2)

γx.x,

where γ, γx ∈ F2 for all x ∈ B((4)|(2)|(1)2). By computing from the relation
ρj(f) + f ≡ 0, we see that ρj(f) + f ≡ 0 for 1 6 j < 5 if and only if

f ≡ γ(h10 + h0) +
∑

16t67
γtht,

where γt ∈ F2 and

h0 = x1x2x
3
3x

3
4x

12
5 + x1x2x

3
3x

5
4x

10
5 + x1x2x

3
3x

6
4x

9
5 + x1x2x

3
3x

12
4 x

3
5

+ x1x2x
6
3x

3
4x

9
5 + x1x2x

6
3x

9
4x

3
5 + x1x

3
2x3x

3
4x

12
5 + x1x

3
2x3x

5
4x

10
5

+ x1x
3
2x3x

6
4x

9
5 + x1x

3
2x3x

12
4 x

3
5 + x1x

3
2x

3
3x

4
4x

9
5 + x1x

3
2x

3
3x

5
4x

8
5

+ x1x
3
2x

5
3x

3
4x

8
5 + x1x

3
2x

5
3x

8
4x

3
5 + x1x

6
2x3x

3
4x

9
5 + x1x

6
2x3x

9
4x

3
5

+ x3
1x2x

4
3x

3
4x

9
5 + x3

1x2x
4
3x

9
4x

3
5 + x3

1x2x
5
3x

3
4x

8
5 + x3

1x2x
5
3x

8
4x

3
5

+ x3
1x

4
2x3x

3
4x

9
5 + x3

1x
4
2x3x

9
4x

3
5 + x3

1x
5
2x3x

3
4x

8
5 + x3

1x
5
2x3x

8
4x

3
5.

Note that h0 + h10 = p. Since [p] ∈ (QP5)GL5
20 , we get

[
∑

16t67
γtht] ∈ QP5((4)|(2)|(1)2)GL5 .

By using Proposition 3.2.2, we obtain γt = 0 for 1 6 t 6 7. The theorem is
proved.

4 Proof of Theorem 1.4
Recall from [27] that

(QP5)30 ∼= QP5((2)|4)
⊕

QP5(2, 4, 3, 1)
⊕

QP5(4, 3, 3, 1).

The set of all admissible monomials of the degree 30 in P5 is explicitly presented
in [26].

The proof of this theorem is carried out by the same argument as presented
in the proof of Theorem 1.2. So, we only present here some main results of the
proof.
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4.1 Computation of QP5((2)|4)GL5 and QP5(2, 4, 3, 1)GL5

In this subsection we explicitly computeQP5((2)|4)GL5 andQP5(2, 4, 3, 1)GL5 .

Proposition 4.1.1. We have QP5((2)|4)GL5 = 0.

To compute QP5((2)|4)GL5 we need the following.

Lemma 4.1.2. We have

QP5((2)|4)Σ5 = 〈[ps] : 1 6 s 6 9〉,

where the polynomials ps are determined as in Subsection 5.4.

Proof of Proposition 4.1.1. Suppose f ∈ QP5((2)|4) and [f ] ∈ P5((2)|4)GL5 .
Then, [f ] ∈ P5((2)|4)Σ5 . By Lemma 4.1.2, we have

f ≡
∑

16s69
γsps,

where γs ∈ F2 for 1 6 s 6 9. By computing ρ5(f)+f in terms of the admissible
monomials, we get

ρ5(f) + f ≡ (γ1 + γ2)x15
2 x

15
3 + (γ2 + γ6)x2x

15
3 x

14
4 + γ5x

3
2x3x

12
4 x

14
5

+ γ6[x3
1x2x

4
3x

10
4 x

12
5 ] + γ7x1x

3
2x

2
3x

12
4 x

12
5 + γ8x1x

3
2x

12
3 x

2
4x

12
5

+ (γ2 + γ4)x15
2 x4x

14
5 + (γ2 + γ3)x1x

15
2 x

14
3

+ (γ5 + γ9)[x2x
3
3x

12
4 x

14
5 ] + other terms ≡ 0.

This equality implies γs = 0 for 1 6 s 6 9. Hence, [f ] = 0. The proposition is
proved. �

Since QP5(2, 4, 3, 1) is an GL5-module of dimension 1, we get the following.

Proposition 4.1.3. We have

QP5(2, 4, 3, 1)GL5 = 〈[x3
1x

5
2x

6
3x

6
4x

10
5 ]ω〉, with ω = (2, 4, 3, 1).

4.2 Computation of QP5((4)|(3)|2|(1))GL5

By a direct computation based on the basis of the space QP5((4)|(3)|2|(1))
as presented in [26] one gets the following result.

Lemma 4.2.1. We have

QP5((4)|(3)|2|(1)) = 〈[qs]ω∗ : 1 6 s 6 7〉,

where the polynomials qs, 1 6 s 6 7, are determined as in Subsection 5.5 and
ω∗ = (4, 3, 3, 1).



104 Determination of the fifth Singer algebraic transfer in some degrees

Proof. We have a direct summand decomposition of the Σ5-modules

QP5((4)|(3)|2|(1)) ∼= Σ5(x1x
7
2x

7
3x

15
4 )
⊕

Σ5(x3
1x

5
2x

7
3x

15
4 )
⊕

Σ5(x3
1x

7
2x

7
3x

13
4 )⊕

Σ5(x1x2x
6
3x

7
4x

15
5 , x1x

2
2x

5
3x

7
4x

15
5 )
⊕

Σ5(x1x
3
2x

5
3x

6
4x

15
5 )
⊕
M,

whereM is the subspace ofQP5((4)|(3)|2|(1)) spanned by 330 admissible mono-
mials of B+

5 (4, 3, 3, 1) \ C as listed in [26, Theorem 3.3.7]. By a direct compu-
tation one gets

Σ5(x1x
7
2x

7
3x

15
4 )Σ5 = 〈[q1]ω∗〉

Σ5(x3
1x

5
2x

7
3x

15
4 )Σ5 = 〈[q2]ω∗〉

Σ5(x3
1x

7
2x

7
3x

13
4 )Σ5 = 0

Σ5(x1x2x
6
3x

7
4x

15
5 , x1x

2
2x

5
3x

7
4x

15
5 )Σ5 = 〈[q3]ω∗〉

Σ5(x1x
3
2x

5
3x

6
4x

15
5 )Σ5 = 〈[q4]ω∗〉

MΣ5 = 〈[q5]ω∗ , [q6]ω∗ , [q7]ω∗〉

We present the detailed proof for the relation Σ5(x1x
3
2x

5
3x

6
4x

15
5 )Σ5 = 〈[q4]ω∗〉.

We have Σ5(x1x
3
2x

5
3x

6
4x

15
5 ) = 〈[dt]ω∗ : 1 6 t 6 60〉, where the monomials

dt, 11 6 t 6 60, are determined as follows:
1. x1x

3
2x

5
3x

6
4x

15
5 2. x1x

3
2x

5
3x

15
4 x

6
5 3. x1x

3
2x

6
3x

5
4x

15
5 4. x1x

3
2x

6
3x

15
4 x

5
5

5. x1x
3
2x

15
3 x

5
4x

6
5 6. x1x

3
2x

15
3 x

6
4x

5
5 7. x1x

6
2x

3
3x

5
4x

15
5 8. x1x

6
2x

3
3x

15
4 x

5
5

9. x1x
6
2x

15
3 x

3
4x

5
5 10. x1x

15
2 x

3
3x

5
4x

6
5 11. x1x

15
2 x

3
3x

6
4x

5
5 12. x1x

15
2 x

6
3x

3
4x

5
5

13. x3
1x2x

5
3x

6
4x

15
5 14. x3

1x2x
5
3x

15
4 x

6
5 15. x3

1x2x
6
3x

5
4x

15
5 16. x3

1x2x
6
3x

15
4 x

5
5

17. x3
1x2x

15
3 x

5
4x

6
5 18. x3

1x2x
15
3 x

6
4x

5
5 19. x3

1x
3
2x

4
3x

5
4x

15
5 20. x3

1x
3
2x

4
3x

15
4 x

5
5

21. x3
1x

3
2x

5
3x

4
4x

15
5 22. x3

1x
3
2x

5
3x

15
4 x

4
5 23. x3

1x
3
2x

15
3 x

4
4x

5
5 24. x3

1x
3
2x

15
3 x

5
4x

4
5

25. x3
1x

4
2x

3
3x

5
4x

15
5 26. x3

1x
4
2x

3
3x

15
4 x

5
5 27. x3

1x
4
2x

15
3 x

3
4x

5
5 28. x3

1x
5
2x3x

6
4x

15
5

29. x3
1x

5
2x3x

15
4 x

6
5 30. x3

1x
5
2x

2
3x

5
4x

15
5 31. x3

1x
5
2x

2
3x

15
4 x

5
5 32. x3

1x
5
2x

3
3x

4
4x

15
5

33. x3
1x

5
2x

3
3x

15
4 x

4
5 34. x3

1x
5
2x

6
3x4x

15
5 35. x3

1x
5
2x

6
3x

15
4 x5 36. x3

1x
5
2x

15
3 x4x

6
5

37. x3
1x

5
2x

15
3 x

2
4x

5
5 38. x3

1x
5
2x

15
3 x

3
4x

4
5 39. x3

1x
5
2x

15
3 x

6
4x5 40. x3

1x
15
2 x3x

5
4x

6
5

41. x3
1x

15
2 x3x

6
4x

5
5 42. x3

1x
15
2 x

3
3x

4
4x

5
5 43. x3

1x
15
2 x

3
3x

5
4x

4
5 44. x3

1x
15
2 x

4
3x

3
4x

5
5

45. x3
1x

15
2 x

5
3x4x

6
5 46. x3

1x
15
2 x

5
3x

2
4x

5
5 47. x3

1x
15
2 x

5
3x

3
4x

4
5 48. x3

1x
15
2 x

5
3x

6
4x5

49. x15
1 x2x

3
3x

5
4x

6
5 50. x15

1 x2x
3
3x

6
4x

5
5 51. x15

1 x2x
6
3x

3
4x

5
5 52. x15

1 x
3
2x3x

5
4x

6
5

53. x15
1 x

3
2x3x

6
4x

5
5 54. x15

1 x
3
2x

3
3x

4
4x

5
5 55. x15

1 x
3
2x

3
3x

5
4x

4
5 56. x15

1 x
3
2x

4
3x

3
4x

5
5

57. x15
1 x

3
2x

5
3x4x

6
5 58. x15

1 x
3
2x

5
3x

2
4x

5
5 59. x15

1 x
3
2x

5
3x

3
4x

4
5 60. x15

1 x
3
2x

5
3x

6
4x5.

Suppose f ∈ P5(ω∗) and [f ]ω∗ ∈ Σ5(x1x
3
2x

5
3x

6
4x

15
5 )Σ5 . Then we have f ≡ω∗∑60

t=1 dt with γt ∈ F2 and ρj(f) + f ≡ω∗ 0, 1 6 j 6 4.
By a direct computation we get

ρ1(f) + f ≡ω∗ γ{1,13}d1 + γ{2,14}d2 + γ{3,15,25}d3 + γ{4,16,26}d4 + γ{5,17}d5

+ γ{6,18,27}d6 + γ{7,25}d7 + γ{8,26}d8 + γ{9,27}d9 + γ{10,49}d10
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+ γ{11,50}d11 + γ{12,51}d12 + γ{1,13}d13 + γ{2,14}d14 + γ{3,7,15}d15

+ γ{4,8,16}d16 + γ{5,17}d17 + γ{6,9,18}d18 + γ30d19 + γ31d20

+ γ32d21 + γ33d22 + γ37d23 + γ38d24 + γ{7,25}d25 + γ{8,26}d26

+ γ{9,27}d27 + γ{40,52}d40 + γ{41,53}d41 + γ{42,54}d42 + γ{43,55}d43

+ γ{44,56}d44 + γ{45,57}d45 + γ{46,58}d46 + γ{47,59}d47 + γ{48,60}d48

+ γ{10,49}d49 + γ{11,50}d50 + γ{12,51}d51 + γ{40,52}d52 + γ{41,53}d53

+ γ{42,54}d54 + γ{43,55}d55 + γ{44,56}d56 + γ{45,57}d57 + γ{46,58}d58

+ γ{47,59}d59 + γ{48,60}d60 ≡ω∗ 0,
ρ2(f) + f ≡ω∗ γ{3,7}d3 + γ{4,8}d4 + γ{5,10}d5 + γ{6,11}d6 + γ{3,7}d7 + γ{4,8}d8

+ γ{9,12}d9 + γ{5,10}d10 + γ{6,11}d11 + γ{9,12}d12 + γ{13,28,30}d13

+ γ{14,29,31}d14 + γ{15,30}d15 + γ{16,31}d16 + γ{17,40}d17

+ γ{18,41}d18 + γ{19,25}d19 + γ{20,26}d20 + γ{21,32,34}d21

+ γ{22,33,35}d22 + γ{23,42}d23 + γ{24,43}d24 + γ{19,25}d25

+ γ{20,26}d26 + γ{27,44}d27 + γ{13,15,28}d28 + γ{14,16,29}d29

+ γ{15,30}d30 + γ{16,31}d31 + γ{21,32,34}d32 + γ{22,33,35}d33

+ γ{36,45}d36 + γ{37,46}d37 + γ{38,47}d38 + γ{39,48}d39 + γ{17,40}d40

+ γ{18,41}d41 + γ{23,42}d42 + γ{24,43}d43 + γ{27,44}d44 + γ{36,45}d45

+ γ{37,46}d46 + γ{38,47}d47 + γ{39,48}d48 + γ{49,52}d49

+ γ{50,53,56}d50 + γ{51,56}d51 + γ{49,52}d52 + γ{50,51,53}d53

+ γ58d54 + γ59d55 + γ{51,56}d56 ≡ω∗ 0,
ρ3(f) + f ≡ω∗ γ{1,3}d1 + γ{2,5}d2 + γ{1,3}d3 + γ{4,6}d4 + γ{2,5}d5 + γ{4,6}d6

+ γ{8,9}d8 + γ{8,9}d9 + γ{11,12}d11 + γ{11,12}d12 + γ{13,15,25}d13

+ γ{14,17}d14 + γ{13,15,25}d15 + γ{16,18}d16 + γ{14,17}d17 + γ{16,18}d18

+ γ{19,21,32}d19 + γ{20,23}d20 + γ{19,21,30}d21 + γ{22,24}d22

+ γ{20,23}d23 + γ{22,24}d24 + γ{26,27}d26 + γ{26,27}d27 + γ{28,34}d28

+ γ{29,36}d29 + γ{30,32}d30 + γ{31,37}d31 + γ{30,32}d32 + γ{33,38}d33

+ γ{28,34}d34 + γ{35,39}d35 + γ{29,36}d36 + γ{31,37}d37 + γ{33,38}d38

+ γ{35,39}d39 + γ{40,45,46}d40 + γ{41,46}d41 + γ{42,44}d42

+ γ{43,47,48}d43 + γ{42,44}d44 + γ{40,41,45}d45 + γ{41,46}d46

+ γ{43,47,48}d47 + γ{50,51}d50 + γ{50,51}d51 + γ{52,57,58}d52

+ γ{53,58}d53 + γ{54,56}d54 + γ{55,59,60}d55 + γ{54,56}d56

+ γ{52,53,57}d57 + γ{53,58}d58 + γ{55,59,60}d59 ≡ω∗ 0,
ρ4(f) + f ≡ω∗ γ{1,2}d1 + γ{1,2}d2 + γ{3,4}d3 + γ{3,4}d4 + γ{5,6}d5 + γ{5,6}d6

+ γ{7,8}d7 + γ{7,8}d8 + γ{10,11}d10 + γ{10,11}d11 + γ{13,14}d13
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+ γ{13,14}d14 + γ{15,16}d15 + γ{15,16}d16 + γ{17,18,27}d17

+ γ{17,18,27}d18 + γ{19,20}d19 + γ{19,20}d20 + γ{21,22}d21

+ γ{21,22}d22 + γ{23,24,38}d23 + γ{23,24,37}d24 + γ{25,26}d25

+ γ{25,26}d26 + γ{28,29}d28 + γ{28,29}d29 + γ{30,31}d30 + γ{30,31}d31

+ γ{32,33}d32 + γ{32,33}d33 + γ{34,35}d34 + γ{34,35}d35 + γ{36,39}d36

+ γ{37,38}d37 + γ{37,38}d38 + γ{36,39}d39 + γ{40,41,44}d40

+ γ{40,41,44}d41 + γ{42,43,47}d42 + γ{42,43,46}d43 + γ{45,48}d45

+ γ{46,47}d46 + γ{46,47}d47 + γ{45,48}d48 + γ{49,50}d49 + γ{49,50}d50

+ γ{52,53,56}d52 + γ{52,53,56}d53 + γ{54,55,59}d54 + γ{54,55,58}d55

+ γ{57,60}d57 + γ{58,59}d58 + γ{58,59}d59 + γ{57,60}d60 ≡ω∗ 0.

From the above equalities we get γt = 0 for t ∈ J = {15, 16, 18, 30, 31, 32,
33, 37, 38, 41, 46, 47, 53, 58, 59} and γt = γ1 for t /∈ J. Hence f ≡ω∗ q4.
The lemma ia proved. �

Proposition 4.2.2. We have QP5((4)|(3)|2|(1))GL5 = 0.

Proof. Let h ∈ P5(ω∗) such that [h]ω∗ ∈ QP5((4)|(3)|2|(1))GL5 . Then we have
[h]ω∗ ∈ QP5((4)|(3)|2|(1))Σ5 . By Lemma 4.2.1 we have h ≡ω∗

∑7
u=1 qu with

γu ∈ F2. By a direct computation we get

ρ5(h) + h ≡ω∗ γ1x2x
7
3x

7
4x

15
5 + γ2x

3
2x

5
3x

7
4x

15
5 + γ3x1x

15
2 x3x

6
4x

7
5

+ γ4x1x
15
2 x

3
3x

5
4x

6
5 + γ5x

3
1x

7
2x3x

7
4x

12
5 + γ6x

3
1x

7
2x3x

5
4x

14
5

+ γ7x
3
1x

7
2x

3
3x

5
4x

12
5 + other terms ≡ω∗ 0.

This equality implies γu = 0 for 1 6 u 6 7. The proposition is proved. �

4.3 Proof of Theorem 1.4
It is not difficult to check that ρt(q) + q ≡ 0 for 1 6 t 6 5. Hence,

[q] ∈ (QP5)GL5
30 .

Suppose g ∈ P5 and [g] ∈ (QP5)GL5
30 . By Proposition 4.2.2, [g](4,3,3,1) = 0,

hence [g](2,4,3,1) ∈ QP5(2, 4, 3, 1)GL5 . By using Proposition 4.1.3, we get

g ≡ γx3
1x

5
2x

6
3x

6
4x

10
5 +

∑
b∈B((2)4)

γb.b,

where γ, γb ∈ F2 for all b ∈ B((2)4). By a direct computation, we see that
ρt(g) + g ≡ 0 for 1 6 t < 5 if and only if

f ≡ γ(x3
1x

5
2x

6
3x

6
4x

10
5 + p0) +

∑
16s69

γsps,
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where γs ∈ F2 for 1 6 s 6 9, and

p0 = x1x
2
2x3x

14
4 x

12
5 + x1x

2
2x

3
3x

12
4 x

12
5 + x1x

2
2x

12
3 x4x

14
5 + x1x

2
2x

13
3 x

2
4x

12
5

+ x1x
3
2x

2
3x

12
4 x

12
5 + x1x

3
2x

4
3x

10
4 x

12
5 + x1x

3
2x

6
3x

8
4x

12
5 + x1x

3
2x

12
3 x

2
4x

12
5

+ x1x
14
2 x3x

2
4x

12
5 + x3

1x2x
4
3x

10
4 x

12
5 + x3

1x2x
6
3x

8
4x

12
5 + x3

1x2x
12
3 x

2
4x

12
5

+ x3
1x

5
2x

2
3x

8
4x

12
5 .

Now, computing from the relation ρ5(g)+g ≡ 0, we obtain γs = γ for 1 6 s 6 9.
Then, we have

g ≡ γ

x3
1x

5
2x

6
3x

6
4x

10
5 +

∑
06s69

ps

 = γq.

The theorem is proved.

5 Appendix
5.1 The admissible monomials of degree 20 in P5

In this subsection we list the needed admissible monomials of degree 20 in
P5. The elements in B0

5(20) can easily determined by using the results in [24]
and the relation 2.3. We have B4(20) = {wt : 1 6 t 6 55}, where

v1 = x1x2x
3
3x

15
4 v2 = x1x2x

7
3x

11
4 v3 = x1x2x

15
3 x

3
4 v4 = x1x

3
2x3x

15
4

v5 = x1x
3
2x

3
3x

13
4 v6 = x1x

3
2x

5
3x

11
4 v7 = x1x

3
2x

7
3x

9
4 v8 = x1x

3
2x

13
3 x

3
4

v9 = x1x
3
2x

15
3 x4 v10 = x1x

7
2x3x

11
4 v11 = x1x

7
2x

3
3x

9
4 v12 = x1x

7
2x

9
3x

3
4

v13 = x1x
7
2x

11
3 x4 v14 = x1x

15
2 x3x

3
4 v15 = x1x

15
2 x

3
3x4 v16 = x3

1x2x3x
15
4

v17 = x3
1x2x

3
3x

13
4 v18 = x3

1x2x
5
3x

11
4 v19 = x3

1x2x
7
3x

9
4 v20 = x3

1x2x
13
3 x

3
4

v21 = x3
1x2x

15
3 x4 v22 = x3

1x
3
2x3x

13
4 v23 = x3

1x
3
2x

5
3x

9
4 v24 = x3

1x
3
2x

13
3 x4

v25 = x3
1x

5
2x3x

11
4 v26 = x3

1x
5
2x

3
3x

9
4 v27 = x3

1x
5
2x

9
3x

3
4 v28 = x3

1x
5
2x

11
3 x4

v29 = x3
1x

7
2x3x

9
4 v30 = x3

1x
7
2x

9
3x4 v31 = x3

1x
13
2 x3x

3
4 v32 = x3

1x
13
2 x

3
3x4

v33 = x3
1x

15
2 x3x4 v34 = x7

1x2x3x
11
4 v35 = x7

1x2x
3
3x

9
4 v36 = x7

1x2x
9
3x

3
4

v37 = x7
1x2x

11
3 x4 v38 = x7

1x
3
2x3x

9
4 v39 = x7

1x
3
2x

9
3x4 v40 = x7

1x
9
2x3x

3
4

v41 = x7
1x

9
2x

3
3x4 v42 = x7

1x
11
2 x3x4 v43 = x15

1 x2x3x
3
4 v44 = x15

1 x2x
3
3x4

v45 = x15
1 x

3
2x3x4 v46 = x3

1x
5
2x

5
3x

7
4 v47 = x3

1x
5
2x

7
3x

5
4 v48 = x3

1x
7
2x

5
3x

5
4

v49 = x7
1x

3
2x

5
3x

5
4 v50 = x3

1x
3
2x

7
3x

7
4 v51 = x3

1x
7
2x

3
3x

7
4 v52 = x3

1x
7
2x

7
3x

3
4

v53 = x7
1x

3
2x

3
3x

7
4 v54 = x7

1x
3
2x

7
3x

3
4 v55 = x7

1x
7
2x

3
3x

3
4

Note that ω(wt) = (4)|(2)|(1)|2 for 1 6 t 6 45, ω(wt) = (4)|(2)|(3)
for 46 6 t 6 49 and ω(wt) = (4)|2|(2) for 50 6 t 6 55. Hence, we get
|B0

5((4)|(2)|(1)|2)| = 225, |B0
5((4)|(2)|(3))| = 20, |B0

5((4)|2|(2))| = 30 and
|B0

5(20)| = 275. So, we list only the elements in

B+
5 (20) = B+

5 ((4)|(2)|(1)|2)
⋃
B+

5 ((4)|(2)|(3))
⋃
B+

5 ((4)|2|(2)).
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B+
5 ((4)|(2)|(1)|2) = {at = at : 1 6 t 6 225}, where

1. x1x2x3x
2
4x

15
5 2. x1x2x3x

15
4 x

2
5 3. x1x2x

2
3x4x

15
5 4. x1x2x

2
3x

15
4 x5

5. x1x2x
15
3 x4x

2
5 6. x1x2x

15
3 x

2
4x5 7. x1x

2
2x3x4x

15
5 8. x1x

2
2x3x

15
4 x5

9. x1x
2
2x

15
3 x4x5 10. x1x

15
2 x3x4x

2
5 11. x1x

15
2 x3x

2
4x5 12. x1x

15
2 x

2
3x4x5

13. x15
1 x2x3x4x

2
5 14. x15

1 x2x3x
2
4x5 15. x15

1 x2x
2
3x4x5 16. x1x2x3x

3
4x

14
5

17. x1x2x3x
6
4x

11
5 18. x1x2x3x

7
4x

10
5 19. x1x2x3x

14
4 x

3
5 20. x1x2x

2
3x

3
4x

13
5

21. x1x2x
2
3x

5
4x

11
5 22. x1x2x

2
3x

7
4x

9
5 23. x1x2x

2
3x

13
4 x

3
5 24. x1x2x

3
3x4x

14
5

25. x1x2x
3
3x

2
4x

13
5 26. x1x2x

3
3x

3
4x

12
5 27. x1x2x

3
3x

4
4x

11
5 28. x1x2x

3
3x

5
4x

10
5

29. x1x2x
3
3x

6
4x

9
5 30. x1x2x

3
3x

7
4x

8
5 31. x1x2x

3
3x

12
4 x

3
5 32. x1x2x

3
3x

13
4 x

2
5

33. x1x2x
3
3x

14
4 x5 34. x1x2x

6
3x4x

11
5 35. x1x2x

6
3x

3
4x

9
5 36. x1x2x

6
3x

9
4x

3
5

37. x1x2x
6
3x

11
4 x5 38. x1x2x

7
3x4x

10
5 39. x1x2x

7
3x

2
4x

9
5 40. x1x2x

7
3x

3
4x

8
5

41. x1x2x
7
3x

8
4x

3
5 42. x1x2x

7
3x

9
4x

2
5 43. x1x2x

7
3x

10
4 x5 44. x1x2x

14
3 x4x

3
5

45. x1x2x
14
3 x

3
4x5 46. x1x

2
2x3x

3
4x

13
5 47. x1x

2
2x3x

5
4x

11
5 48. x1x

2
2x3x

7
4x

9
5

49. x1x
2
2x3x

13
4 x

3
5 50. x1x

2
2x

3
3x4x

13
5 51. x1x

2
2x

3
3x

5
4x

9
5 52. x1x

2
2x

3
3x

13
4 x5

53. x1x
2
2x

5
3x4x

11
5 54. x1x

2
2x

5
3x

3
4x

9
5 55. x1x

2
2x

5
3x

9
4x

3
5 56. x1x

2
2x

5
3x

11
4 x5

57. x1x
2
2x

7
3x4x

9
5 58. x1x

2
2x

7
3x

9
4x5 59. x1x

2
2x

13
3 x4x

3
5 60. x1x

2
2x

13
3 x

3
4x5

61. x1x
3
2x3x4x

14
5 62. x1x

3
2x3x

2
4x

13
5 63. x1x

3
2x3x

3
4x

12
5 64. x1x

3
2x3x

4
4x

11
5

65. x1x
3
2x3x

5
4x

10
5 66. x1x

3
2x3x

6
4x

9
5 67. x1x

3
2x3x

7
4x

8
5 68. x1x

3
2x3x

12
4 x

3
5

69. x1x
3
2x3x

13
4 x

2
5 70. x1x

3
2x3x

14
4 x5 71. x1x

3
2x

2
3x4x

13
5 72. x1x

3
2x

2
3x

5
4x

9
5

73. x1x
3
2x

2
3x

13
4 x5 74. x1x

3
2x

3
3x4x

12
5 75. x1x

3
2x

3
3x

4
4x

9
5 76. x1x

3
2x

3
3x

5
4x

8
5

77. x1x
3
2x

3
3x

12
4 x5 78. x1x

3
2x

4
3x4x

11
5 79. x1x

3
2x

4
3x

3
4x

9
5 80. x1x

3
2x

4
3x

9
4x

3
5

81. x1x
3
2x

4
3x

11
4 x5 82. x1x

3
2x

5
3x4x

10
5 83. x1x

3
2x

5
3x

2
4x

9
5 84. x1x

3
2x

5
3x

3
4x

8
5

85. x1x
3
2x

5
3x

8
4x

3
5 86. x1x

3
2x

5
3x

9
4x

2
5 87. x1x

3
2x

5
3x

10
4 x5 88. x1x

3
2x

6
3x4x

9
5

89. x1x
3
2x

6
3x

9
4x5 90. x1x

3
2x

7
3x4x

8
5 91. x1x

3
2x

7
3x

8
4x5 92. x1x

3
2x

12
3 x4x

3
5

93. x1x
3
2x

12
3 x

3
4x5 94. x1x

3
2x

13
3 x4x

2
5 95. x1x

3
2x

13
3 x

2
4x5 96. x1x

3
2x

14
3 x4x5

97. x1x
6
2x3x4x

11
5 98. x1x

6
2x3x

3
4x

9
5 99. x1x

6
2x3x

9
4x

3
5 100. x1x

6
2x3x

11
4 x5

101. x1x
6
2x

3
3x4x

9
5 102. x1x

6
2x

3
3x

9
4x5 103. x1x

6
2x

9
3x4x

3
5 104. x1x

6
2x

9
3x

3
4x5

105. x1x
6
2x

11
3 x4x5 106. x1x

7
2x3x4x

10
5 107. x1x

7
2x3x

2
4x

9
5 108. x1x

7
2x3x

3
4x

8
5

109. x1x
7
2x3x

8
4x

3
5 110. x1x

7
2x3x

9
4x

2
5 111. x1x

7
2x3x

10
4 x5 112. x1x

7
2x

2
3x4x

9
5

113. x1x
7
2x

2
3x

9
4x5 114. x1x

7
2x

3
3x4x

8
5 115. x1x

7
2x

3
3x

8
4x5 116. x1x

7
2x

8
3x4x

3
5

117. x1x
7
2x

8
3x

3
4x5 118. x1x

7
2x

9
3x4x

2
5 119. x1x

7
2x

9
3x

2
4x5 120. x1x

7
2x

10
3 x4x5

121. x1x
14
2 x3x4x

3
5 122. x1x

14
2 x3x

3
4x5 123. x1x

14
2 x

3
3x4x5 124. x3

1x2x3x4x
14
5

125. x3
1x2x3x

2
4x

13
5 126. x3

1x2x3x
3
4x

12
5 127. x3

1x2x3x
4
4x

11
5 128. x3

1x2x3x
5
4x

10
5

129. x3
1x2x3x

6
4x

9
5 130. x3

1x2x3x
7
4x

8
5 131. x3

1x2x3x
12
4 x

3
5 132. x3

1x2x3x
13
4 x

2
5

133. x3
1x2x3x

14
4 x5 134. x3

1x2x
2
3x4x

13
5 135. x3

1x2x
2
3x

5
4x

9
5 136. x3

1x2x
2
3x

13
4 x5

137. x3
1x2x

3
3x4x

12
5 138. x3

1x2x
3
3x

4
4x

9
5 139. x3

1x2x
3
3x

5
4x

8
5 140. x3

1x2x
3
3x

12
4 x5

141. x3
1x2x

4
3x4x

11
5 142. x3

1x2x
4
3x

3
4x

9
5 143. x3

1x2x
4
3x

9
4x

3
5 144. x3

1x2x
4
3x

11
4 x5

145. x3
1x2x

5
3x4x

10
5 146. x3

1x2x
5
3x

2
4x

9
5 147. x3

1x2x
5
3x

3
4x

8
5 148. x3

1x2x
5
3x

8
4x

3
5

149. x3
1x2x

5
3x

9
4x

2
5 150. x3

1x2x
5
3x

10
4 x5 151. x3

1x2x
6
3x4x

9
5 152. x3

1x2x
6
3x

9
4x5

153. x3
1x2x

7
3x4x

8
5 154. x3

1x2x
7
3x

8
4x5 155. x3

1x2x
12
3 x4x

3
5 156. x3

1x2x
12
3 x

3
4x5

157. x3
1x2x

13
3 x4x

2
5 158. x3

1x2x
13
3 x

2
4x5 159. x3

1x2x
14
3 x4x5 160. x3

1x
3
2x3x4x

12
5

161. x3
1x

3
2x3x

4
4x

9
5 162. x3

1x
3
2x3x

5
4x

8
5 163. x3

1x
3
2x3x

12
4 x5 164. x3

1x
3
2x

4
3x4x

9
5

165. x3
1x

3
2x

4
3x

9
4x5 166. x3

1x
3
2x

5
3x4x

8
5 167. x3

1x
3
2x

5
3x

8
4x5 168. x3

1x
3
2x

12
3 x4x5
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169. x3
1x

4
2x3x4x

11
5 170. x3

1x
4
2x3x

3
4x

9
5 171. x3

1x
4
2x3x

11
4 x5 172. x3

1x
4
2x

3
3x4x

9
5

173. x3
1x

4
2x

3
3x

9
4x5 174. x3

1x
4
2x

11
3 x4x5 175. x3

1x
5
2x3x4x

10
5 176. x3

1x
5
2x3x

2
4x

9
5

177. x3
1x

5
2x3x

3
4x

8
5 178. x3

1x
5
2x3x

8
4x

3
5 179. x3

1x
5
2x3x

9
4x

2
5 180. x3

1x
5
2x3x

10
4 x5

181. x3
1x

5
2x

2
3x4x

9
5 182. x3

1x
5
2x

2
3x

9
4x5 183. x3

1x
5
2x

3
3x4x

8
5 184. x3

1x
5
2x

3
3x

8
4x5

185. x3
1x

5
2x

8
3x4x

3
5 186. x3

1x
5
2x

8
3x

3
4x5 187. x3

1x
5
2x

9
3x4x

2
5 188. x3

1x
5
2x

9
3x

2
4x5

189. x3
1x

5
2x

10
3 x4x5 190. x3

1x
7
2x3x4x

8
5 191. x3

1x
7
2x3x

8
4x5 192. x3

1x
7
2x

8
3x4x5

193. x3
1x

13
2 x3x4x

2
5 194. x3

1x
13
2 x3x

2
4x5 195. x3

1x
13
2 x

2
3x4x5 196. x7

1x2x3x4x
10
5

197. x7
1x2x3x

2
4x

9
5 198. x7

1x2x3x
3
4x

8
5 199. x7

1x2x3x
8
4x

3
5 200. x7

1x2x3x
9
4x

2
5

201. x7
1x2x3x

10
4 x5 202. x7

1x2x
2
3x4x

9
5 203. x7

1x2x
2
3x

9
4x5 204. x7

1x2x
3
3x4x

8
5

205. x7
1x2x

3
3x

8
4x5 206. x7

1x2x
8
3x4x

3
5 207. x7

1x2x
8
3x

3
4x5 208. x7

1x2x
9
3x4x

2
5

209. x7
1x2x

9
3x

2
4x5 210. x7

1x2x
10
3 x4x5 211. x7

1x
3
2x3x4x

8
5 212. x7

1x
3
2x3x

8
4x5

213. x7
1x

3
2x

8
3x4x5 214. x7

1x
9
2x3x4x

2
5 215. x7

1x
9
2x3x

2
4x5 216. x3

1x
4
2x3x

9
4x

3
5

217. x3
1x

4
2x

9
3x4x

3
5 218. x3

1x
4
2x

9
3x

3
4x5 219. x3

1x
12
2 x3x4x

3
5 220. x3

1x
12
2 x3x

3
4x5

221. x3
1x

12
2 x

3
3x4x5 222. x7

1x
8
2x3x4x

3
5 223. x7

1x
8
2x3x

3
4x5 224. x7

1x
8
2x

3
3x4x5

225. x7
1x

9
2x

2
3x4x5

We have B+
5 (4, 2, 3) = {bt : 1 6 t 6 50}, where

1. x1x
2
2x

5
3x

5
4x

7
5 2. x1x

2
2x

5
3x

7
4x

5
5 3. x1x

2
2x

7
3x

5
4x

5
5 4. x1x

7
2x

2
3x

5
4x

5
5

5. x7
1x2x

2
3x

5
4x

5
5 6. x1x

3
2x

4
3x

5
4x

7
5 7. x1x

3
2x

4
3x

7
4x

5
5 8. x1x

3
2x

5
3x

4
4x

7
5

9. x1x
3
2x

5
3x

7
4x

4
5 10. x1x

3
2x

7
3x

4
4x

5
5 11. x1x

3
2x

7
3x

5
4x

4
5 12. x1x

7
2x

3
3x

4
4x

5
5

13. x1x
7
2x

3
3x

5
4x

4
5 14. x3

1x2x
4
3x

5
4x

7
5 15. x3

1x2x
4
3x

7
4x

5
5 16. x3

1x2x
5
3x

4
4x

7
5

17. x3
1x2x

5
3x

7
4x

4
5 18. x3

1x2x
7
3x

4
4x

5
5 19. x3

1x2x
7
3x

5
4x

4
5 20. x3

1x
5
2x3x

4
4x

7
5

21. x3
1x

5
2x3x

7
4x

4
5 22. x3

1x
5
2x

7
3x4x

4
5 23. x3

1x
7
2x3x

4
4x

5
5 24. x3

1x
7
2x3x

5
4x

4
5

25. x3
1x

7
2x

5
3x4x

4
5 26. x7

1x2x
3
3x

4
4x

5
5 27. x7

1x2x
3
3x

5
4x

4
5 28. x7

1x
3
2x3x

4
4x

5
5

29. x7
1x

3
2x3x

5
4x

4
5 30. x7

1x
3
2x

5
3x4x

4
5 31. x1x

3
2x

5
3x

5
4x

6
5 32. x1x

3
2x

5
3x

6
4x

5
5

33. x1x
3
2x

6
3x

5
4x

5
5 34. x1x

6
2x

3
3x

5
4x

5
5 35. x3

1x2x
5
3x

5
4x

6
5 36. x3

1x2x
5
3x

6
4x

5
5

37. x3
1x2x

6
3x

5
4x

5
5 38. x3

1x
5
2x3x

5
4x

6
5 39. x3

1x
5
2x3x

6
4x

5
5 40. x3

1x
5
2x

5
3x4x

6
5

41. x3
1x

5
2x

2
3x

5
4x

5
5 42. x3

1x
5
2x

5
3x

5
4x

2
5 43. x3

1x
3
2x

4
3x

5
4x

5
5 44. x3

1x
3
2x

5
3x

4
4x

5
5

45. x3
1x

3
2x

5
3x

5
4x

4
5 46. x3

1x
4
2x

3
3x

5
4x

5
5 47. x3

1x
5
2x

3
3x

4
4x

5
5 48. x3

1x
5
2x

3
3x

5
4x

4
5

49. x3
1x

5
2x

5
3x

3
4x

4
5 50. x3

1x
5
2x

5
3x

4
4x

3
5

Note that these monomials have also been explicitly determined in [15].

B+
5 (4, 4, 2) = {ct : 1 6 t 6 91}, where

1. x1x
2
2x

3
3x

7
4x

7
5 2. x1x

2
2x

7
3x

3
4x

7
5 3. x1x

2
2x

7
3x

7
4x

3
5 4. x1x

3
2x

2
3x

7
4x

7
5

5. x1x
3
2x

7
3x

2
4x

7
5 6. x1x

3
2x

7
3x

7
4x

2
5 7. x1x

7
2x

2
3x

3
4x

7
5 8. x1x

7
2x

2
3x

7
4x

3
5

9. x1x
7
2x

3
3x

2
4x

7
5 10. x1x

7
2x

3
3x

7
4x

2
5 11. x1x

7
2x

7
3x

2
4x

3
5 12. x1x

7
2x

7
3x

3
4x

2
5

13. x3
1x2x

2
3x

7
4x

7
5 14. x3

1x2x
7
3x

2
4x

7
5 15. x3

1x2x
7
3x

7
4x

2
5 16. x3

1x
7
2x3x

2
4x

7
5

17. x3
1x

7
2x3x

7
4x

2
5 18. x3

1x
7
2x

7
3x4x

2
5 19. x7

1x2x
2
3x

3
4x

7
5 20. x7

1x2x
2
3x

7
4x

3
5

21. x7
1x2x

3
3x

2
4x

7
5 22. x7

1x2x
3
3x

7
4x

2
5 23. x7

1x2x
7
3x

2
4x

3
5 24. x7

1x2x
7
3x

3
4x

2
5

25. x7
1x

3
2x3x

2
4x

7
5 26. x7

1x
3
2x3x

7
4x

2
5 27. x7

1x
3
2x

7
3x4x

2
5 28. x7

1x
7
2x3x

2
4x

3
5

29. x7
1x

7
2x3x

3
4x

2
5 30. x7

1x
7
2x

3
3x4x

2
5 31. x1x

3
2x

3
3x

6
4x

7
5 32. x1x

3
2x

3
3x

7
4x

6
5

33. x1x
3
2x

6
3x

3
4x

7
5 34. x1x

3
2x

6
3x

7
4x

3
5 35. x1x

3
2x

7
3x

3
4x

6
5 36. x1x

3
2x

7
3x

6
4x

3
5

37. x1x
6
2x

3
3x

3
4x

7
5 38. x1x

6
2x

3
3x

7
4x

3
5 39. x1x

6
2x

7
3x

3
4x

3
5 40. x1x

7
2x

3
3x

3
4x

6
5
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41. x1x
7
2x

3
3x

6
4x

3
5 42. x1x

7
2x

6
3x

3
4x

3
5 43. x3

1x2x
3
3x

6
4x

7
5 44. x3

1x2x
3
3x

7
4x

6
5

45. x3
1x2x

6
3x

3
4x

7
5 46. x3

1x2x
6
3x

7
4x

3
5 47. x3

1x2x
7
3x

3
4x

6
5 48. x3

1x2x
7
3x

6
4x

3
5

49. x3
1x

3
2x3x

6
4x

7
5 50. x3

1x
3
2x3x

7
4x

6
5 51. x3

1x
3
2x

7
3x4x

6
5 52. x3

1x
7
2x3x

3
4x

6
5

53. x3
1x

7
2x3x

6
4x

3
5 54. x3

1x
7
2x

3
3x4x

6
5 55. x7

1x2x
3
3x

3
4x

6
5 56. x7

1x2x
3
3x

6
4x

3
5

57. x7
1x2x

6
3x

3
4x

3
5 58. x7

1x
3
2x3x

3
4x

6
5 59. x7

1x
3
2x3x

6
4x

3
5 60. x7

1x
3
2x

3
3x4x

6
5

61. x3
1x

3
2x

5
3x

2
4x

7
5 62. x3

1x
3
2x

5
3x

7
4x

2
5 63. x3

1x
3
2x

7
3x

5
4x

2
5 64. x3

1x
5
2x

2
3x

3
4x

7
5

65. x3
1x

5
2x

2
3x

7
4x

3
5 66. x3

1x
5
2x

3
3x

2
4x

7
5 67. x3

1x
5
2x

3
3x

7
4x

2
5 68. x3

1x
5
2x

7
3x

2
4x

3
5

69. x3
1x

5
2x

7
3x

3
4x

2
5 70. x3

1x
7
2x

3
3x

5
4x

2
5 71. x3

1x
7
2x

5
3x

2
4x

3
5 72. x3

1x
7
2x

5
3x

3
4x

2
5

73. x7
1x

3
2x

3
3x

5
4x

2
5 74. x7

1x
3
2x

5
3x

2
4x

3
5 75. x7

1x
3
2x

5
3x

3
4x

2
5 76. x3

1x
3
2x

3
3x

4
4x

7
5

77. x3
1x

3
2x

3
3x

7
4x

4
5 78. x3

1x
3
2x

4
3x

3
4x

7
5 79. x3

1x
3
2x

4
3x

7
4x

3
5 80. x3

1x
3
2x

7
3x

3
4x

4
5

81. x3
1x

3
2x

7
3x

4
4x

3
5 82. x3

1x
7
2x

3
3x

3
4x

4
5 83. x3

1x
7
2x

3
3x

4
4x

3
5 84. x7

1x
3
2x

3
3x

3
4x

4
5

85. x7
1x

3
2x

3
3x

4
4x

3
5 86. x3

1x
3
2x

3
3x

5
4x

6
5 87. x3

1x
3
2x

5
3x

3
4x

6
5 88. x3

1x
3
2x

5
3x

6
4x

3
5

89. x3
1x

5
2x

3
3x

3
4x

6
5 90. x3

1x
5
2x

3
3x

6
4x

3
5 91. x3

1x
5
2x

6
3x

3
4x

3
5

5.2 A basis of the space (S̃F 5)20

We have (S̃F 5)20 = 〈[pu] : 1 6 u 6 11〉, where

g1 = x1x2x3x
3
4x

14
5 + x1x2x3x

14
4 x

3
5 + x1x2x

6
3x

3
4x

9
5 + x1x2x

6
3x

9
4x

3
5

+ x1x
6
2x3x

3
4x

9
5 + x1x

6
2x3x

9
4x

3
5 + x3

1x2x3x
3
4x

12
5 + x3

1x2x3x
5
4x

10
5

+ x3
1x2x3x

6
4x

9
5 + x3

1x2x3x
12
4 x

3
5 + x3

1x2x
4
3x

3
4x

9
5 + x3

1x2x
4
3x

9
4x

3
5

+ x3
1x

4
2x3x

3
4x

9
5 + x3

1x
4
2x3x

9
4x

3
5,

g2 = x1x2x
3
3x4x

14
5 + x1x2x

3
3x

12
4 x

3
5 + x1x2x

14
3 x4x

3
5 + x1x

6
2x

3
3x4x

9
5

+ x1x
6
2x

9
3x4x

3
5 + x3

1x2x
3
3x4x

12
5 + x3

1x2x
3
3x

4
4x

9
5 + x3

1x2x
5
3x4x

10
5

+ x3
1x2x

5
3x

8
4x

3
5 + x3

1x2x
6
3x4x

9
5 + x3

1x2x
12
3 x4x

3
5 + x3

1x
4
2x

3
3x4x

9
5

+ x3
1x

4
2x

9
3x4x

3
5,

g3 = x1x2x
3
3x

3
4x

12
5 + x1x2x

3
3x

14
4 x5 + x1x2x

14
3 x

3
4x5 + x1x

6
2x

3
3x

9
4x5

+ x1x
6
2x

9
3x

3
4x5 + x3

1x2x
3
3x

5
4x

8
5 + x3

1x2x
3
3x

12
4 x5 + x3

1x2x
5
3x

3
4x

8
5

+ x3
1x2x

5
3x

10
4 x5 + x3

1x2x
6
3x

9
4x5 + x3

1x2x
12
3 x

3
4x5 + x3

1x
4
2x

3
3x

9
4x5

+ x3
1x

4
2x

9
3x

3
4x5,

g4 = x1x
3
2x3x4x

14
5 + x1x

3
2x3x

12
4 x

3
5 + x1x

3
2x

12
3 x4x

3
5 + x1x

14
2 x3x4x

3
5

+ x3
1x

3
2x3x4x

12
5 + x3

1x
3
2x3x

4
4x

9
5 + x3

1x
3
2x

4
3x4x

9
5 + x3

1x
5
2x3x

2
4x

9
5

+ x3
1x

5
2x3x

8
4x

3
5 + x3

1x
5
2x

2
3x4x

9
5 + x3

1x
5
2x

8
3x4x

3
5 + x3

1x
12
2 x3x4x

3
5,

g5 = x1x
3
2x3x

3
4x

12
5 + x1x

3
2x3x

14
4 x5 + x1x

3
2x

12
3 x

3
4x5 + x1x

14
2 x3x

3
4x5

+ x3
1x

3
2x3x

5
4x

8
5 + x3

1x
3
2x3x

12
4 x5 + x3

1x
3
2x

4
3x

9
4x5 + x3

1x
5
2x3x

3
4x

8
5

+ x3
1x

5
2x3x

9
4x

2
5 + x3

1x
5
2x

2
3x

9
4x5 + x3

1x
5
2x

8
3x

3
4x5 + x3

1x
12
2 x3x

3
4x5,

g6 = x1x
3
2x

3
3x4x

12
5 + x1x

3
2x

3
3x

12
4 x5 + x1x

3
2x

14
3 x4x5 + x1x

14
2 x

3
3x4x5
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5.3 Σ5-invariants of degree 20
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5.4 Σ5-invariants of QP5((2)|4)
QP5((4)|(2)|(1)|2)Σ5 = 〈[pt] : 1 6 t 6 9〉, where

p1 = x15
4 x

15
5 + x15

3 x
15
5 + x15

3 x
15
4 + x15

2 x
15
5 + x15

2 x
15
4



Nguyen Sum 115

+ x15
2 x

15
3 + x15

1 x
15
5 + x15

1 x
15
4 + x15

1 x
15
3 + x15

1 x
15
2 ,

p2 = x3x
14
4 x

15
5 + x3x

15
4 x

14
5 + x15

3 x4x
14
5 + x2x

14
4 x

15
5 + x2x

15
4 x

14
5 + x2x

14
3 x

15
5

+ x2x
14
3 x

15
4 + x2x

15
3 x

14
5 + x2x

15
3 x

14
4 + x15

2 x4x
14
5 + x15

2 x3x
14
5 + x15

2 x3x
14
4

+ x1x
14
4 x

15
5 + x1x

15
4 x

14
5 + x1x

14
3 x

15
5 + x1x

14
3 x

15
4 + x1x

15
3 x

14
5 + x1x

15
3 x

14
4

+ x1x
14
2 x

15
5 + x1x

14
2 x

15
4 + x1x

14
2 x

15
3 + x1x

15
2 x

14
5 + x1x

15
2 x

14
4 + x1x

15
2 x

14
3

+ x15
1 x4x

14
5 + x15

1 x3x
14
5 + x15

1 x3x
14
4 + x15

1 x2x
14
5 + x15

1 x2x
14
4 + x15

1 x2x
14
3 ,

p3 = x3
3x

13
4 x

14
5 + x3

2x
13
4 x

14
5 + x3

2x
13
3 x

14
5 + x3

2x
13
3 x

14
4 + x3

1x
13
4 x

14
5

+ x3
1x

13
3 x

14
5 + x3

1x
13
3 x

14
4 + x3

1x
13
2 x

14
5 + x3

1x
13
2 x

14
4 + x3

1x
13
2 x

14
3 ,

p4 = x2x3x
14
4 x

14
5 + x2x

14
3 x4x

14
5 + x3

2x
5
3x

10
4 x

12
5 + x1x3x

14
4 x

14
5 + x1x

14
3 x4x

14
5

+ x1x2x
14
4 x

14
5 + x1x2x

14
3 x

14
5 + x1x2x

14
3 x

14
4 + x1x

14
2 x4x

14
5 + x1x

14
2 x3x

14
5

+ x1x
14
2 x3x

14
4 + x3

1x
5
3x

10
4 x

12
5 + x3

1x
5
2x

10
4 x

12
5 + x3

1x
5
2x

10
3 x

12
5 + x3

1x
5
2x

10
3 x

12
4 ,

p5 = x2x
2
3x

13
4 x

14
5 + x2x

3
3x

12
4 x

14
5 + x2x

3
3x

14
4 x

12
5 + x3

2x3x
12
4 x

14
5 + x3

2x3x
14
4 x

12
5

+ x3
2x

13
3 x

2
4x

12
5 + x1x

2
3x

13
4 x

14
5 + x1x

3
3x

12
4 x

14
5 + x1x

3
3x

14
4 x

12
5 + x1x

2
2x

13
4 x

14
5

+ x1x
2
2x

13
3 x

14
5 + x1x

2
2x

13
3 x

14
4 + x1x

3
2x

12
4 x

14
5 + x1x

3
2x

14
4 x

12
5 + x1x

3
2x

12
3 x

14
5

+ x1x
3
2x

12
3 x

14
4 + x1x

3
2x

14
3 x

12
5 + x1x

3
2x

14
3 x

12
4 + x3

1x3x
12
4 x

14
5 + x3

1x3x
14
4 x

12
5

+ x3
1x

13
3 x

2
4x

12
5 + x3

1x2x
12
4 x

14
5 + x3

1x2x
14
4 x

12
5 + x3

1x2x
12
3 x

14
5 + x3

1x2x
12
3 x

14
4

+ x3
1x2x

14
3 x

12
5 + x3

1x2x
14
3 x

12
4 + x3

1x
13
2 x

2
4x

12
5 + x3

1x
13
2 x

2
3x

12
5 + x3

1x
13
2 x

2
3x

12
4 ,

p6 = x2x
2
3x

12
4 x

15
5 + x2x

2
3x

15
4 x

12
5 + x2x

15
3 x

2
4x

12
5 + x15

2 x3x
2
4x

12
5 + x1x

2
3x

12
4 x

15
5

+ x1x
2
3x

15
4 x

12
5 + x1x

15
3 x

2
4x

12
5 + x1x

2
2x

12
4 x

15
5 + x1x

2
2x

15
4 x

12
5 + x1x

2
2x

12
3 x

15
5

+ x1x
2
2x

12
3 x

15
4 + x1x

2
2x

15
3 x

12
5 + x1x

2
2x

15
3 x

12
4 + x1x

15
2 x

2
4x

12
5 + x1x

15
2 x

2
3x

12
5

+ x1x
15
2 x

2
3x

12
4 + x15

1 x3x
2
4x

12
5 + x15

1 x2x
2
4x

12
5 + x15

1 x2x
2
3x

12
5 + x15

1 x2x
2
3x

12
4 ,

p7 = x1x
2
2x

4
3x

8
4x

15
5 + x1x

2
2x

4
3x

15
4 x

8
5 + x1x

2
2x

15
3 x

4
4x

8
5 + x1x

15
2 x

2
3x

4
4x

8
5

+ x15
1 x2x

2
3x

4
4x

8
5,

p8 = x1x2x
2
3x

14
4 x

12
5 + x1x2x

6
3x

10
4 x

12
5 + x1x2x

14
3 x

2
4x

12
5 + x1x

2
2x3x

12
4 x

14
5

+ x1x
2
2x

5
3x

10
4 x

12
5 + x1x

2
2x

12
3 x4x

14
5 + x1x

3
2x

2
3x

12
4 x

12
5 + x1x

3
2x

4
3x

10
4 x

12
5

+ x1x
3
2x

6
3x

8
4x

12
5 + x1x

3
2x

6
3x

12
4 x

8
5 + x1x

14
2 x3x

2
4x

12
5 + x3

1x2x
4
3x

10
4 x

12
5

+ x3
1x2x

6
3x

8
4x

12
5 + x3

1x2x
6
3x

12
4 x

8
5 + x3

1x
5
2x

2
3x

8
4x

12
5 + x3

1x
5
2x

2
3x

12
4 x

8
5

+ x3
1x

5
2x

10
3 x

4
4x

8
5,

p9 = x1x
2
2x3x

12
4 x

14
5 + x1x

2
2x3x

14
4 x

12
5 + x1x

2
2x

4
3x

9
4x

14
5 + x1x

2
2x

5
3x

8
4x

14
5

+ x1x
2
2x

5
3x

14
4 x

8
5 + x1x

2
2x

12
3 x4x

14
5 + x1x

3
2x

4
3x

8
4x

14
5 + x1x

3
2x

4
3x

14
4 x

8
5

+ x1x
3
2x

14
3 x

4
4x

8
5 + x1x

14
2 x3x

2
4x

12
5 + x3

1x2x
4
3x

8
4x

14
5 + x3

1x2x
4
3x

14
4 x

8
5

+ x3
1x2x

14
3 x

4
4x

8
5 + x3

1x
13
2 x

2
3x

4
4x

8
5,



116 Determination of the fifth Singer algebraic transfer in some degrees

5.5 Σ5-invariants of QP5((4)|(3)|2|(1))
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