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Abstract

Let (R,m) be a Noetherian local ring and M a finitely generated R-
module. We study the relations of the Hilbert function, the multiplicity
of an m-primary ideal of R and these of m×M -primary ideal of the ide-
alization. Some applications to the Cohen-Macaulayness of idealization
are given.

1 Introduction

Let (R,m) be a Noetherian local ring of dimension d and I an m-primary ideal
of R. Let M be a finitely generated R-module of dimension t. We denote
by ℓR(∗) the length of an R-module ∗. It is well known that ℓR(M/In+1M)
agrees with a polynomial function of degree t for all n ≫ 0. That is, there exist
integers e0I(M), . . . , etI(M) such that

ℓR(M/In+1M) = e0I(M)

(
n+ t

t

)
− e1I(M)

(
n+ t− 1

n− 1

)
+ · · ·+ (−1)tetI(M)

for n ≫ 0. We call e0I(M), . . . , etI(M) the Hilbert coefficients of M with respect
to I. The leading coefficient e0I(M) is called the multiplicity of M with respect
to I. The notions of Hilbert function, multiplicity, and Hilbert coefficients

This research is funded by Thai Nguyen University and Thai Nguyen University of Education
under grant number DH2023-TN04-07.
Key words: Hilbert function, multiplicity, idealization.
2020 Mathematics Subject Classification. 13A15, 13H10, 13H15

79



80 Hilbert function and multiplicity of idealizations

are well known and have attracted the interest of several researchers, see, for
example, [5, Chapter 4].

The purpose of this paper is to study the relations of the Hilbert function,
the multiplicity of an m-primary ideal of R and these of m×M -primary ideal
of the idealization R⋉M of M over R. Recall that the additive group R×M
with multiplication

(r1,m1)(r2,m2) = (r1r2, r1m2 + r2m1),

where r1, r2 ∈ R and m1,m2 ∈ M is a commutative ring. This ring is called
the idealization of M over R or the trivial extension of R by M , denoted by
R ⋉M . The notion of idealization was introduced by M. Nagata [8] and has
diverse applications in Commutative Algebra (see, e.g., [1]-[4], [6],[8], [9]). Note
that if (R,m) is a Noetherian local ring, then R⋉M is also a Noetherian local
ring with unique maximal ideal m×M , and dimR⋉M = dimR (see [4])). Let

ρ : R⋉M → R; (a,m) 7→ a and σ : R → R⋉M ; a 7→ (a, 0)

be the canonical projection and the canonical inclusion, respectively. Then ρ
and σ are local ring homomorphisms.

The main result of this paper is as follows.

Theorem 1.1. 1. Let I be an m-primary ideal of R. Set J = I × IM . Then

ℓR⋉M (R⋉M/Jn+1) = ℓR(R/In+1) + ℓR(M/In+1M)

for all n ≥ 0. In particular, we have the following.

(i) If d = t, then eiJ(R⋉M) = eiI(R) + eiI(M) for i = 0, . . . , d.

(ii) If d > t, then

eiJ(R⋉M) =

{
eiI(R) for i = 0, . . . , d− t− 1 and

eiI(R) + (−1)d−t e
i−(d−t)
I (M) for i = d− t, . . . , d.

2. Let J be an m×M -primary ideal of R⋉M . Set I = σ−1(J). Then the
following holds true.

(i) If d = t, then e0J(R⋉M) = e0I(R) + e0I(M).

(ii) If d > t, then e0J(R⋉M) = e0I(R).

Part 1 of Theorem 1.1 focuses on the Hilbert function and the Hilbert
coefficients of R ⋉ M with respect to a homogeneous m × M -primary ideal
J = I × IM . Here, an ideal of R⋉M is called homogeneous if it has the form
I × N , where I is an ideal of R, N is a submodule of M such that IM ⊆ N .
Note that all prime ideals of R⋉M have the form p×M , where p ∈ Spec(R).
So they are homogeneous. However, a primary ideal need not be homogeneous
(see [4]). Part 2 of Theorem 1.1 computes the multiplicity of J on R ⋉M for
arbitrary m×M -primary ideal J of R⋉M .

In the next section we prove the main results.
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2 Proof of main results

Let (R,m) be a Noetherian local ring. Then R⋉M is also a Noetherian local
ring with unique maximal ideal m × M , and dimR ⋉ M = dimR (see [4])).
Note that the lengths of L as an R-module and as an R ⋉M -module are the
same, that is, ℓR(L) = ℓR⋉M (L).

Proof of Theorem 1.1. 1. Let I be an m-primary ideal of R. Set J = I × IM .
Then J is an m×M -primary ideal of R⋉M by [4, Theorem 3.6]. By [4, Theorem
3.3 (2)] and by induction we have Jn+1 = (I×IM)n+1 = In+1×In+1M . Hence

R⋉M/Jn+1 ∼= (R⋉M)/(In+1 ⋉ In+1M)

∼=
(
R/In+1

)
⋉

(
M/In+1M

)
.

These implies that

ℓR⋉M (R⋉M/Jn+1) = ℓR(R/In+1) + ℓR(M/In+1M).

So,

e0J(R⋉M)

(
n+ d

d

)
− e1J(R⋉M)

(
n+ d− 1

d− 1

)
+ · · ·+ (−1)dedJ(R⋉M)

= e0I(R)

(
n+ d

d

)
− e1I(R)

(
n+ d− 1

d− 1

)
+ · · ·+ (−1)dedI(R)+

e0I(M)

(
n+ t

t

)
− e1I(M)

(
n+ t− 1

t− 1

)
+ · · ·+ (−1)tetI(M)

for n ≫ 0. Now we compare the coefficients between the two sides.
(i) If d = t, then eiJ(R⋉M) = eiI(R) + eiI(M) for i = 0, . . . , d.
(ii) Assume that d > t. Then eiJ(R ⋉M) = eiI(R) for i = 0, . . . , d − t − 1.

For i = d− t, . . . , d, we get that

(−1)d−t+j ed−t+j
J (R⋉M) = (−1)d−t+j ed−t+j

I (R) + (−1)j ejI(M).

This means eiJ(R⋉M) = eiI(R) + (−1)d−t e
i−(d−t)
I (M) for i = d− t, . . . , d.

2. Since I = σ−1(J), I is an m-primary ideal of R. Set J ′ = J + (0)×M .
Then J ′ = I ×M . We have J ⊆ J ′. Since ((0)×M)2 = 0, we get that

(J ′)n+1 = (J + (0)×M)n+1 = J(J ′)n,

for all n ≥ 1. Hence J is a reduction of J ′. This implies that

e0J(R⋉M) = e0J′(R⋉M) = e0I×M (R⋉M).
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Since (I ×M)n+1 = In+1 × InM [4, Theorem 3.3 (2)] and by induction,

R⋉M/(I ×M)n+1 ∼=
(
R/In+1

)
⋉

(
M/InM

)
.

So,

e0J(R⋉M)

(
n+ d

d

)
− e1J(R⋉M)

(
n+ d− 1

d− 1

)
+ · · ·+ (−1)dedJ(R⋉M)

= e0I(R)

(
n+ d

d

)
− e1I(R)

(
n+ d− 1

d− 1

)
+ · · ·+ (−1)dedI(R)+

e0I(M)

(
n+ t− 1

t

)
− e1I(M)

(
n+ t− 2

t− 1

)
+ · · ·+ (−1)tetI(M)

for n ≫ 0. Then

(i) If d = t, then e0J(R⋉M) = e0I(R) + e0I(M).

(ii) If d > t, then e0J(R⋉M) = e0I(R).

□

Remark 2.1. LetQ = (r1, . . . , rd) be a parameter ideal ofR. Then ℓR(M/QM) <
∞. Let Q be an ideal of R⋉M generated by elements (r1, 0), . . . , (rd, 0). It is
easy to check that Q = Q×QM . Since

R⋉M/Q ∼= R/Q⋉M/QM,

we get that ℓR⋉M (R ⋉ M/Q) = ℓR(R/Q) + ℓR(M/QM) < ∞. Hence Q is a
parameter ideal of R⋉M .

Cohen-Macaulayness of idealizations was considered in [4] by considering
the depth and the dimension of idealizations. Using the Theorem 1.1, Remark
2.1, and [7, Theorem 17.11], we have the following corollary.

Corollary 2.2. The following holds true.

(i) Assume d = t. Then R ⋉ M is Cohen-Macaulay if and only if R is
Cohen-Macaulay and M are Cohen-Macaulay.

(ii) Assume d > t. Then R ⋉ M is Cohen-Macaulay if and only if R is
Cohen-Macaulay and M = 0.

Proof. (i) Assume d = t. By Theorem 1.1,

e(Q,R⋉M) = e(Q×QM,R⋉M) = e(Q,R) + e(Q,M).

Then

ℓ(R⋉M/Q)− e(Q,R⋉M) = ℓ(R/Q)− e(Q,R) + ℓ(M/QM)− e(Q,M).
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This implies that R⋉M is Cohen-Macaulay if and only if R is Cohen-Macaulay
and M are Cohen-Macaulay.

(ii) Assume that d > t. Then

ℓ(R⋉M/Q)− e(Q,R⋉M) = ℓ(R/Q)− e(Q,R) + ℓ(M/QM).

It follows that R ⋉M is Cohen-Macaulay if and only if R is Cohen-Macaulay
and M = 0. □
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