East-West J. of Mathematics: Vol. 17, No 1 (2015) pp. 23-32

REGULARITY OF CERTAIN
SUBSEMIRINGS OF FULL MATRIX
SEMIRINGS

N. Sirasuntorn and R. I. Sararnrakskul

Department of Mathematics, Faculty of Science
Srinakharinwirot University
Bangkok 10110, Thailand
E-mail: nissara@gq.swu.ac.th, ruangvarin@g.swu.ac.th

Abstract

For an additively commutative semiring with zero S, we let DV, (.S)
denote the set of all A € M, (S) of the form

1 O O 1
O ) T2 O
O ) T2 O
1 O O 1

where M, (S) is the full n x n matrix semiring over S. We show conditions
for being regular semirings, left regular semirings, right regular semirings
and intra-regular semirings of DV;,(S).

1 Introduction and Preliminaries

A semiring S is an algebraic structure (S,+,-) such that (S,+) and (S,")
are semigroups and - is distributive over +. An element 0 of S is a zero of
the semiring (S,+,:) f x +0 =2 =04+ z and -0 = 0 = 0z for all
x € S. A semiring (S, +, -) is called additively [multiplicatively] commutative if
r+y=y+a[r-y=y-z]foralzyec S Wesay that (S, +,-) is commutative
if it is both addtitively commutative and multiplicatively commutative.

A ring R is called a (Von Neumann) regular ring if for every a € R, a = aza
for some x € R. Regular rings was originally introduced by Von Neumann in
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24 Regularity of Certain Subsemirings of Full Matrix Semirings

order to clarify certain aspects of operater algebras. For this reason, regular
semirings are defined analogously. That is, a semiring S is said to be regular
if for every a € S, a = aza for some z € S. We can see that the semirings
(@(J{ and ]R(J{ are regular but Z(J{ is not regular. Also, the following semirings in
Example 1.1 are regular semirings.

Example 1.1 ([1]). (1)If S ={0,1} with04+0=0,0+1=14+0=1+1=1,
0-0=0-1=1-0=0and 1-1=1, then (S,+,-) is a commutative semiring
with zero 0 which is not a ring.

(2) Let S be a nonempty subset of R such that min .S exists. Define

x @y =max{z,y} and x ©y = min{x, y} for all z,y € S.

Then (S, ®, ®) is a commutative semiring having min S as its zero. Also, if S
contains more than one element, then (S, ®, ®) is not a ring.

Throughout, let S be an additively commutative semiring (.S, +, ) with
zero. M, (S) denotes the full n X n matrix semiring over S, that is, M, (S) is
the set of all n xn matrices over S which is an additively commutative semiring
under the usual addition and multiplication of matrices.

Moreover, various types of regularity have been studied. Left regular semi
rings, right regular semirings and intra-regular semirings are defined as follows:

Definition 1.2. A semiring S is called a left [right] regular semiring if for
every a € S, a = za? [a = a’z] for some z € S.

Definition 1.3. A semiring S is called an intra-reqular semiring if for every
a €S, a=xa’y for some z,y € S.

In terms of Green’s relations, we have that
(1) S is a left [right] regular semiring if and only if aLa? [aRa?] for all a € S
and
(2) S is an intra-regular semiring if and only if aJa? for all a € S.

In 2010, Sararnrakskul, Lertvijitsilp, Wassanawichit and Pianskool [3] prove
that the ring D, (R) of all A € M,,(R) of the form

1 O O yl
0 23 - y2 O
0 o -+ x O
w0 - 0

is a maximal commutative subring of the ring M,,(R). In 2014, Chatjaroenporn,
Pobpitak, Patlertsin and Sararnrakskul [2] show that the semirings V,,(S) of
all A € M, (S) of the form
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N.
X1 0 0 X1
0 xro xro 0
0 0 0 0
0 0 0 0

is a regular commutative subsemiring of the semiring M, (S).
In this paper, we show the conditions for regularity of the set DV, (S)

consisting of all matrices in M, (S) of the form

X1 0 0 X1
0 xro xro 0
0 xro xro 0
X1 0 0 X1

This means that if n is even, then DV,,(S) is the set of all A € M,,(S) of the

form
—JZ 1 0
0 xro
0 xro
L L1 0

ITm

Tm

€2

€2
0

x1

where n =2m

0

T |

and if n is odd, then DV,,(S) is the set of all A € M,,(S) of the form

—le

0

0
LT1

0
i)

€2

0

Tm

0

€2

€2

0

x1
0

0
T |

where n =2m —1.

2 The Subsemiring DV,,(5) of M,(S)

From now on, let S be an additively commutative semiring with zero 0.

Lemma 2.1. The set DV,,(S) is an additively commutative semiring with zero.
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Proof. We have that DV,,(S) C M, (S) and the zero matrix in DV,,(S) is the
zero of DV,,(S). Observe that for A € M, (S)

AeDV,(S) e (i) Aii = Ain—iv1 = An—it1,i = An—ifin—it1

forauie{Lz,...,[g}}

(#7) A;; = 0 otherwise.

Let B,C € DV, (S). Clearly, B+ C = C + B. Then for all i € {1,2,..., [2]}
(B4+C)ii =Bii +Cii =Bin-141+ Cin—it1= (B+C)in—it1.
Similarly, (B + C)“ = (B + C)n—i—i—l,i = (B + C)n—i—i—l,n—i—i—l- Otherwise

(B—FC)” = B;;j+C;; = 0 where t,j € {1,2, .. .,n} with j #iand j Zn—i+1.
Let i,j € {1,2,...,n} and Q = {1,2,..., [2]}. Assume i € Q. We have that

Bii = Bin—it1 = Bn—it1,; = Bn—it1,n—i+1 and

Cii = Cim—it1 = Cn_ig1,i = Crigt1,n—ity1-

If n is even or (n is odd and i # [2]), then

(BC)ii =Y _ BirCh

k=1
= BiCii + Bin—i+1Cn—it1,

= BiiCin—it1 + Bin—i+1Cn—it1,n—i+1

n
= BixChrn—it1

k=1
= (BC)in—it1
= BiiCin—it1 + Bin—i+1Cn—it1,n—i+1
= Bn_i11,iCii + Bp—it1n—i+1Cn—i+1,
(= (BC)n—it+1,1)
=Bn_i11,iCin—it1 + Bn—it1n—i+1Cn—it1,n—it1
= (BC)n—it1,n—it1-

If n is odd and i = [Z], then n — i + 1 = 4. Thus (BC); = (BC);p—it1 =
(BC)n—it+1,i = (BC)n—it1n—it1-

Next, assume that i ¢ 2. Since B € DV,,(S), By = 0foralll € {1,2,...,n}.
Hence (BC);; = > p_; BirCr; = 0. This proves that DV,,(S) is an additively
commutative semiring with zero. O

Lemma 2.2. Let S be commutative. Then DV,,(S) is a commutative subsemi
ring of the semiring M, (S).
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By the proof of Lemma 2.2 and Theorem 2.3 in [3], we have more generalized
result for D,,(S) where S is a commutative semiring with zero 0 and unity 1
as the following theorem.

Theorem 2.3. D, (S) is a mazimal commutative subsemiring of the semiring
M, (S).

Remark 2.4. By Theorem 2.3, we have DV,,(S) is not a maximal commutative
subsemiring of M, (S) because DV,,(S) C D, (S).

Next, we consider the regularity of DV, (S). We begin with showing the
condition for being regular semirings of DV,,(S) as follows.

Theorem 2.5. For a positive integer n, the semiring DV,,(S) is reqular if and
only if S is a regular semiring satisfying the condition that for any a € S,
a = 2x for somex € S.

Proof. Assume DV, (S) is regular. Let a € S. Let A € M, (S) be such that
A = A = Ay = Ap = a and A;; = 0 otherwise. Then A € DV,,(S). Thus
A = ABA for some B € DV,,(S). Hence

a = All = (ABA)ll

= Z A1k (BA) g1
=1

= AH(BA)H + Aln(BA)nl
= All(BA)ll + All(BA)ll

=An Z BipAp1 + Ann Z B Ap1
k—1 k—1
= A1 (Bi1An + BiiAn) + An(Bii A + By Ann)
= A11(B11 + Bi1 + Bi + Bi1)An
= a(4B11)a.

This means that a is regular. Moreover, a = a(4B11)a = a(2B11 + 2B11)a =
2(@(2311)@).

Conversely, assume S is regular and for every a € S, a = 2x for some x € S.
Then for every a € S, a = 2(2x) = 4x for some z € S. To show that DV}, (S)
is regular, let A € DV,,(S). Foreach i € {1,2,..., [%1 }, let a; = A;;. Then for
every i € {1,2,...,[2]}, a; = a;z;a; and z; = 2(2u;) = 4u; for some z;, u; € S.

Case 1: n is even.
Let B € MR(S) be such that uw; = B;; = Bi,n—i—i—l = Bn—i+1,1’ =
Bp_it1n—it1 for all i € {1,2,..., [%]} and B;; = 0 otherwise. Then
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B € DV,(S). Let i € {1,2,...,[2]}. Then

(ABA);; = Z Ai(BA)g = Aii(BA)is + Ain—iv1(BA)n—it1,i
k=1

= A;;(BA);; + Aii(BA)y;

A;

> BinAri+ A Y Bip Ay
k—1 k—1
= Aji(BiiAii + BiiAii) + Aii(Bii Ais + BiiAis)
= Aii(4B;i) Ais
= Ay Ay
= Aji.

Case 2: n is odd.
Let B € MR(S) be such that U; = B“ = Bi,n—i—i—l = Bn_¢+171‘ =
Bn—i—i—l,n—i—i—l for all 7 € {1,2,..., {%-I — 1}, Ty = Bu if i = {%-I and
B;j = 0 otherwise. Then B € DV,,(S). Ifi € {1,2,...,[%]| — 1}, then
AiiBiiAii = AyziAii = Ay

In both cases, (ABA)“ = A“ forall i € {1, 2, caay {%-I } Thus (ABA)i,n—i—i-l =
(ABA)“ = A“ = Ai,n—i—i—l foralli € {1, 2, Cey {%-I } Slmllarly, (ABA)n—i—i-l,i =
An—i+1,1’ and (ABA)R_¢+17H_¢+1 = An—i—i—l,n—i—i—l for all 7 € {1,2, RN {%-I}
Otherwise, for 4,5 € {1,2,...,n} such that j # i and j # n— i+ 1, we
have A;; = An—iy1,; = 0. If n is even or (n is odd and i # [%1), then
(ABA)ij = > i1 (AB)irAgj = (AB)iiAij + (AB)in—it1An—iz1; = 0 = Ayj.
If nis odd and 7 = [%], then (ABA)” = (AB)“A” =0= A” It follows that
(ABA);; = A;j for all 4,j € {1,2,...,n}. Therefore A is regular. O

Furthermore, we find that the condition in the previous theorem also makes
the use of being left regular semirings, right regular semirings and intra-regular
semirings.

Theorem 2.6. Let S be a semiring with zero satisfying for everya € S, a = 2x
for some x € S. Then the following statements hold.

(i) DV, (S) is regular iff S is regular.

(ii) DV, (S) is left reqular iff S is left regular.

(#ii) DV, (S) is right regular iff S is right regular.

(iv) DV, (S) is intra-regular iff S is intra-regular.

Proof. Let S be a semiring with zero satisfying for every a € S, a = 2z for
some z € S.
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(i) is obtained from Theorem 2.5.

(ii) Assume DV, (S) is left regular. Let a € S. Let A € M, (S) be such that
A = A = Ay = Apn = a and A;; = 0 otherwise. Then A € DV,,(S). Thus
A = BA? for some B € DV,,(S). Hence

a = All = (BA2)11 = (BAA)ll
= Z Bip(AA)k1
k=1
= B11(AA)11 + Bin(AA) 1

= By Z A1 Ag1 + Bin Z Ak Ak

k=1 k=1
= Bi1(A11A1n + A1nAnt) + Bin(Ani A + ApnAn)
= Bi1(aa + aa) 4+ Bii(aa + aa)
= By1a® 4 By1a® + Bi1a® + Byia?
= (4311)0,2.
Therefore a is left regular for all a € S.
Assume S is left regular. Let A € DV,(S). For each i € {1,2,...,[2]}, let
a; = Ayi. Then for every i € {1,2,...,[2]}, a; = z;a? and x; = 4u; for some
Ti,u; €8S,
Case 1: n is even.
Let B € MR(S) be such that u; = B;; = Bi,n—i—i—l = Bn_¢+171‘ =
Bp_it1n—it1 for all i € {1,2,..., [%]} and B;; = 0 otherwise. Then
B € DV, (S). Let i € {1,2,...,[2]}. Thus

(BAA); = Z Bix(AA)ki = Bii(AA)ii + Bin—it1(AA)n_it1,
k=1
= B;i(AA);; + Bii(AA);

= By; Z A1k Agi + By Z A Agi

k=1 k=1
= Bii(AiuAii + AiiAii) + Bii(AiiAis + AiiAii)
= (4B;;) A},
= Ay

Case 2: n is odd.
Let B € DVR(S) be such that w; = B;; = Bi,n—i—i—l = Bn—i+1,1’ =
Bn—i+1,n—1’+1 foralli € {1, 2, caay {%—I —1}, xTr; = B“' ifi = [%—I and Bl'j =
0 otherwise. If i € {1,2,...,[%]| — 1}, then (BAA);; = (4B;;)A% = Ay
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Thus (BAA)i,n—i—i-l = (BAA)“ = A; = Ai,n—i—i—l for all 7 € {1,2, RN {%-I}
Also, (BAA)n—it1; = An—it1,; and (BAA)p_it1n—it1 = An—it1n—it1-
Otherwise, for i,7 € {1,2,...,n} such that j # 4 and j # n — i+ 1, we have
(iii) analogous to (ii).

(iv) Assume DV, (S) is intra-regular. Let a € S. Let A € M, (S) be such that
A1 = A1 = Ap1 = Apn = a and A;; = 0 otherwise. Then A € DV, (S5), so
A = BA?C for some B,C € DV,,(S). It follows that

a = All = (BAQC)ll = Z Blk(AQC)kl
k=1
B11(A?C)11 + Bin(A%C)a

= B11(A?0)11 + B11(A%*C)1y

=B11 Y (A 1xCr1 + B Y _(A)1xCha
k=1

k=1
= B11[(A%)1:C11 + (A?)11C11] + B11[(A%)11C11 + (A%)11C14]
= (4B11)[(A*)11C11]

= (4311)[211: A1k Ak1](Cr1)

k=1
(4B11)[(A*)11 4 (A%)11](C11)
(4B11)(A%)11(2C11)
= (4Bll)a2(2011).

AlSO, a = (4Bll)a2(2011) = 2[(2311)@2(2011)].

Conversely, assume S is intra-regular and for every a € S,a = 2x for
some ¢ € S. For each i € {1,2,..., [%1}, let a; = Ay. Then for every
i€{1,2,...,[%]} there exist i, yi, ui,v; € S such that a; = z;aly;, x; = du;
and y; = 2v;.

Case 1: n is even.
Let B,C € M,(S) be such that

U = Bji = Bin—it+1 = Bn—it1,s = Bn—it1,n—i+1 and

vy = Cii = Cim—it1 = Cn_ig1,i = Cn_it1n—it1

for all i € {1,2,..., [%1} and B;; = 0 = C;; otherwise. Then B €
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DV,(S). Let i € {1,2,..., [2]}. Thus

(BA2C)i; = Bii(A*C)is + Bin—i1(A*C)p—igri

(
(AiiAii + Aii Aii)Cii + (Aii Aii + A Aii) Cii]
+ Bii[(AiiAii + AiiAii)Cii + (A Aii + Aii Aii) Cii]
= (4Bii)(AiiAii + Aii Aii) Cig

= (4Byi)(Ai)*(2Ck)

= z0}y;

= q

= Ay

Case 2: n is odd.
Let B,C € DV, (S) be such that

U; = Byj = Bi n—it1 = Bn—it1,; = Bn—it1,n—i+1,
vy = Cii = Cim—it1 = Cn_ig1,i = Cn_it1,n—it1

for all i € {1,2,...,[2] =1}, 2; = By and y; = Cj; if i = [2] and
B;j = 0 = C; otherwise. If i € {1,2, cee [%—I - 1}, then (BAQC)“ =
Hence for every S {1,2,..., {%-I}, (BAQC)l'yn_l'_i_l = (BAQC)“ = A“ =
Ajn—it1, (BA?2C)p_iv1i= Ap—it1,;and (BA2C)n—it1n—it1 = An—it1n—it1-
Otherwise, for i,7 € {1,2,...,n} such that j # 4 and j # n — i+ 1, we have
(BA2C);; = 0 = A;j. This completes the proof. O

Remark 2.7. Let F be a field. The following remarkable properties of DV, (F)
are shown. .
(1) If F is a finite field of order g, then |M,,(F)| = ¢™ while

qz if n is even,
DV, (F)| = n
[ DVa(F)] { q% if n is odd.

(2) As vector spaces over F, dim M,,(F) = n?, DV, (F) is a subspace of M, (F)
and

. | 3 if n is even,
dim DV, (F) = { ntl if p is odd.

2
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For each k € {1,2,..., 2]}, let B) € M, (F) be defined by

Bk _ 1 ifi, je{k,n—k+1},
i 7 1 0 otherwise.

If n is odd, let K € M,,(F) be as follows:

0 R R 0
0 :

0 0 0

0 1 0

0 0 0
10 R 0]

It is clear that if n is even, then {B(l), .., B(3)} is a basis of DV,,(F) over F
and if n is odd, then {BM, ... B(*z~ 5) K} is a basis of DV,,(F'). Observe that
for A € DV, (F),

A = ABW + .. 4 An 2 B3 if n is even,

272

A =AnBY 44 Aus o BU 1>+A_+_ K if n is odd.
(3) For each k € {1,2,..., [2]}, we let

DVn(k)(F) = {Aec DV, (F)| Akk = Ak n—tk+1 = An—kt1.k = An—ktin—kt1 =
0}.

Then for every k € {1,2,..., [2]}, DVn(k)(F) is a subspace of DV,,(F) over F'

and DV, (F)/DV,®(F) = F.

(4) DV,¥)(F) are also ideals of the ring DV, (F) for all k € {1,2,..., [2]}.
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