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Abstract Our purpose in this paper is to present inertial block-iterative schemes
with selective technique for finding a solution of a variational inequality prob-
lem over the set of common fized points of a finite family of demiclosed quasi-
nonezrpansive mappings in Hilbert spaces. First, we introduce a basic scheme
and show that any sequence, generated by this scheme, converges weakly to a
point in the common fized point set. Then, based on a specific combination of
the scheme with the steepest-descent method, we propose new schemes, strong
convergence of which is proved without the approzimately shrinking and bound-
edly regular assumptions on the mappings and their fived point sets, respec-
tively, that are usually required recently in literature. An application to study a
networked system and computational experiments are given for illustration and
coOmparison.

1. Introduction

Let H be a Hilbert space equipped with the inner product (.,.), the cor-
responding norm ||.|| and with the identity mapping I. Let T;, for ¢ € L :=
{1,...,m} with a finite integer m > 1, be a demiclosed quasi-nonexpansive
mapping on H with the property N;cFix(T;) # 0 where Fix(T;) = {p € H :
p = T;p}, the fixed point set of T;. The considered problem in this paper is to
find a point

P« € C := N Fix(T;) such that (Fp.,p. —p) <0Vp e C, (1.1)
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where F' is n-strongly monotone and I-Lipschitz continuous on H.
When T; is a nonexpansive mapping, Yamada [31] proposed the hybrid
steepest-descent method,

" = (I — tpuF)T2", k >0, (1.2)
where u € (0,2n/1?) is a fixed number and 7' is either T, Ty, —1...T} or Y icrwil;
with w; € (0,1) and ), w; = 1, and proved the strong convergence of method
(1.2) under two conditions on ¢, one of which is that

(t) ty € (0,1) for all k > 1, limg o0 tx = 0 and Y, <ty = 00.
In [7], Ng. Buong and L.T.T. Duong gave a modification of (1.2),

2 = (1= a)a® + (I = tpuF)T 2, k >0, (1.3)

ai € [g,1] and T* = TETE .. TF where TF = I + p¥(T; — I), Bi, has the
property

(8) B < [8.5] < (0,1)
and ¢ satisfies only condition ().

When each T; is quasi-nonexpansive, method (1.2) and its modifications
have been recently investigated in [9-15]. Cegielski and Zalas [12] proposed
the generalized hybrid steepest-descent method with selective technique, called
selective hybrid steepest descent method,

" = (I — . F)T;, 2", (1.4)
where i, is selected by

— Tiz® — 2F|. 1.

ix = argmax [|Tiz" — || (1.5)

The strong convergence of (1.4)—(1.5) is guaranteed when the mapping T; is
approximately shrinking for each ¢ € L and the family F := {Fix(T;) : i € L}
is boundedly regular. A combination of method (1.4)—(1.5) with the outer ap-
proximations, has been presented by Gibali et al. [15] with the same properties
of T; and F as the above. The last two conditions are deleted by He and Tian
[17], when T; is nonexpansive and then T;, in the equivalent form to (1.4),
o*t = T, (I — t,F)x*, is replaced by I + B¥(T;, — I). Very recently, Ng.
Buong [8] gave a scheme, that is a specific combination of the block-iterative
method, introduced by Aleyner and Reich [1] for the convex feasibility problem,
with the steepest-descent method and proved the strong convergence without
the approximately shrinking and boundedly regular assumptions, where p is
still chosen in dependence of 1 and I.

To speed up the convergence of the Krasnoselskii [20]- Mann [25] iterative
method of finding a point in C, for the general case m = oo, Maingé [22,23]
suggested a combination of this method with an inertial effect, that is

uk _ l‘k +9k(l‘k _ $k_1),

1.6
o = (1 — ag)z® + o TFuF, (1.6)
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where TF = (1/7%) 3,5, wTi with v > 0,575, 7 = 1 and 4% = it Yo
ay € (0,2) and 0y, is chosen such that

(c1) {0k} C [0, 6], where 0 € [0,1).

(€2) Yops1 Olla® — 2712 < oo
When m = 1 and T is nonexpasnive on H, Bot et al. [6] also studied the
convergence of (1.6) with removing condition (c2). But, they required a strict
condition on 6 and «aj. Shehu [27] combined the inertial effect uy in (1.6)
with the Ishikawa [19] iterative method under weaker conditions on the inertial
factor 6 and iterative parameters oy than those in [6]. Recently, in order to
obtain a strongly convergent sequence, Tan et al. [29], by combining the inertial
Krasnoselskii-Mann iterative method with the Halpern [16] and Moudafi [26]
viscosity approximation methods under a new condition on 6y,

(c3) limg 00 f—:ka — 2k =0.

In this paper, based on method (1.3) and a reconstruction of a method
in [1] with the inertial effect ug, we first propose an inertial block-iterative
scheme with selective technique, that converges weakly to a point in C'. Next,
for solving (1.1), we introduce new block-iterative schemes and prove their
strong convergence without the approximately shrinking and boundedly regular
assumptions on 7; and F, respectively. Moreover, the parameter p in our
schemes is chosen through an adaptive way.

We organize the rest of this paper as follows. In Section 2, we list some ter-
minologies, using in this paper, and related facts, that will be used in the proof
of our results. In Section 3, we suggest two block-iterative schemes with several
modifications and give convergence theorems for the schemes and modifications.
An application to a networked system and computational experiments are given
for illustration and comparison.

2. Preliminaries
We remember that an operator T in H is called (see, [14]):

e nonexpansive or contractive if |Tz — Ty| < allz — y|| with a = 1 or
a € [0, 1), respectively, for all x,y € H.

e quasi-nonexpansive, if Fix(T') # 0 and | Tz — p|| < ||« — p|| for all x € H
and p € Fix(T).

e a cutter, if Fix(T) # 0 and (p — Tx,x — Tz) < 0 for all z € H and
p € Fix(T).

e p-strongly quasi-nonexpansive, if Fix(T) # 0 and, for all z € H and
p € Fix(T), |Tz — p||*> < ||z — p||* — p||Tz — z||*> where the real number
p=0.
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e approximately shrinking on a subset D C H, if for any sequence {z*} C D
the following implication holds

lim ||T2" — 2% = 0= lim p(z*, Fix(T)) = 0. (2.1)
k—o0 k—o0

e demiclosed if for any sequence {z*} C H it holds

(z*converges weakly to z and ||[Tz* — z¥|| = 0) = z € Fix(T). (2.2)

e The family {Fix(T;) : ¢ € L} is called boundedly regular, if for any
bounded subset D C H and for any € > 0, there exists a real number
& > 0 such that for any x € D

max p(z, Ci) < 6 = p(z,C) <¥¢,

where p(z,C) = infec |z — .

Clearly, a p-strongly quasi-nonexpansive mapping 7' with p = 0 is quasi-
nonexpansive and a nonexpansive mapping T with Fix(T) # 0 is quasi -
nonexpansive. In this case Fix(T) is closed and convex. A p-strongly quasi-
nonexpansive mapping 7" with p = 1 is a cutter. A mapping T is p-strongly
quasi-nonexpansive, if and only if \(p—x, Tx—x) > ||[Tx—z|? for all x € H and
all p € Fix(T), where A = 2/(p + 1). It is worth mentioning that in a general
Hilbert space H (2.2) is only a necessary condition for implication (2.1) and
even a firmly nonexpansive mapping may not have this property (see, [15]). A
mapping F' : H — H is said to be n-strongly monotone and v-Lipschitz con-
tinuous, if it satisfies, respectively, the conditions (Fx — Fy,z —y) > |z —y|?
and |Fz — Fy|| < vljlx —y| for all z,y € H with v > n > 0. It is well known
that
2 +ylI* < [« + 2(y, = +y) Va,y € H.

Lemma 2.1 ([31]) Let H be a real Hilbert space and let F be an n-strongly
monotone and l-Lipschitz continuous mapping on H with some positive con-
stants | >n > 0. Let T* = I — uF and let T"* = I — tuF. Then, for a fived
number p € (0,2n/1%) and any t € (0,1), I—uF and [—tuF are all contractions
with coefficients 1 — 1 and 1 — t1, respectively, where 7 = (1/2)u(2n — pl?).
Lemma 2.2 ([30]) Let {ar}, {br} and {cr} be sequences of real numbers such
that, for all k > 0, ag+1 < (1 — br)ag + bgck; ax > 0; by satisfies a condi-
tion of type (t); and either > 7~ bi|ck| < oo or limsup,_,., cx < 0. Then,
limkﬁooak =0.

Lemma 2.3 ([22]) Let {ar} be a sequence of real numbers with a subsequence
{li} of {k} such that a;, < aj,+1. Then, there exists a nondecreasing sequence
{my} C {k} such that my — 00, am, < am,+1 and ag < am, 41 for all (suffi-
ciently large) numbers k > 0. In fact, mp = max{l < k:a; < aj41}.
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Lemma 2.4 ([2,3]) Let {¢r} C [0,00) and {dx} C [0, 00) verify

(i) Yry1 — or < Or(or — Pr—1) + O,

(i) Yopo 0k < o0,

and there holds condition (cl). Then, limg_,o i exists and Zzozl[%@k+l -
YK+ < 00, where [t]; = max{t,0} for any ¢t € R.

3. Main results

In order to find a point in C, we consider the following inertial block-
iterative scheme with selective technique, a main scheme.
Main scheme:

St.0 Choose any two points 21,2 € H such that 27! # 2° and an integer
s>1. Set k:=0.

St.1 Calculate u* = x* + 0 (zF — 2F=1), where 6}, satisfies (c1) and (c2).

St.2 For t = 1,---,s, let L¥ be an ordered subset of L such that L = LY U
-+~ U L* and define y** by the rule:

YO = Pt =Ty dmax(t) = arg max pi) (™'Y, (3.1)
i(t)eLy

where p;(z) = ||T;x — || for any « € H.

St.3 Compute 25t = (1 — ay)z* + apy®* with ay, € [¢,1]. Then, set 2%~ :=
zF, 2% := 2F¥*1 and k := k 4+ 1. Return to St.1.

Remark

1. Clearly, u* is a point in C if and only if p,;max(t)(yk’tfl) =0fort=1,..,s.
We will show that any sequence, generated by the main scheme, converges
weakly to a point in C. For solving the stated problem, we replace {z¥*1} in
St.3 by a new z**t1, defined by

2F = 1—ar){ — tkﬂkF)irk + akyk’s7 (3.2)

where t}, satisfies (¢),

(Fab—FaP—1 ok —gh—1) k k—1
[ = { FaF—FzF-1]2 y & 7é €z ’

k—1, otherwise,

and condition (c2) is replaced by (c3).
We have the following results.

Theorem 3.1 Any sequence {z*}, generated by the main scheme, converges
weakly to a point in C, as k — oc.
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Proof. Let p be any fixed point in C. Using the definition of y** and the
properties of T; . (1), we get
1yt = plI* = |1 Ty ™ " = pII?
< y* =2l = prminl| Ty =y,

for all t =1,2,...,s. Summing the last inequalities with ¢t = 1, ..., s and noting

y*0 = u*, we obtain

S
ly** = plI* < Il = plI* = pmin D | T y™ " = 97117 (3-3)
t=1

On the other hand,

lu* = plI? = l2* = p+ Op(z* — 2712

e = pl2 + 20 (2" — pyat — ) 4 02t — bz
From the well known property,
(1,0) = —glhu— ol + llull® + 2 ol
for any two points u,v € H, it follows that
(2 = p,ak —ah 1y = —Lahot g g Dok g Dak i,

2 2 2

This together with (3.3), the definition of 2**! in St.3 and (3.4) implies that

12"+ =l = [la* = pl|* < O (la® = pI* — |21 = pl|?*) + 20k [la* — 2" 712

s
— €Pmin Z ||Timax(t)yk,t71 - yk,til ||2
t=1

(3.5)
since 0,% < 0. Therefore,

2"+ = pl* = ll2* = pl|* < Ox(ll2* = pl* = 27" = pl*) + 265 [la* — 2"~

Using Lemma 2.4 with ¢ = ||2¥ — p||? and &), = 0i||2* — 2%71||?, we have the

existence of limy_, . ||2* — p||. Consequently, {x*} is bounded. Moreover, from
(3.5) we can deduce that

S
epmin 3 | Timunny™ ™ =y TP < 2" = pl* = 2" = p|? + 20, |2" — 2"
t=1

+0u (2" = plI* = "7 = pII?).
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Again, by using Lemma 2.4, we get > oo [[lz* — p||? — [[2*~! — p|*]+ < oo
Hence,
o0 S
€Pmin Z Z ||Emax(t)yk,t71 —yht! I < oo.
k=1 t=1
It means that

S
. kt—1 kt—12 _
klggo; 1T, pey™ " =517 =0,
which is equivalent to

Jim 1T ey =y 2 =0, (3.6)
— 00

for t =1,...,s. Therefore, from (3.1) and (3.6) we have

lim [|ly™" =y = 0. (3.7)
k—o0

Hence, limy,_, o [|y*f —uF|| =0, for t = 1, ..., 5, as y* = u*. Further, from the
definition of u* with properties (c1) and (c2), we obtain

lu® — 2| = 67 fla® — 2712 < byt — TP =0,

as k — oo. Thus,
lim [[y** —2*| =0, (3.8)
k—oo

fort =1,...,s. Since {z¥} is bounded, there exists a subsequence {z"*} C {z*}
such that {a"*} converges weakly to a point p € H. Noting (3.7) and (3.8),

lim_ [|y™=~t — 2™ =0, (3.9)
k—oc0

fort =1,...,8. As L = L{* U---U L% for each i € L there exists at least

an integer ry such that ¢ € L' = {i1(rg), ..., 2, ..., 4,7 (i) }. Then, from the
Tk

definition of y** in (3.1) and (3.6) with k and ¢ replaced, respectively, by n

and 7y, it is easy to verify that

0 S kh_{go HTiynk,m—l _ ynk7m—1||2 § klgr;o HTimax(rk)ynk’m_l _ ynk,rk—lnz _ 07

ie.,
lim || Tyy™ st — y el = 0. (3.10)
k—o0
By virtue of (3.9) with ¢ replaced by rg, (3.10), the property of the sequence
{z™} and the demiclosed property of T;, p € Fix(T;) for any ¢ € L, i.e., p € C.
Similarly, any weak cluster point of {z*} belongs to C. Then, by Corollary 3.3.3
in [14], the sequence {z*} converges weakly to a point in C. This completes
the proof. O Next, in order to prove the strong convergence
of any sequence, generated by our scheme with new z**! in (3.2), we need the
following Lemma.
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Lemma 3.2 For any sequence, generated by our scheme with new z*t1 in

(3.2) and (¢3) instead of (¢2), is bounded. Moreover, we still have

[ = p)? < (1= axmB) 2" = pl1* + 29 ((Fp,p — %) + || Fpl| M)
S
+ 20 |2 — aF My — epuin D (| Tie ™ = o517,
t=1
(3.11)
for all k > k', a positive integer, where vi, = txpr, Bx = (1/2)(2n — vil?), M
and My are some positive constants.

Proof. Put
(FaF — Fak—1 gk — gk=1) |Fak — Fak=1|
G m e N L
It is easy to see that
|Fak — Fak=1|
nénkémzlkﬁl,
and hence,
%guk:%slsi (3.12)

Since t, — 0 as k — oo, from (3.12), we can confirm the existence of an integer
k! such that v, € (0,n/1%) and B > n/2 for all k > k'. Thus, by using Lemma
1, (3.3) and (3.12), we obtain

(I =y F)a* —pl| = ||(I — . F)a* — (I — v F)p — v Fp||
< (1= vBe)l|=* — p|| + | Fpl

and )
k _
I =l <l = pll < ¥ = pll + 65 * —a* Y (313)

Let ¢ be a positive constant such that f—:Hx’“ — ok < ¢ for all k > 0. This
constant exists due to (¢3). Then,

" —p|| < (1 — ap)|(I = wF)z" = pll + axlly™® = p||
(1= o) (1 = Bz = pll + vl Fpll) +aun (25 = pll + tic)
F cl?
< (1= aum i)l = ol + 2t (12204 22
<r:=max {||z* —pl,2(|Fpll/(en) + cI*/n*)} Vk > k' _
3.14
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It means that {z*} is bounded. Consequently, ||[Fz*|| < M; for all k¥ > 0,
where M is some positive constant, that exists because {#*} is bounded and
F' is [-Lipschitz continuous. Further, by Lemma 2.1,

(I = yF)a* —p|* = ||(I — v F)a" — (I — v F)p — v Fpl|?
< (1= wBe)llz* = plI* + 29 ((Fp,p — 2*) + v | Fpl| M),

for all k > k'. Clearly,

[u* = pl* < l|lz* = plI* + 204 (z" " — 2%, u* — p)
< la® = pl* + 265 |2" — 2| M,

where, My = 7 +trc < r+cfor all k > k! due to (3.13), (3.14) and ¢, € (0,1).
Thus, (3.3) deduces

1947 =l < Il ~pI +2604]* ~ 4~ 1y~ i D [ Toun ™ =P
t=1
(3.15)
Finally, by using Lemma 2.1 and (3.15) we have

2"+ = plI? < (1 = ap) |1 = yF)z" = pl|* + oxlly®™* — p|?
< (1= ag) [(1 = 7B llz* = plI” + 29 (Fp, p — 2*) + vl Fpl| M) ]
+ ay, [||:vk —p||? + 20 ||2* — Y| My
— €Pmin Z HTimx(t)yk’t_l _ yk,t—IHQ]
=1
< (1= armBe)llz® = plI* + 27 ((Fp,p — 2*) + v My)

s
+20k|2* — 2" Mz — epmin ) I o™ =y 72,
t=1

that is (3.11). The proof is completed. O Now, we are in the position to prove
a strong convergence result.

Theorem 3.3 Any sequence, generated by our block-iterative scheme with new
x* 1 and (¢3) instead of (c2), as k — oo, converges strongly to a point p, € H,
solving (1.1).

Proof. Obviously, from (3.12) and the definitions of 7, 8 in Lemma 3.2, we
get

- 4 -
Oull® — 2" =ttt — 2t S B 2P )me (316)
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where, following condition (c3), 74 = (01 /tx)||z* —2*~1|| — 0 as k — oco. Then,
from (3.11), Bk > 1n/2, a) € [,1] and the last inequality, we have

2%+ = pl* < (1= awmBe)lz® — pll* + 4y [(Fp,p — 2*) + il FpllM] /n

S

+ 29k B (20 /0P ) T Mo — €pmin Y (| Thnpy™ = 4™ )12

t=1
< (1 —emBi)llz® — pl* + evuBed[((Fp.p — =) + v | Fpl| M) /n

S
+ (P /n*)mM2] /e — €pmin Z 1T ey = 512
t=1
(3.17)
Now, we need only to consider two cases.
Case 1. ||z**! —p|| < ||2* — p|| for all k > k.
Then there exists limy_, o [|2* — p|| and it is easy to see from (3.17) that

S
epmin ) N Tipuey™ ™ =y HP <l = pl® = 12" = pl|? + di,
t=1

(3.18)
where dj, = 4Bk ||Fp| [(r + v M1)/n) + 7 M2l? /n?. Next, we prove that

li T k=1 _  kt=1)12 _ 1
kg&;“ imax (DY y P =0 (3.19)

Clearly, if

S
€Pmin Z Ty = 057 HP < die
t=1

for all k > k!, then (3.19) holds. If

S
0 < pmin Y i ™ = y5 712 > dii
t=1

for all k > k', then from (3.18) it follows that

M s

— — 1
Y (Eomin Y I Tipo™ 7 =P = dine) < e = pll? = M )%,
k=k! t=1

for any positive integer M. Thus,

o0 S

_ _ 1
Z (Epmin Z ||/—Timax(t)yk7t - yk7t 1||2 - dk%)ﬁ ||(Ek _p||27
k=k1 t=1
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Therefore,
S
li in T kt—1 _ kt—1)2 _ d =0
Jim (ep ;II ()Y y" P = din) =0,

and hence, we obtain (3.19), because 7, — 0. By the similar argument as in
the proof of Theorem 3.1, we get (3.6)—(3.10) and that any weak cluster point
of {x*} belongs to C. Therefore,

lim sup(Fp,, p, — z*) <0. (3.20)

k—o0

Now, from (3.17), we obtain
2%t = pul|? < (1= be)ll2® — pul® + brcr, (3.21)
where by = ;0 and
cr = 4[((Fp,p — 2") + wl|Fpl|My) /n + (I /n*) i M) Je.

Clearly, > 70 by, > > o, etyn?/(21?) = oo and from (3.20) with v, 7, — 0
it follows that limsup,_, ., cx < 0. So, applying Lemma 2.3 to (3.21) with
ar = ||7* — p.||?, we get limy_, o ||2% — p.|| = 0.

Case 2. There exists a subsequence {l;} C {k} such that ||z* —p|| < ||z'*T1—p||
for all k > k!.

Then, by Lemma 2.3, there exists a non-decreasing sequence {my} C {k}
such that m; — oo,

o™ = pll < o™ =l and 2 = pl < e < p (3:22)

for each k > k'. Hence, from (3.16), (3.17) and the first inequality in (3.22),
we have

la™ — pl> < 4[({Fp,p — a*) + wl FplIM) /1 + (P /P)mida) Je - (3.23)

and
S
epmin 3 | They™ =y P < iy i
t=1
Hence,
lim [T, oy™ " =y T2 =0
k— o0
for each t =1, - ,s. By the similar argument as in the proof of Theorem 3.1,
lim ||1‘1L_ymka7“k*1 o ymkﬂ"kfln =0 and lim ||$mk o ymk,rkfln =0.
k—o0 k— o0
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So, any weak cluster point of {z™*} belongs to C. Consequently,

lim sup(Fp., p. — 2™*) < 0.

k—o00
Using (3.23) with p changed by p., the above limsup and Y, , Tm, — 0, we

obtain
lim |Jz™* — p.|| = 0. (3.24)
k—oc0

Again, from (3.17) with k& and p replaced, respectively, by my and p., we get
||mmk—"_1 —DP= ”2 < Hka — D« ‘|2+47mkﬁmk [HFPH (T+’YmkM1)/77+(l2/n2)kaM2] .

From the last inequality, (3.24), Ym,,Tm, — 0 and By < n for all k > k!,
it follows that lim,, .o [|2™*T1 — p.]|? = 0. The last limit together with the
second inequality in (3.22) implies that lim_, ||2¥ — p.|| = 0. This completes
the proof. O

Remarks

2. If the given T} is quasi-nonexpansive, then the relaxation T; = I + B(T — 1)
satisfies the condition

[Tz —pl* < |l = pl|* = \|Tiw — z||* Vo € H,p € Fix(T})

for any fixed 3 € (0,1] where A = 3(1—/4). It is easy to see that T'; is demiclosed
if and only if T does. Moreover, we still have that Fix(T}) = Fix(T;) (see, [21]).
Analyzing the proofs of the Theorems, we obtain that they are also valid, when
we replace Tj(;) in (3.1) by T,»(t).

3. Take F' = I — u for some fixed point u € H. Clearly, F' is n-strongly
monotone with any n € (0,1] and ~-Lipschitz continuous with any v > 1.
Clearly, in this case, jp = 1 for all k& > 1. Then, 2**! in the methods listed

above has the form,
2R = (1 — ap) (1 — t)z® + (1 — ap)tpu + apy®®. (3.25)

Taking v = 0 in (3.25), we obtain an improvement modification for the selective
inertial block-iterative scheme,

2R = (1 — ap) (1 — tp)z® + agy™*, (3.26)

for all £ > 0. Note that any sequence, generated by (3.26) converges strongly
to a minimal-norm point of C', as k — oo.
4. Now, we consider the case when the expression z**! in (3.2) is replaced by

= (1= a)y™® + an(I =t F)y™*, (3.27)
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with a new

<Fyk,siFéyk—l,s’%k,lsiy;c—l,s> ylc,s # ykfl,s

2,8 k—1,s 9 9

L = 1Fy Fy Il ) (3.28)
Hik—1, otherwise,

y~ 5 = 27! and y%* = 20. Then, the inequalities in (3.12) are still true.
Moreover, v € (0,n/1?) and Bx > n/2 for all k > k2, some positive constant.
Next, from (3.13) and ‘?—)’j”xk — kY| < ¢, we get

ly** = pll < [|2* = pl| + txe VE > 0.
Consequently,

2"+ —pll < (1 — aw)lly™* = pll + (T — v F)y™* —pl|

(1= ar)(l2* = pll + tre) + o [(1 = weBe) (2" — pll + tre) + il Fpll]
(1 — ey Br) 2" = pll + tre + oyl Fpl|
(
’I“

IN N IA

1 — apyiBr) |2 — p|| + arviBr(c/ (k) + | Fpll/Br)
= max{||z" — p||,2(cl*/(en®) + | Fpll/n)},

a positive constant, for all & > k2. It means that {#*} is bounded. Hence,
{y**} is also bounded. Then, ||Fy**|| < M/, some positive constants, and

241 I < (1= @)y Pl + ol (7 = F)y™* — plf?
< (1= an)lly™® = plI* + o1 — wBe)ly™* — pll®
+ 2k ((Fp, p — y**) + y(Fp, Fy™*))]
< (1 — cviBi) ly™* = plI* + 276 ((Fp, p — y™*) + 71 || Fpl| 7).

This together with (3.15) and (3.16) implies that

o+t = pl2 < (1 = Bz = plI? + apBr(20/ ()

IN

— (1 — @, Y6Bk) Pmin Z Ty = o112
t=1

+ 4ok B ((Fp, p — y™°) + v | Fpl| M1) / (en)
< (1= cnmeBr)l2* — plI + 2009 B [(1 /m) 7 + 2(Fp,p — 2¥)
+ |Fpll2lly** — 2| + M)/ (en)
— (1= aryeBe) pmin O | Ty — 17112,
t=1

Since 7 — 0, ag, > € and B > n/2 for all k > k!, there exists a positive
integer k> kl such that, for all k > k: 1 — agvkBrx > ¢, a positive constant.
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Therefore, the last inequality yields

2"+ = plI* < (1 — awmBi) l2® = plI* + 2009 Bul (1 /)7 + 2(Fp, p — 2*)
+ I Epl2lly"* — 2| + M)/ (en)

s
- Epmin Z HTimax(t)yk’t_l - yk’t_l ||27
t=1

where limy,_, o [|y** — 2¥|| = 0 due to (3.8). Repeating step by step the proof
of Theorem 3.3, we obtain the following result.

Theorem 3.4 Any sequence {x*}, generated by the main scheme with new
2F 1 defined by (3.27) and (3.28), as k — oo, converges strongly to the point
Dx, solving (1.1).

4. Taking oy, =1 for all k¥ > 0, (3.27) has the form,
R = (I =t F)y™*, (3.29)

that together with 6, = 0 is the steepest descent block iterative method, studied
in [7] with p, = p € (0,2n/12) and y** = 2%, In the case that F = I — u,
we have the following Halpern’s selective inertial block-iterative scheme, that
is the our main inertial iterative scheme with z**! in (3.29) replaced by

P = tpu + (1 -ty (3.30)

since, in this case, ux = 1 for all £ > 0.
4. Applications and computational experiments

We consider a networked system consisting of an operator, who manages
the system, and a finite number m — 1 of participating users. In the system the
manage operator can be seen as an user m. We suppose that each i-user has
its own private objective function f; on E™, an n-dimensional Euclidian space,
and own capacity constraint, depicted by a nonempty closed convex C; in E™.
Moreover, the following is assumed.

e T; is amapping on E" with Fix(7T;) = C; for each ¢ € L and N Fix(T;) #
0.

e f; is a concave and Fréchet differentiable function on E™ such that — <7 f;
is m;-strongly monotone and [;-Lipschitz continuous.

e User ¢ € L can use its own private C; and f;.

e The operator can communicate with all users.
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The considered problem is formulated as finding a point p, in E™ such that

F(p) = max f(p), f(2) = 3 fi(2),C = NieLFix(T2). (4.1)

i€l

Problem (4.1) is closely related to network recourse allocation [5,28] which
is a central issue in modern communication networks. The main objective
of the problem is to share the available resources among users in the net-
work so as to maximize the sum of their utilities subject to the feasible re-
gions for allocating the resources. This problem is equivalent to the follow-
ing one, f(p.) = inf,ec f(p), where f = — > icr fi(x) is convex and Fréchet
differentiable with 7-strongly monotone and I-Lipschitz continuous v/ f where
[ = max;er, [; and 7 = min;ep, n;. To solve (4.1), when — v/ f; is n;-strongly
monotone and /;-Lipschitzian and T; is quasi-nonexpansive, Iiduka [18] intro-
duced a parallel optimization algorithm, at each iteration steep of which the
value 1 is chosen in dependence of 7; and [;. It is easy to see that the considered
problem can be solved by any method, generated by one of our schemes, where
F =<7f and C is given in (4.1).

For computations, we consider the case, when f is a differentiable convex
function, the derivative of which, Fx := f’ (z), is n-strongly monotone and
I-Lipschitz continuous and 7} is the subgradient projection relative to a convex
function g;, defined by

oo [T TR, i) 20,
g x, otherwise,

where n;(z) € 0g;(x) := {z € E" : ¢;(y) — gi(x) > {2,y — x), for all y € E"},
called a subgradient of g;. We know in [14] that T} := P, is a demiclosed cutter
and Fix(T}) = {z € E" : gi(z) < 0}. We take a function f(z) = |z — ul>/2
and g;(z) = ||z — Pg,z||?/2 for i € L, where Py, is the metric projection of E"
onto the set Q; = {z € E" : ||z — a*||> < 1} and a’ are points in E" such that
Nicr Qi # 0. Clearly, dg;(x) = gi(z) = v — Pg,x and

A . o .
o = o' + gy (@ —a'), if [z —a’[ > 1,
’ T, otherwise.

Therefore,
Py {@ + Poa)/2. i mi(a) £0,

x, otherwise.
The numerical results, calculated with n =5, m = 6,
a' = (0;-1/2;050;0), a® = (0;1/2;0;00), a® = (1/2;0;0;0;0),
a* = (=1/2;0;0;0;0),a° = (0;0;1/2;0;0), a® = (0;0; -1/2;0;0),
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L= LYU Lk where LY = {1,2,3} and L% = {4,5,6}. Taking u = (0;0;0;0;0),

we get the unique solution p. = (0;0;0;0;0).
without the inertial term (6 = 0), are calculated by the formula

Numerical results, obtained

k! = Timx(l)xk’o7 imax (1) = arg max HTixk’O — xk’OH7
ZEL’f

k2 = Timax(g)xk’l, imax(2) = arg Hel%)’“( HTixk’l — xk’1||, (4.2)
1e bl

2P = (1- tk)xk’Q,

following from (3.30), with the started point z° = (2;2.5;3;3.5; 1).

k xk+1 $k+1 zk+1 xk+1 mk+1

1 2 3 4 5
10 | 0.0557779218 | 0.0506246428 | 0.0630224743 | 0.0976113631 | 0.0278889609
20 | 0.0292170066 | 0.0265176728 | 0.0330117724 | 0.0511297616 | 0.0146085033
30 | 0.0197921658 | 0.0179635848 | 0.0223628135 | 0.0346362901 | 0.0098960829
40 | 0.0149648083 | 0.0135822227 | 0.0169084687 | 0.0261884145 | 0.0074824041
50 | 0.0120305321 | 0.0109190418 | 0.0135930827 | 0.0210534313 | 0.0060152661

Table 1. Numerical results by method (4.2)

The following numerical table is obtained by using our iterative scheme

W = 2P 4 O (aF — ), R0 = ok,
Yl =T, 1)y, imax(1) = arg max 1 T3y™ — ™|,
v =T imax(2) = argmax [ Tiy™ — 1], Y
ieLk
aF = (1 - ty)y*2,
with
0 min{eg/|[z¥ — 2F71, 0}, ife* # 2P <0, (4.4)

Or—1,

otherwise,

where e, = 1/(k+1)%,0 = 0.1 and 7! = (1;3.5;3;2.5;2), and the same values

for other parameters. We get the numerical results in Table 2.

A ZRTT 2RI ZFTL PR ED 2P T

1 2 3 4 5
10 | 0.0431792242 | 0.0339803589 | 0.0444127522 | 0.0737654623 | 0.0179932518
20 | 0.0208410698 | 0.0164011057 | 0.0214364492 | 0.0356039544 | 0.0086847001
30 | 0.0134755486 | 0.0106047292 | 0.0138605131 | 0.0230210267 | 0.0056154075
40 | 0.0098608472 | 0.0077601006 | 0.0101425482 | 0.0168458319 | 0.0041091222
50 | 0.0077297385 | 0.0060830016 | 0.0079505588 | 0.0132051408 | 0.0032210660

the inertial term u* is better than that without the same term.

Table 2.

Numerical results by method (4.3) and (4.4)
The numerical results in Tables 1 and 2 show the effectiveness of the intro-
duced schemes. Moreover, they also show that the results calculated by using
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5. Conclusion

In this paper, for finding a point in the set common fixed points of a finite
family of demiclosed strongly quasi-nonexpansive mappings in Hilbert spaces,
we suggested a selective inertial block-iterative schemes with weak convergence.
Then, based on a specific combination of the scheme with the steepest-descent
method, we propose new schemes, for solving a variational inequality problem
over the set of common fixed points of a finite family of SQNE mappings in
Hilbert spaces. The strong convergence of the latter scheme is proved with-
out the approximately shrinking and boundedly regular assumptions on the
mappings and their fixed point sets, respectively, that are usually required re-
cently in literature. An application to a networked system and computational
experiments are given for illustration and comparison.

Acknowledgements
This work was supported by the Vietnam National Foundation for Science and
Technology Development under Grant No. 101.02-2021.11.
Compliance with ethical standards
Conflict interest The authors declare that they have no conflict of interest.

References

[1] A. Aleyner, S. Reich, Block-iterative algorithms for solving convex feasibility problems
in Hilbert and in Banach spaces, J. Math. Anal. Appl. 343 (2008) 427-435.

[2] F. Alvarez, On the minimizing property of a second order dissipative dynamical system
in Hilbert spaces, SIAM J. Control Optim. 39 (2000) 1102-1119.

[3] F. Alvarez, Weak convergence of a relaxed and inertial projection-proximal point algo-
rithm for maximal monotone operators in Hilbert spaces, STAM J. Optim. 14(3) (2004)
773-782.

[4] H.H. Bauschke, P.L. Combettes, Convex Analysis and Monotone Operator Theory in
Hilbert Spaces, Springer, 2011.

[5] D.P. Bertsekas, R. Gallager, Data network, Prentice Hall Upper Sadler River, N.J.
1987.

[6] R.I. Bot, E.R. Csetnek, C. Hendrich, Inertial Douglas-Rachford splitting for monotone
inclusion problem, Appl. Math. Comput. 256 (2015) 472-487.

[7] Ng. Buong, L.T.T. Duong, An explicit iterative algorithm for a class of variational
inequalities, J. Optim. Theory Appl. 151 (2011) 513-521.

[8] Ng. Buong, Steepest-descent block-iterative methods for a finite family of
quasi-nonexpansive mappings, J. Industrial and Management Optimization,
doi:10.3934/jimo02021133

[9] A. Cegielski, S. Reich, R, Zalas, Regular sequences of quasi-nonexpansive operators and
their applications, SIAM J. Optim. 28 (2018) 1503-1532.

[10] A. Cegielski, F. Al-Musallam, Strong convergence of a hybrid steepest descent method
for the split common fixed point problem, Optimization. (2016) 1147038.

[11] A. Cegielski, General method for solving the split common fixed point problem, J.
Optim. Theory Appl. 165 (2015) 385-304.

[12] A. Cegielski, R. Zalas, Properties of a class approximately shrinking operators and their
applications, Fixed Point Theory, 15(2) (2014) 399-426.



78

20]

Selective inertial block-iterative schemes for a class of...

A. Cegielski, R. Zalas, Methods for variational inequality problem over the intersection
of fixed point sets of quasi-nonexpansive operators, Numer. Funct. Anal. Optim. 34(3)
(2013) 255-283.

A. Cegielski, Iterative Methods for Fixed Point Problems in Hilbert Spaces, Lecture
Notes in Mathematics, 2057, Springer, Heidelberg, 2012.

A. Gibali, S. Reich, R. Zalas, Outer approximation methods for solving variational
inequalities in Hilbert spaces, Optimization. 66 (2017) 417-437.

B. Halpern, Fixed points of nonexpanding mapps, Bull. Am. Math. Soc. 73 (1967)
957-961.

S. He, H. Tian, Selective projection methods for solving a class of variational inequali-
ties, Numer. Algor 80 (2019) 617-634.

H. Tiduka, Parallel optimization algorithm for smooth convex optimization over fixed
point sets of quasi-nonexpansive mappings, J. Oper. Research Soc. Japan 58(4) (2015)
330-352.

S. Ishikawa, Fixed points by new iteration method, Proc. Amer. Math. Soc. 44 (1974)
147-150.

M.A. Krasnoselskii, Two remarks on the method of successive approximations, Uspekhi
Math. Nauk 10 (1955) 123-127.

P.E. Maingé, The viscosity approximation process for quasi-nonexpansive mappings in
Hilbert spaces, Comput. Math. Appl. 59(1) (2009) 74-79.

F.E. Maingé, Strong convergence of projected subgradient methods for nonsmooth and
nonstrictly convex minimization, Set-Valued Var. Anal. 16 (2008) 899-912.

P.E. Maingé, Convergence theorems for inertial KM-type algorithms, J. Comput. Math.
Appl. 219 (2008), 223-236.

P.E. Maingé, Inertial iterative process for fixed points of certain quasi-nonexpansive
mappings, Set-Valued Anal. 15 (2007) 67-79.

W.R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953) 506-510.
A. Moudafi, Viscosity approximation methods for fixed-point problems, J. Math. Anal.
Appl. 241 (2000) 46-55.

Y. Shehu, New inertial iterative method for nonexpansive mappings, J. Nigerian Math.
Soc. 38(3) (2019) 533-546.

R. Srikant, The Mathematics of Internet Congestion Control, Birkhauser, Boston, M.A.
2004.

B. Tan, Zh. Zhou, S. Li, Strong convergence of modified Mann algorithms for nonex-
pansive mappings, arXiv:2001.07346v1 [Math. OC] 21 Jan 2020

H.K. Xu, An iterative approach to quadratic optimization, J. Optim. Theory Appl. 116
(2003) 659-678.

I. Yamada, The hybrid steepest descent method for the variational inequality problem
over the intersection of fixed point sets of nonexpansive mappings in Inherently Parallel

Algorithms in Feasibility and Optimization and Their Applications (D.Butnariu, Y.
Censor and S. Reich, Eds). North-Holland, Amsterdam, (2001) 473-504.



