East-West J. of Mathematics, Vol. 25, No. 1 (2024) pp.
https: / /doi.org/10.36853 /ewjm0400

THE HIT PROBLEM OF RANK FIVE IN A
GENERIC DEGREE

Nguyen Sum

Department of Mathematics and Applications, Saigon University,
278 An Duong Vuong, District 5, Ho Chi Minh city, Viet Nam
e-mail: nguyensum@sgu.edu.vn

Abstract

Let E* be an elementary abelian 2-group of rank k and let BE® be
the classifying space of E*. Then, Py := H*(BE") = Fa[z1, x2, ..., x4],
a polynomial algebra in k generators zi,z2,...,xr, with the degree of
each z; being 1. This algebra is regarded as a module over the mod-2
Steenrod algebra, A.

We study the Peterson hit problem of finding a minimal set of gener-
ators for A-module Py. It is an open problem in Algebraic Topology. In
this paper, we explicitly determine a minimal set of A-generators for Ps
in terms of the admissible monomials for the case of the generic degree
m = 2712 4 291 _ 3 with d > 6.

1 Introduction

Let E* be an elementary abelian 2-group of rank k and let BE* be the classi-
fying space of E*. Then,

Py := H*(BE*) 2 Folzy,2,..., 73],

a polynomial algebra in k generators x1, o, ..., T, each of degree 1. Here, the
cohomology is taken with coefficients in the prime field Fy of two elements.
The algebra Py is a module over the mod-2 Steenrod algebra, A. The action
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2 The hit problem of rank five in a generic degree

of A on Py is determined by the elementary properties of the Steenrod squares
Sq" and subject to the Cartan formula (see Steenrod and Epstein [18]).

An element g in P is called hit if it can be written as a finite sum ¢g =
Zu>0 Sq¢" (gu) for suitable polynomials g, € Px. That means g belongs to
AT Py, where AT is the augmentation ideal of A.

We study the problem, set up by Frank Peterson, of determining a minimal
set of generators for the polynomial algebra Pj as a module over the Steenrod
algebra. It is called the Peterson hit problem of rank k. In other words, we
want to determine a basis of the Fo-vector space

QP := P,/ ATP, =Fy @4 Pp.

The hit problem was studied by Peterson [7], Wood [30], Singer [16], and
Priddy [I1], who showed its relation to many problems in the homotopy the-
ory respectively in cobordism theory, modular representation theory, Adams
spectral sequence for the stable homotopy of spheres, and stable homotopy
type of classifying spaces of finite groups. Then, this problem was studied by
Carlisle-Wood [I], Crabb-Hubbuck [2], Janfada-Wood [3], Nam [6], Kameko
[4], Mothebe [5], Repka-Selick [12], Singer [17], Silverman [I3| [I4], Silverman-
Singer [I5], Sum-Tin [24], Tin [26], Walker and Wood [27], Wood [31], the
present author [19] 20} 22] and others.

The space QP was explicitly computed by Peterson [7] for k = 1,2, by
Kameko [4] for £ = 3 and by the present author [20] for k¥ = 4. The problem is
still open for any k > 4. Recently, Walker and Wood presented the results on
the hit problem and its applications to representations of general linear groups
in the monographs [28] [29].

Denote by (Py)m and (Q Py )., the subspaces of degree m homogeneous poly-
nomials in the spaces Py and @ Py respectively, where m is an any nonnegative
integer. Set p(m) = min{u € Z : a(m + u) < u}, where a(a) denotes the
number of one in dyadic expansion of a positive integer a.

An early result for the hit problem was established by Wood.

Theorem 1.1 (See Wood [30]). If u(m) > k, then (QPg)m = 0.

Note that this theorem is originally Peterson’s conjecture in [7].
—0
Kameko’s homomorphism Sq, : QP — QP is one of important tools in

the study of the hit problem. This homomorphism is induced by the Fy-linear
map ¢ : P, — Py given by

2

if v =
¢(x):{z, if x =229 ... 2827,

0, otherwise,

for any monomial z € Pj. Note that ¢ is not an A-homomorphism. However,
for any non-negative integer s, $S¢** = Sq¢°¢, and ¢S¢?*T1 = 0.
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Theorem 1.2 (See Kameko [4]). If g is a positive integer such that 1(2q+k) =
k, then

(%S)(k,q) = 57(]2 (QPg)2g1k — (QPx)q

is an isomorphism of the G Li-modules.

From Theorems and the hit problem is reduced to the case of degree
m such that u(m) < k. For u(m) = k — 1, the problem was studied by Crabb-
Hubbuck [2], Nam [6], Repka-Selick [12], Walker-Wood [27] and the present
author [I9] 20]. A new tool for studying the Peterson hit problem has been
presented in [22] when the author studies it for the case u(m) =k — 2.

Recently, many authors study the hit problem for the case £k = 5 and the
problem has been explicitly determined for the case of degree m such that
a(m+s) =1 with s = u(m) <5 (see e.g. [23]).

In this paper, we study the hit problem for a case of kK =5 and a family of
degree m such that a(m + s) = 2. More precisely, we explicitly compute the
space (QPy)qa+2 0a+1_3, with d > 6, in terms of the admissible monomials (see
Section . To do this, we consider Kameko’s homomorphism

—~0
(8q.)(5,2041 120 gy + (QP5)a+2 00413 — (QP5)ga+1 94 4.
The space (QPs)a+1 244 can easily determine by using the results in [20].
—~—0
So, we need to compute the space Ker((Sq, )5 24+142¢—4y). We prove the fol-
lowing.
Theorem 1.3. For any integer d > 4, there exist exactly 1085 classes of degree
m = 29+2 4 24+1 _ 3 in Ker((%*)(5,2d+1+2d_4)) represented by the admissible

—~0
monomials in Ps. Consequently dim Ker((Sq, ) (5 2d+1424_4) = 1085.

A simple computation using Theorems 1.3 and 1.4 in our work [20] we easily
obtain dim(QPs)a+1424_4) = (2° — 1) dim(QPy)s = 31 x 55 = 1705 for any

—~0
d > 6. Since (Sq,)(5,24+1424_4) is an epimorphism, by combining this and
Theorem [I.3] we get the following.

Corollary 1.4. For any integer d > 6, we have
dim(QP5)(2d+2+2d+173) = 2790.

For d < 2, the computation is easy and the results have been published by
other authors. We also study the problem for d = 3,4,5. We have 1690 <
2796. The exact dimension of (QPs)(d+2424+1_3) for 3 < d < 6 can be checked
by using a computer calculation (see Section .
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The paper is organized as follows. In Section [2| we recall some needed
results on the admissible monomials in Py, the criteria of Singer and Silverman
on the hit monomials. The detailed proof of Theorem is presented in Section
In Section {f we present some results of computation for (QPs)d+124_4)
with 3 < d < 5. In Sections [5| and |§|, we list the needed admissible monomials
in Ps5 for the proof of main results.

2 Some preliminaries on the hit problem

In this section, we recall some needed definitions and results on the weight
vector of a monomial, the admissible monomials, the criteria for hit monomials
and the notion of strongly monomial from Kameko [4], Singer [17] and the
present author [20] 22].

2.1 The weight vector of a monomial and the admissible
monomials

Definition 2.1.1. Let x = z7'25* ... 2} € P,. We denote vj(z) =s;,1 < j <
k, and v(z) = max{v;(z) : 1 < j < k}. We define the sequences

w(x) = (wi(x),ws(x),...,wi(x),...), olx)=(n(z),ra(z),...,ve(x)),

where w;(z) = 3, ;p @i—-1(vj(2)), i > 1. Then, w(z) and o(z) are called the
weight vector and the exponent vector of = respectively.

A weight vector w is a sequence of non-negative integers (w1, wa, ... ,w;,...)
such that w; = 0 for 7 > 0.

The sets of weight vectors and exponent vectors respectively are ordered by
the left lexicographical order.

Definition 2.1.2. Let w be a weight vector and f, h two polynomials of the
same degree in Pj.

i) f = hif and only if f + h € AT Py.

ii) g =, hif and only if g+ h € AT P, + P, (w).

Note that the polynomial f is hit if and only if f = 0.
It is easy to see that the relations = and =, are equivalence ones. We
denote

QP (w) = Pe(w) /(AT P, N Pe(w)) + Py (w))-

It is easy to see that for any degree n, we have

(QPy)n = @ QP (w), (seee.g. [21]). (2.1)

degw=n
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Definition 2.1.3. Let v, w be monomials in Py, with degv = degw. We define
v < w if and only if one of the following conditions holds:

i) wv) < w(w);

ii) w(v) = w(w) and o(v) < o(w).

Definition 2.1.4. A monomial x in Pj is said to be inadmissible if there
are monomials wy,ws,...,ws such that w; < x for j = 1,2,...,s and = +
>o_,wj € AT P;. A monomial z is said to be admissible if it is not inadmis-

J
sible.

Obviously, the set of all the admissible monomials of degree m in Py is a
minimal set of A-generators for Py in degree m.

Denote by A, the sub-Hopf algebra of A generated by Sq¢* with 0 < i < 2%,
and A} = AT N A,.

Definition 2.1.5. A monomial z in Py is said to be strictly inadmissible if and
only if there exist monomials w, wa, ..., w, such that w; < z,forj =1,2,...,s
and z + 377 v; € Af Py with u = max{i : w;(x) > 0}.

Theorem 2.1.6 (See Kameko [4], Sum [19]). Let x,y,w be monomials in Py
such that w;(x) =0 for i >t >0, wy,(w) # 0 and w;(w) =0 fori>u > 0.
i) If w is inadmissible, then so is uw?

it) If w is strictly inadmissible, then so is wv>" .

2.2 Some criteria for hit monomials

We recall a result of Singer [I7] on the hit monomials in Pj.

Definition 2.2.1. A monomial z in Py, is called a spike if v;(z) = 2% — 1 for
5; a non-negative integer and j =1,2,...,k. If 5y > 850> ... > 5,1 > 5. >0
and s; = 0 for j > 7, then z is called the minimal spike.

The following is a criterion for hit monomials in Pj.

Theorem 2.2.2 (See Singer [17, Theorem 1.2]). Suppose f € Py is a monomial
of degree m with p(m) < k. Let z be the minimal spike of degree m. If
w(f) <w(z), then f is hit.

It can be shown that z$'xizl is the minimal spike of degree 45 and the

monomial z}x33xfz 322 is hit, but
w(zizydededed) = (5,0,4,3,0) > (3,3,3,1,1) = w(x wizd).

Thus, this criterion is not enough to determine all hit monomials. Hence, we
need another criterion for hit polynomials in Pj.
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Theorem 2.2.3 (See Silverman [I4], Theorem 1.2]). Let f be a polynomial
of the form ph®" for some homogeneous polynomials p and h. If degp <
(2™ — 1)u(degh), then f is hit.

This result leads to a criterion in terms of the minimal spike which stronger
version of Theorem 2.2.2

Theorem 2.2.4 (See Walker and Wood [27, Theorem 14.1.3]). Let f € Py be
a monomial of degree m, where u(m) < k and let z be the minimal spike of
degree m. If there is an index r such that >_,_, 2 w;(z) < D01 207w, (2),
then f is hit.

2.3 On the kernel of Kameko’s homomorphism

In this subsection, we recall some notions and results from [22] for the kernel
of Kemeko’s homomorphism which will be used in the proof of the main result.

Definition 2.3.1. Let z be the minimal spike of degree m. Denote by Py, )
the subspace of Pj spanned by all monomials f of degree m such that

> 27N < Y 2 wile),

1<ikr 1<ir
for some index r > 1.

Definition 2.3.2. A monomial f of degree m in P} is said to be strongly
inadmissible if there exist monomials 1, ¥, ..., ¥y, of the same weight vector
w(f) such that y; < f, 1 <t < u, and

Ty Yty € By (W) + AT Pe+ Plimy,
where s = max {7 : w;(f) > 0}.

Notation 2.3.3. Let K be a finite sequence of positive integers. Then, there
are positive integers dy, d1, ..., ds and rg, r1,...,rs such that r;11 # r; and
K = (ro)|%]|(r1)|®]...|(rs)|%. We define the reduced length of K by 1l(K) =
dy +dg + ...+ ds. For example, with K = (4,4,4,2,3,3) = (4)]3[(2)|(3)]2, we
have dg = 3, d; = 1, do = 2, hence rl(K) = dy + dy = 3.

Denote by PSeqz the set of all pairs (U, V) of sequences U = (uy,uz, ..., uq),
V = (v1,v2,...,04), where u;, v; are integers such that 1 < u; < vy < k, for
1 <t <d,and by Plncz the set of all (U, V) € PSqu such that u; <wug <... <
ug and v; < vy < ... < vg. By convention, PSeq) = 0. For (U, V) € PSeq?, we
define .

Xuyy = [ Xo . € Pu((k—2)|).

1<t<d

Here, X = Xj17j27...,j5 = ng‘]].’l,‘j for J = {jl,jg,. .. ;js} - {1,2,. . k}
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Definition 2.3.4. Let hg be a positive integer, hy > 2, and B be a subset
of PIncZO. The set B is said to be compatible with (k — 2)|" if the following
conditions hold:

i) For any (U,V) € B, rl(UU) < hg — 2 and r1(V) < ho — 2,
i) For any (H,K) € PSeq['®, we have

min K

X+ Y > Xaw) € P ((k=1D]") + Af Pe+ P,y )
v=min H+1 (U,V)EB,

where B, is a set of some pairs (U, V) € B such that mini/ = min H, minV = v
and np, = (k —2)(2" —1).

Theorem 2.3.5 (See [22]). Let hg be a positive integer, hg > 2, and let k > 4,
m = Zi:lz(Qdi — 1) with d; positive integers such that dy > do > ... > di_3 >
dr—o =d = hg. Denote q = Zi:f’@di_d —1). Suppose the set B C Plnc)® is
compatible with (k — 2)|". Then,

—_ d h d
B = U {X(L{,V)(Xi,j)2 200, W)7 iy € Bk—2(q)}
WuV)eB

—~0
is a set of gemerators for Ker(Sq*)(k,%), where i = minlf = i1, j = minV =

~

v, Jagy) = (1.1 sy k) and By_s(q) is the set of all the admissi-

—~0
ble monomials of the degree q in Py_o. Consequently, dim Ker(Sq*)(k%) <
|B| dim(QPy—2)4-

We need the following for the proof of Theorem [L.3]

Proposition 2.3.6 (See [22]). The set
Bs = {(U,V) € PSeqs : Xy € B5((3)|°)} C PIncg

is compatible with (3)[°.

2.4 Some other needed results and notations

We set

P = ({z € Py : vj(z) = 0 for some j}),
Pl = ({x € Py :vj(x) > 0, for all j}).

Then, P and P,j are the A-submodules of P, and QP, = QP & QP,:r ,
where QP = P) /AT P? and QP;f = P/ /ATP}.
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We denote
N ={0G1): I=(t1,ta,...,ts), 1 <i<t; <...<ty <k, 0<s<k}

For any (i;1) € Ny, we define the homomorphism p;,py : Py — Pr_1 of A-
algebras by

T, if 1 <u<i,
pasn (Tu) = Xpep Tt ifu=i, (2.2)
Tyu_1, if i <u<k.

Lemma 2.4.1 (See [9]). For any monomial u in Py, we have

P (w) € Pr_1(w(u)).

It is easy to see that if w is a weight vector of degree m and u € Py(w),
then p(;;r)(u) € Py_1(w). Hence, p(;;r) passes to homomorphisms

Py QP(w) — QPicr(w), pUY) + (QP)m — (QPict)m-

For J = (s1,82,...,8): 1 <s1 <...<s, <k, we define a monomorphism
0y : P. — Py of A-algebras by substituting

Oy(xy) =xs, for 1<v < (2.3)
Clearly, for an arbitrary weight vector w of degree m,
Q0;(P)(w) = QP! (w) and (Q05(P))m = (QP )m

for 1 < r < k. Here, Q0,(P}) = 0,(PF)/AT0;(PF). Then, by a simple
calculation using the result in Wood [30] and (2.1]), we obtain the following.

Proposition 2.4.2 (See Walker and Wood [28]). Suppose w is a weight vector
of degree n. Then, we have

amer) = 3 (F)amer: )

pu(m)<u<k

amQr, = % (1) am(@ri,.

p(m)<u<k
Set Jy =(1,...,8,...,k) for 1 <s <k

Proposition 2.4.3 (See Mothebe and Uys [3]). Suppose s, h are integers such

that 1 < s < k. If f is an admissible monomial in Py_1 then so is xzh_lﬁJs (f)
mn P;C.
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Notation 2.4.4. For any nonnegative integer m, we denote By (m) the set of all
admissible monomials of degree m in Py. Set BY(m) = By(m) N PY, B} (m) =
Bi(m)N P,:' . For any weight vector w of degree m, we denote

By(w) = By(m) N Py(w), B} (w) = B} (m) N Py(w).

For a homogeneous polynomial h € Py, we denote [h] the class in QP
represented by h. If w is a weight vector and h € Py(w), then we denote
[h]. the class in QPy(w) represented by h. For a subset H of Py, we denote
[H] = {[h] : h € H}. For H C Py(w), we set [H]|, = {[h]lw : h € H}. Then,
[Bi(w)]w and [By (w)]., are respectively the basses of the spaces QP (w) and
QP (w) == QP,(w) N QP;!. Denote by |H| the cardinal of H.

3 The indecomposables of P; in the degree 2742+
2d+1 -3

In this section, we consider Kameko’s homomorphism

(5060 * (@QP5)m — (QP),

where ¢ = 291 + 29 — 4 and m = 2¢ + 5 = 2912 4 29%1 _ 3 with d a positive
integer.

3.1 The weight vector of admissible monomials in the
~0
space Ker((Sq*)(g,’q)

First of all, we determine the weight vectors of the admissible monomials
. —~0
in Ker((Sq*)(&q)).
Lemma 3.1.1. Let x be an admissible monomial of degree m = 23+2 42d+1 _3

—0
in P5 with d a positive integer. If [x] € Ker((Sq,)(s,9)). then either w(z) =
B or w(z) = (3)|*+1.

Proof. Since z is admissible and [z] € Ker((%i)(g)’q)), using Lemma 3.1.1 in

[22] we get wi(x) = 3 for 1 < i < d. Then, # = Zy2* with Z a monomial of

weight vector (3)|? and y a monomial of degree 3 in Ps. Since x is admissible,

by Theorem @L y is also admissible. Hence, w(y) = (1)|? or w(y) = (3). The

lemma is proved. (Il
By Lemma |3.1.1] we have

Ker((S4.)5.0)) = QPs((3)1*) @D QPs((3)14(1)2).

The space QPs((3)|%*!) has been determined in [22, Theorem 4.2].
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Proposition 3.1.2. Ifd > 4, then we have dim QPs((3)|?*!) = 155.

The admissible monomials of weight vector (3)|¢*! are listed in the Ap-
pendix of the work [22].

3.2 Proof of Theorem

To prove Theorem |1.3] we need only to compute the space QPs((3)|4](1)|?).
We need some technical lemmas. The following follows from [20].

Lemma 3.2.1. Let {i,j,t,u} be a subset of {1,2,3,4,5} such thati < j <t <
u. The following monomials are strictly inadmissible:

T4 T, mf’x?w?wi, xz:xfx?mi, xZme?wZ, wzlf’xijth}f
Lemma 3.2.2.
i) If v is one of the monomials:
lxlzlPri®  2lxlb2lzl6 2721521027 2721521728
O O s, QRS W N S LI L

then the monomial 05 (z), 1 < s <5, is strictly inadmissible.

ii) Let (i,7,t,u,v) be an arbitrary permutation of (1,2,3,4,5). The following
monomials are strictly inadmissible:

15,.19

15,195 2 4.
Li LT LyLylys

J
14,167 .7,
T Xy T, T

T

uvv?

15,18
J

15,.17,.2,4 .7,

z; w i,

sl vt

uvv?

1 < u; x%sxyxfxe’le

15 18 5
j Ttlu®
15,19 3 4
u

O i

j T

uvv?

6.
v
4.
v

j<uv;z

iii) The following monomials are strictly inadmissible:

14,..19,.5 .6
x1x2 1‘3 .’I:4./L'5

Bl ol

7.9..2° 21,6
L1ToX3Ly Ty

b ist

3,.7,.11,.4,.20
L]TX3 T4y

I LN

x?x%gxégxﬁxg

7.:.9,.3.4,.22
T{THTZLATE

2225320720

3,.7,.11,.20, 4
TILoX3 Ty Ty

R g
oSl 18a5u8
oTaria30a8
ol adr iz

Tudadaial

LiLoX3 Ty
32135162827
xi’x%%%%ixé

7.9,3,22 1
L1TT3Ty" Ty

g W,

15 .17 6,.6. .15 16 6,.7.

xi xJ xtl‘uxv, .'I;i .Z‘J mtmumv,
15,.20,.3,.3 4.

Ly X5 TypLyy Loy

15,.16,.3,.5,..6

i T TEX, T, ] <u <.
3,.7,.24,.5,.6 3,.13,.6,.16,.7

NI -
L1Lo T3 TyTs
6

7..9,18 5
LT3 Ty Ty

Proof. Note that all monomials in the lemma are of weight vector (3)[3|(1)]2.

Part i) has been prove in [20]. We prove Part ii) for x = x12
and z =z

7,15

T = azlxgm?ﬁxfﬁmg + z1T

1‘1,1:2 $3.’L‘4116£Eg

15

9,..23

1°ToT3X 0TS

6

6
T3 X Ty + 1T

16,.7

We have

10,2347
2 T3 Xy + T1Ty X3 T4

15,19,.4..6 . _
2 X3" Ty, Y =

11,23 ,..4,.6
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15,16 ,.6,..7

Paibalal 15,.17,_6,.6

5 T3 TuTy + T1X

15,15 5,8
+ 1253 T4y

171547_|_1,

+ x175" X3 T Xy
2,,15_.16,.3 .7
+x + 1Ty X3 T Ty
8,15 .6

1Lg T3 LyTs
T1THT3 T4

15,18 4,7
+ 21 +x1z 5 X3 T,yTy
15,15 .4, .9

+ Sq¢t (xlacz 37Ty Ty

16,15 .5 .7
+ X175 X3 Ty X

2,15 15 3 8
T T2y T3 Ty
4 15,15 4 6 8
+ Sq* (z25 w5 was) + Sq°(
1115 4,6

10,1547
2 L3 Tyls 2 T3 TyTs

+ 21

4151537
1Lg L3 Ty

2,.16,15, 3.7

)

7
5+ T1x

+z1x
15,.4,.7, .18

_|_
+

_|_

6,..14

+x1
y = zadaialal 15,418 7 19,4 14
41904y Tgl —|—x4 19,4, 11 7+x5 15 6,.18
4+ 2021542716 ?xé%ﬁx}lﬁxg ?x%gxga:gxé‘l
+:175 193227 12+x1z2 T3T4 Ty + T1ToT3X 4T
9 6,.22 7.9 22,6 4 070.902,7020 4 o
+ 2715 6 16+Sq1(x1x§5x§xi3xé3+x1m
3,.15 12,13 3plPayxldal 3,.15,..4,11 11
+ gTgls 9 12—}—951;102 w3zl x5+x7 15 13,8 4
7,15, 4,117 15,211, 14
+x%x§5x§x1xél+x2 158,117 5.’1735(}411015%4
173 T3T4 Ty Yr’adeP el + vl age) al
+ X125 x37, T5 +x{x%5x3x}14xg 105 T3T4Xy
Telda2eitad 1257234 x5) +Sq4(x1x2 T3y
+m1x%5x§xi4xg+x2 15,2, 11,11 4 4,15 4,7, 11
105 X3T,4T5 + x?a@é%gm}l‘lxg + x?x?m%xix?
+ qu (x1x2x3:c4;z:5 1T2T3Ty T +x1x3x3x4z5
4722022712 4 g

+ 1257031, x5 + X125 x3x1x5
+ atelPaialalt 125 T3Ty Ty 125" L34
1L9 T3T4X5 + T +x
Sal92247 ) 5,192, 12 7 7..8,4,.7..19
+x{x2x3m4x5 + r1Tor374 Ty 1ToX3X 4T
12 L3T4T5
+ xix5"x3x, ) + 2325 1Byl? + xiTy X33, Xy
1% L3L4T5 (2% Pz 1% L3Ly T
+ X125 37, x5) —|—Sq2(x13:2 T3T, Ty + z175° 75
twy’afeytaf + aty
+ 32155211 12+a:1:c2 22al?) 4152, 11_11
7,15 10,.10 + T 152,712
+ 27z} m3x4x5—|—x7 15,212 7 15,.4,.7
12 T3ly Tg 1%2 L3Lydy
+ 25415 6,14
ToSadaToll 278 ,4,11,7
1X2X3L4 Ly

{wywgryag) mod(Ps ((3)1%|(1)]

Hence, the monomials x and y are strictly inadmissible

z = 2)woalalal

15, 4,718
+ 1" Tox3x 42

6,22 7

So2%al 11 4.7, .22

Tz 11

2 4 x?xgx 1 XoX3T4x5" +
+ :E%nga:g:c}lgacg + :ci‘r’:chgﬁ:céﬁ
+ x}5x2x§x}13xé2 + x%5x2x2xilxé2 + x%5x§x2xixé3
+ xi5x§x§x}llx},l + x%gxgxgx}llxél + xigxgxgm}loxél
+ $%5JL‘2I§1‘}14Q?%1 + ZE%5$213§1‘41141‘%O + x}g’xgzgx?lxég
+ xif’xga:gdxé‘l + :E%%gxgxilxéo + x%%gxgx}fxg
15,.2,3,.12 11 15,24, 11,11 15,.4,.2,.11,.11

15,.16,.5,.7
2 L3 TyTs

) +Sa*(

) mod(Py ((3)|(1

+ 21

—+x

7.9.2 207
1L2L3Ty Ty

15,8 713
2 L3TyTs

2 3Ty Ty
+x

+x

+x

+2x

11

15,17 4.7
2 L3 Tyls

xw?w%ﬁxi:ﬂg

+ a1

9. 1566
2T3 Tyl

)I%),

19,4, 14,7
2 L3Ty Ty

515 18,6
1L L3y Ty

5,.19 14,6
1L9 T3Ty Ty

7.8.4.19. 7
1L2d3Ly Ty

T

T

158,13 7
+ 125" x30, Ty

7..15 8 .13
+ x5 x37,7;

71547, 11
L1Lo T3LyTs

14,11 2 15 4. 1111
+ T1Ty T3TY T

3,15 1410

1%T2 T3Ty Ty

7,.15 6,.14
+ 2115 3T,

7.15.2 8 11
1%2 T3T4Ty

14
L5

4,15, 4 _11_7
1%T2 T3y Ty
5,152 12 7
1L2 T3T4 5”5)
7.9 6
+ X1 ToT3T, Ty

),

T

. We have

4,22 7

1 T2X3Ly Ty
+ Sq*(
+x
)+ S¢*(
+x

15, 213 13
21° L2237, T

15,2, 5,139
1 Tal3Ty Ty

15, 211 14
21°Tox3Ty T

15,. 5,139
1 L2L3Ly Ty

15,2 3 11,12
1 TaT3Ty Ty

15,.4,.3,.10,.11

+ X177 X5x3x, 5 + X XT3, Ty + XT3 Ty + X LT3, T
17,. 3,913 17,. .3,.13,.9 4(,15_ 4.7 14 15, .4 14 7
+ X1 Tox3x, 5" + T X2X3Ty 305) + Sq (azl ToX3Xy Xy + T X2X3Ty Xy
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15,22 11 11 15,2310 .11 8(.9,. 6,714 9., 6,147
+ x"xox3x, x5 + X Xx5x3%, Ty )—I—Sq (x1$2x3ac4x5 + XToT3, Ty

+ay wpagriay’ + 2yl warirytef) mod(Py((3)P[(1)),

Hence, the monomial z is strictly inadmissible.
We now prove Part iii) for u = zyz3tzi%2528. We have

515618 5,196, 14 6,.15..7,.16 6,.15,.16,.7
U = T1ToX3 T yTs" + T1XX3 T Ty + T1ToX3  TyTy + X1X5X3° Ty Ty

6,.17..7,.14 6,.19,.12 .7 7,167, .14 717,614
+ XT3 Ty Ty + XT1X9X37 T, Ty + L1 T3 TyTy + X1XTL3 TyXy

7,18 7 12 7,196 12 8,.23..6,.7 8,.23..7,.6
+ X1T5T3° X X5 + T1X9X3° T4 T5" + T1ToT3 Ty Ty + T1T503" LTy

10,.23,.5,.6 12,.18,.7,.7 14,.16,.7,.7 14,.17,6,.7
+ 2125 X374 L5 + 125723745 + L1y Ty Ly + 1Ty T3 TyTy

14,17 1 15,12 1 19,10, .11 15,71
+ r125 X3 xeg + Sq (x1x§x35$4 x53 +m1x§x39x40$5 +z1$gx35x4z56

5 15 10, .13 5 15 11 12 5 15 12 11 519 .7 12
+ 2125037 %, 5" + X1X5T37 X, 5T+ X1X5T3° X, Ty + X1X5T3 XX

7,158 13 7159 12 7,.16,.7,.13 717,712
+ 2129257 24w + 1257 Ty T + T1ToTy TyTE” + T1ToT3 LT

8,157 13 12,15 _.7,.9 12,159 .7 12,1777
+ X1T5T37 X 5" + T1X5 T3 X Ty + XT3 X3 Ty T + T1X9 T3 Xy

13,.15_.7,.8 13,158 .7 13,.16,.7,.7 2,515,913
+ 125703 X4 T + X125° T3 X Ty + T1X5°Tg Ly + LT3 X5
213 _15_5_9 4.7 15 7 11 411157 7 2 3,15 .10, .14
+ ziwy’wy el + aiwies’wias + aiwy wy’aial) + S¢° (v1wsas’w xl
515 9 13 6,.15 .7 .14 7,15 6 .14 10,.15,.7,.10
+ X1T5T37 X4 5" + X1 X9X3 Ty Ty + T1ToT3 T X5 + 1Ty T3 Ty

10,.15,.10,.7 11,15 6,10 13,15 5.9 14,15 6.7
+ 21Ty X3 Ty Xy + X1Ty X3 TuTy + XX T3 Ty T5 + 1Ty T3 Xy Ty

14 .15 .7 6 27,15 7 12 27,15 8 11 27,167 11
+ X125 X3 T x5 + XTI XX3 T X" + XT3  TyTy + X]XT3 Ty Xy

2,815 7 11 211,157 8 211,15 8.7 2,.11,.16,.7,.7
+ XITHT37 X X5 + ] Xy T3 X4 X5 + XLy T3  T4T5 + T]Ty T3 Ty

2,12 15 7 7 4,315 10 .11 3,179 13 11,17 5.9
+ 27T X3 T 5 + T X3 Ty Xyt + T1T5X3 TuT5T + X1X5 T3 x4x5)

+ Sq4 (mw%m?wixé‘l + xlxgx}fﬂx? + mlxg;vésx}fxg + xw%x?mix?
+ x1z§4z§512xg + x%x‘zz%‘r’x}lox%l + x%xéz?zlx?) + ng (a:lxga:észg:cg
+arabeg’eiaf + vixy’ey’aiey) mod(Py((3)°(1)%),

The above equality shows that the monomial u is strictly inadmissible. (]

Lemma 3.2.3. Let (i,7,t,u,v) be an arbitrary permutation of (1,2,3,4,5).
The following monomials are strictly inadmissible:

3.13,14,31 32 313 30,1532 3 29 1415 32 , _ .
Tixtw T, kT, xywt ey 0w, xiey ay x et 1<y <tbu<w

j v o j v o j
and
p3xPrital?  pfxdlalBaital?  2fadladTal02l? 2lalafa 0280
plzilalB3ai023?  2TallaP2lt23? 2l2lla2923221t 2lalla392342]12

O B0 2% Sv I L e LA T T CR B e (O
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Proof. The monomials in the lemma are of weight vector (3)[*|(1)|?. We prove
the lemma for v = 23232372022 and w = 2P2322%23221%. By a direct

computation using the Cartan formula we have

31,.15,.32 14 31,.38,.9,.14 39,.15,.24 .14 39,.30,.9 .14
V=21T5 T3 Ty Ty + T1T5 X3 T4 + LT X3 Ty Ty + Ty T3 TyTy

2..35_29 13 14 237,27, 13 14 3,17, 45 14 14 3,19 .45 12 14
+ x7x5" 3 T, s + 1T X3 x5 + Xy T3 X, Ty + X7 T3 XXy

3,19 45 14 12 , .3.20 43 1314 , .3 23 15 12,40 , .3.23 45 10 12
T XITY X Ty T5T + TIXY T3TT,T X T XXX XY Ty + TR Ty Xy

3,31 15 12 32 3,.31,32 .13 14 3,.31,33 12 14 3,.31,.33 14 12
R REUE TSI N i s ol R R S oy =i ol O VR oy =l ol PR 5 R R

1 31,15 .21 _24 31,.29 .11 _.20 31,29 .17 14
+ 5¢ (m1x2 37Xy Ty +X1x5 037 %, Ty + 1T X3°Ty Ty

+ :Um%%?milxég + xi’x%lx?x}lgxg‘l + x?x%’%?mf:ﬂés + xi’x%lm?xf:v%‘l
+ x%xfz?mixég + xi’x§5x§7x}l3xé4) + Sq2 (xlxglxé‘r’xffxgz

+ x1x§1x§7x}18x},4 + xlxglxgonxgz + x%x%lx?xigxg‘l + m%x%lx?aﬂf:ﬂés
+ J:fxglx?:z:gzé‘l + x%m%‘r’x%%?ajé‘l + x‘llx“;’lxg%ilxég + mi’x%lx?z}l%ég
+ m?x%lxg%}fm}f) + Sq4 (xlx;”lx%%i%}f + :clxglmgomz:vgo

2,.31,27 11 18 3,.31,.23 .12 20 3,.31,27,10,.18 3,.31,.27 14 14
+xix5 X3 Ty x5 + TVTS 37T, Xy + XX T3 Xy Tyt XX T3 Ty Xy

3.31.28 13 14 , .3 31,29 12 14 , _3.31 29 14 12
+ aiws ey eyt + afey e’ et + ey e ey ag?)

8 31,,15,.24 .14 31,,30,,9,.14 3,.31,15 12 24
+ 5S¢ (mle T3"xy Ty +X1X5 T3 TyTy + X7 T3 X, Ty

3,.31_29 10, .12 16(,.3,.17,29 14 14 3,.19.29 12 14
+xiry 37Ty X5 )—I—Sq (xle Tr3°xy Ty + XT3 T, Xy

3,.19,29 14 12 3,.20,.27 .13 14 3,23 15 12 24
+x7x5 37T, X" + x5 X3 xS Ty + X757 T3, Ty

+aied’ei’ey’es?) mod(Py((3)[*(L)?),

_ 11,3 15 28 36 11,3,.15, 36,28 11,329 .14 _.36 11,.3,.29 .36 .14
W =T T3x3" Ty Ty + T ToT3 Xy Ty~ + X7 Tox3° T, Ty + X Tox3°Ty Ty

11,.3,,37,,14 .28 11,.3,,37,.28 .14 15,.3,,15,,28 .32 15,.3,,15,,32 .28
+ X7 x5x3 Ty Xy + T Xx3 Ty Xy + T XT3 Xy Ty XT3 XXy

15,..3,.17,.14 44 153,17, .44 14 15,.3,.29 .14 32
+ 27" r5x3 Ty Xy + T Xx3 Ty Ty + T XT3 X, Ty

1(,.11,3 27 25 26 19,.3,.19 .25 _26 19,.3,.23, .21 .26
+ Sq (ml Tox3 Xy x5 + X7 X5x37 Ty Xy + T X537 T Ty

19,.3,.23 .25 22 19,.3,.27,.17 .26 19,.3,.27,.21 .22 19,.3,.27,.25 18
+ X7 rox3 T, Xy T xx3 vy Xy + X XT3 Xy Ty XT3 Ty Xy )

2(.15_5,27_26_18 15,.5,.27 .22 22 155,23 .26 .22
+ 5q (ml ToX3 Ty Ty~ + X7 ToX3 Ty XF" + X1 Tx3°Ty Ty

15,.5,.19,.26 .26 15,.5,.27,,18 .26 7,.5,.27,.26,,26
+ 2y’ w3wy 2y ey + wy was vt e + alasey ey ws’)
40,7323 28 28 7..3,.27 .26 26 7..3..29 22 28 7..3..29 28 22
+ 5S¢ (x1x2x3 Ty X5 + TT5X3 Ty Xy + TToX3 X, + XT3 Xy Ty
15,3 .15 .28 .28 15,.3,.19,.26 .26 15,.3,.21,.22 .28 15,.3,.21,.28 .22
+ 217 rox3 s X xox3 Xy x5 + X7 X5x3 Ty Ty + T x5x3 Xy Xy

1 23,.20,.2 1 23,2622 1 23,28 2 1 27,182
+ 1:15:£§x33:z:40z58 + x15x§’z33x46x5 + x15$§x33x48x50 + 1:15xg:r3 1:48z56

15,3 27 22 22 | 15 3 27 2618 | 15 3 29 14 28 , 15 3 29 20 22

+ XXX XX Ty XL Ty Ty + XT3 Xy Ty + Ty TTF Ty T
15 3 29 22 20 | 15 3 29 28 14 8(,11, 3 15 28 28

+ 2y w3y ey ey + o wsas w P est) + S¢° (21 pws 0 0y

11,..3,.29 .14 _28 11,..3,.29_ 28 14 16 (,..15,..3,.17,.14_28
+ 27 x5x3° T, Xy + T X3x3° T, T )+Sq (xl Tox3 Ty Ty
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+ar’ageyTaeyt) mod(Py((3)[*(1)])).
Thus, the monomials v and w are strictly inadmissible. O

Lemma 3.2.4. The following monomials are strictly inadmissible:

7,.27,.29,.30,.32 7,..27,.29,.32,.30 7,.,.27,.29,.34,.28 31,.3,.29,.30,.32
T1x5y 257Xy T5© XX XZTXy Xy w5 T T TES T] THT5 T T

Proof. The monomials in the lemma are of weight vector (3)[3|(1). We prove

the lemma for ¢t = 2323°23%23 232, A direct computation shows that

22729 _31_36 2,.27,..29 .37,.30 2,.29.29 31,34 2,29 .29 .35 .30
t=xiw5 ' x3°xy Ty + X105 x5 Ty Ty + ]y 03T, Xy + 2705 x5 Xy Ty

2,,29 .33 .31,.30 3,.17,.30,,29, .46 3,.17,.30,.45 .30 3,.17,.46 .29 .30
+ 2125737 T, Xy + T{T X3 Xy Ty + X]xy T3 X, Ty + XX T3 Ty Xy

3,21 24 31 46 3,21 24 _47_30 3,..21 26,29 46 3,21 .26 .45 .30
+ XT3 37T, Xy + TS X3 T, Ty + XIS T3 X, Ty + XX X3 T, Xy

3,.21,,40,,31 .30 3,.21,,42 .29 .30 3,.27,..29 .36,.30 3,.28,,29 .31, .34
+xixy X3 Ty x5 + {5 X3 x x5 + X705 37X, Ty + 75037 Ty Ty

3,.28 .29 .35 .30 3,.28, .33 .31 .30 3,.29 .24 31 38 3,.29 .24 .39 .30
R B Nl iy Tl S T R - s =l S 1 v o s P SR At T S o Rl

3,.29,..26 .29 .38 3,.29 .26 ,,37,.30 3,.29 .30,.29, .34
+ xiry a3 Xy + T3 k3 Xy Ty + X757 T3 Xy Ty

1(,.3,.27,.29 31 34 3,.27,..29 .35 .30 3,.27,.33 31,30
+ Sq (x1x2 37Ty ry +rias 37y + x7xy x3°xy x) )

2(,.2,.27,29 31 34 2,27, 2 2.2 1
+ Sq (I1$27x39x2 x:; +m1x27m39z25mgo +x1z27x§3xi xg’o

5,97, 30,.31,.30 47.3 97.30,31.30 , .3 29 30 29 30
+ ayxy w3 ey w3’) + Sqt (afay w302 2’ + 27a’ 20 2P all)

+S¢° (o303 a0 + afaPa0atn) + Sq'° (alel al0a 0
+ateyaite el +afeytaffa2y’) mod(Py((3)[*|(1)]%)).

This equality shows that the monomials ¢ is strictly inadmissible. The others
can be proved by a similar computation. O
We now prove Theorem

Proof of Theorem [I.3. We observe that for any = € B5((3)|¢), with d > 5, there
exists uniquely a sequence J, = (j§,j5,73) such that jZ > 16 for u = 1,2, 3.
We set

A(d) = {25, (y) @ € Bs(3)|), y € Bs((V)*) },

2d+2

B(d) = {x “19,.(2): 2 € B (2)]9), 1 <i < 5} .

Since |B5((3))] = 155, |Bs(()P)] = 6 and [BF(2)|)] = 13, we get
|A(d)| = 155 x 6 = 930 and | B(d)| = 65.

By a simple computation we have A(d) = B2((3)|4(1)|?) U B(d) U C(d),
where C(d) ={a; = aq; : 1 < j < 475} with a;, 1 < j < 475, as listed in the
Section We prove Theorem [1.3| by proving Bs((3)|%|(1)|?) = A(d).

Let X be an admissible monomial of weight vector (3)|%|(1)|. Then we
have X = zy?" with  a monomial of weight vector (3)|]* and y a monomial of
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weight vector (1)|? in Ps. Since X is admissible, x and y are also admissible. If
d > 6, then A(d) = Bs as determined in Theorem with k =5 and B = Bs.
By combining Proposition and Theorem we obtain Bs((3)|¢](1)|?) C
A(d).

For d < 6, let x € B5((3)|?) and y € Bs((1)|?). By a direct computation we
see that if nyd ¢ A(d), then there is a monomial w as given in one of Lemmas
from m to such that :cyzd = fw2T22T+S, where T and z are suitable
monomials and 2 < r < 6, s = 0, 1. By Theorem nyd is inadmissible
and we have a contradiction. Hence, we get Bs((3)|4](1)|?) C A(d).

We prove Bs((3)|%|(1)]?) = A(d) by proving the set [A(d)],, is linearly
independent in QPs(wy) with wg = (3)|?|(1)|2. We prove this for d > 5. The
case d = 4 is prove by a similar computation with some minor changes.

Consider the subspaces ([B(d)]w,) C QPs(wq) and ([C(d)]w,) C QPs(wq)-
It is easy to see that for any = € B(d), we have z = x?dﬂ_l@h (y) with y an
admissible monomial of weight vector (2)|? in Py. By Proposition x is
admissible. Hence dim([B(d)].,) = 65. Since v(z) = 2972 — 1 for all = € B(d)
and v(z) < 2972 — 1 for all x € C(d), we obtain ([B(d)].,) N {[C(d)].,) = {0}.
Hence, we need only to prove the set [C(d)]w, = {[adaw, : 1 <t < 475} is
linearly independent in QPs(wq), where the monomials a; = aq4, 1 < ¢t < 475,
are determined as in Section [5l

Suppose there is a linear relation

U := Z Vildt =w, 0, (3.1)
1<t<475

where v; € Fo. We denote vy = >, v forany J C {t € N: 1 <t <475},

Let w, = wgqy, 1 < u < 66, be as in Section [5| and the homomorphism
p(i:n) ¢ Ps — Py which is defined by for k = 5. From Lemma [2.4.1] we see
that p(;;r) passes to a homomorphism from QPs(wg) to QPy(wq). By applying
P(1;2)> P(1;3), and p4.5) to , we obtain

P(1:2) (U) Zwy Y16W2 + Yo2ws + Y23We + Yo5Wr + Y26Ws + Y28W10 + V20W11
+ Y34W12 + Y36W13 + Y37W14 + Y39W15 + Ya0Wi6 + Y17W20 + Y18W21
+ Y19Wa2 + Y20W23 + Y21 W25 + Y24W26 + Y27 W27 + Y30W28 + Y31W29
+ Y32W30 + Y33W31 + Y35W32 + Y33W33 + Y41 W34 + Ya2W3s T V{85,227 W37
+ V(86,2281 W38 + Y{87,220} W39 T V(88,2301 W40 + V{89,231} W41 + V{90,232} W42
+ Y109W44 + Y110W4a5 + V111 W46 + V112W4a7 + Y113W4a9 + Y114Ws50 + Y115Ws1
+ Y116Ws2 + Y117Ws53 + Y139Ws5 + V140Ws6 + YV141Ws7 + YV142Ws8
+ Y143Ws9 + Y144We0 + Y145We1 + V146W62 + V163W63 T Y164We4
+ Y165We5 + Y166We6 =w, 0,

P(1:3) (U) Zwy Y16W2 + V{1,51,167}Ws + V{2,52,168} W6 + V{3,54,160} W7
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+ V{4,55,170} Ws + Y28 W10 + Y20W11 + V{8,69,187} W12 + V{9,71,188} W13

+ Y{10,72,189} W14 + V{11,74,190} W15 + Ya0W16 + V{14,82,203} W17

+ V{15,84,204} W18 + Y43W20 + Y44W21 + YasW22 + Ya6W23 + {50,209} W25

+ V{53,210 W26 + V{56,211} W27 + V63 W28 + V64W29 + Ve5W30 + Ye6W31

+ {70,218} W32 + V{73,219} W33 + YroW34 + Y8oW35 + V{83,224} W36 + Yo1W37
+ Yo2ws3s + Y93W39 + Y100W40 + Y101W41 + Y106W42 + V122W44a + V123Wa5
+ Y125W4a6 + Y126 W47 + Y121 W49 + V124W50 + YV127Ws1 + Y134Ws2 + Y136 W53
+ V138Ws4 + Y149Ws5 + Y151Ws6 + Y152Ws7 + Y154Ws58 + V150Ws59 + Y153W60

+ Y150W61 + V161We2 =w, 0,

Pa;5)(U) =0y Y116W1 + Y117W2 + Y134Wa + Y135Ws + Y136 We + Y137W7 + Y138Ws

+ Y145W10 + Y146W11 + Y159W12 + Yi60W13 + Y161W14 + Y1i62W1s + Yi66W16
+ Y300W19 + Y301W20 + Y302W21 + Y303W22 + Y304W23 + V314W25 + Y315W26
+ Y316W27 + Y320W28 + Y330W29 + Y331 W30 + V332W31 + V339W32 + Y340W33
+ V347W34 + Y348 W35 + Y397W37 + Y398W38 + Y399W39 + Y406 W40 + Y407 W41
+ V411 W42 + Y428W43 + Y420W44 + V430Wa5 + V431Wa6 + Y432Wa7 + Y442W49
+ Y443W50 + Y444W51 + Y445W52 + V446 W53 + V459Ws5 + Ya60Ws6 1+ Y461 Ws7

+ Va62Ws8 + Ya69Ws9 + Ya70We0 + YaTIW61 + VaT2We62 =0y 0.

From the above equalities, we get

Y= 0 for j € J1, v = i for (Z,]) € Ky, (32)

where J; = {16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31,
32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 63, 64, 65, 66, 79,
80, 91, 92, 93, 100, 101, 106, 109, 110, 111, 112, 113, 114, 115, 116, 117,
121, 122, 123, 124, 125, 126, 127, 134, 135, 136, 137, 138, 139, 140, 141,
142, 143, 144, 145, 146, 149, 150, 151, 152, 153, 154, 159, 160, 161, 162,
163, 164, 165, 166, 300, 301, 302, 303, 304, 314, 315, 316, 329, 330, 331,
332, 339, 340, 347, 348, 397, 398, 399, 406, 407, 411, 428, 429, 430, 431,
432, 442, 443, 444, 445, 446, 459, 460, 461, 462, 469, 470, 471, 472} and
K; = {(50,209), (53,210), (56,211), (70,218), (73,219), (83,224), (85,227),
(86,228), (87,229), (88,230), (89,231), (90,232)}.

Apply the homomorphisms p(2.3), P(2;4); P(3:4) to (3.1)) and using (3.2), to

obtain

P(2;3)(U) =wq V{1,175,234,288} W5 + V{2,176,235,280} W6 + V{3,178,237,291} W7

+ Y{4,179,238,292} W8 T V{8,193,249,319} W12 + V{9,195,251,321} W13
+ 7{10,196,252,322} W14 + V{11,198,254,324} W15 + V{14,206,261,342} W17
+ 7{15,208,263,344} W18 + Y167W20 + Y168W21 + Y169W22 + Y170W23
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+ Y{50,85,174,233,287} W25 + V{53,86,177,236,290} W26 + V{56,87,180,239,293} W27
+ Y187W28 + Y188 W29 + Y189W30 + Y190W31 + V{70,88,194,250,320} W32
+ Y{73,89,197,253,323} W33 + Y203 W34 + Y204W35 T V{83,90,207,262,343} W36
+ Y349W37 + Y350W38 + Y351 W39 + Y358W4a0 1 V359Wa1 + V364W4a2
+ Y416Wa4 + Va17Wa5 + Ya19Wa6 + Va20Wa7 + Y415Wa9 + Y418 W50 + V421 Ws1
+ Ya49Ws5 + Y451Ws6 + Yas2Ws7 + Ya54Ws8 + Va50Ws9 + Y453We0 =w, 0,

P2:4)(U) Zwy Vi2,52,1681 W2 + V{4,55,170} W3 + V{5,57,182,246} W5 + V{6,59,184,247} W7
+ Y{7,61,186,2481 W9 + V{8,69,187} W10 + Y{10,72,189} W11 T V{12,75,200,259} W13
+ Y{13,77,202,260} W15 + Y{14,82,203} W16 + V{171,212,353,367} W20 + Y176 W21
+ V{172,214,355,369} W22 + Y179Wa3 + Y{173,216,357,371} W24 T Y181 W25
+ Y183W26 + Y185W27 + Y193W28 + V{191,220,361,376} W29 1 Y196 W30
+ 7{192,222,363,378} W31 + Y199W32 + Y201W33 + 7{205,225,366,382} W35
+ Y206W34 + V352W37 + V354W38 + Y356 W39 + Y360W40 + V362W4a1 + V365W4a2
+ Y{412,423,433} W44 + Y417W45 + V{413,425,435} W46 T Y420W47
+ (414,427,437} W48 + Ya22Wa9 + Y424 W50 + V426W51 + Y449Ws5 + Ya52Ws7
+ (447,456,463} W56 T V{448,458,465} W58 T Ya55W59 + Va57We0 =wy 0,

P(3;4) (U) =wg V{118,128,306,311} W5 + ¥{119,130,308,312} W7 + 7{120,132,310,313} W9
+ Y{147,155,334,337} W13 + Y{148,157,336,338} W15 + Y{284,287,294,392,473} W20
+ Y289W21 + V{285,200,296,304,474} W22 T V292W23 + Y{286,203,298,396,475} W24
+ ¥305W25 + Y307W26 + Y300W27 + Y319W28 + Y{317,320,325,401,404} W29
+ Y320W30 + Y{318,323,327,403,405} W31 + Y333W32 + Y335W33 + Y342W34
+ Y{341,343,345,409,410} W35 + Y391W37 + Y393W3s + Y395W39 + Y400W40
+ Ya02wa1 + Ya0sWa2 + V{412,415,422,434,439} W44 + Y417 W45
+ Y{413,418,424,436,440} W46 + Y420Wa7 + V{414,421,426,438,441} W48 + V433W49
+ Ya35Ws50 + Y437Ws1 + V449Ws5 + V{447,450,455,464,467} W56 + Ya52Ws7

+ V{448,453,457,466,468} W58 T Y463W59 + Ya65W60 =w, 0.

Computing from these equalities gives
v; =0 for j € Ja, vi = ; for (i,) € Ky, (3.3)

where J, = {167, 168, 169, 170, 176, 179, 181, 183, 185, 187, 188, 189,
190, 193, 196, 199, 201, 203, 204, 206, 289, 292, 305, 307, 309, 319, 322,
333, 335, 342, 349, 350, 351, 352, 354, 356, 358, 359, 360, 362, 364, 365,
391, 393, 395, 400, 402, 408, 415, 416, 417, 418, 419, 420, 421, 422, 424,
426, 433, 435, 437, 449, 450, 451, 452, 453, 454, 455, 457, 463, 465} and
Ky = {(1,51), (2,52), (2,235), (3,54), (4,55), (4,238), (8,69), (8,249), (9,71),
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(10,72), (10,252), (11,74), (14,82), (14,261), (15,84), (412,423), (413,425),
(414,427), (447,456), (448,458)}.

Apply the homomorphism p(1.4, ps;5) to (3.1) and using (3.2), (3.3), to get

P(134)(U) Zwy V(5,58 Ws + V{6,60)W7 + V{7,62)W9 + V{12,76} W13 + V{13,78)} W15
+ Y{47,95,212,240,266,294,325,345} W20 + Y2W21 + V{48,97,214,242,268,296,327} W22
T Yaw23 + Y{49,99,216,244,270,298} W24 T+ Y57W25 + Y59W26 + Ye1W27 + Y3W28
+ Y{67,103,220,255,275,325} W29 + Y10W30 + V{68,105,222,257,277,327} W31
+ Y75Ws32 + Yr7Ws3 + Y14W34 + Y{81,108,225,264,281,345} W35 + Y94W37
+ V(96,3251 W3s + Y{98,327,345} W39 + Y102W40 + V104W41 + Y107W42
T V{118,129} W44 + Y{119,131} W46 T V{120,133} W48 + Y128 W49 + Y130W50
T Y132Ws1 + V{147,156} W56 T V{148,158} W58 T V155W59 + Y157W60 =wy 0,
P(3:5) (U) =y Y{118,129} W4 + Y{119,131}We + Y{120,133} W8 + Y{147,156} W12
+ V{148,158} W14 + Y{284,295} W19 T Y288W20 + {285,207} W21 + Y291 W22
+ V{286,299} W23 + Y306W25 + Y308W26 + Y310W27 + V{317,326} W28 + Y321 W29
+ {318,328} W30 T Y¥324W31 + Y334W32 + V336 W33 + V{341,346} W34 + V344W35
+ Y392W37 + Y394W38 + Y396 W39 + Y401 W40 + V403W41 + Y409W4a2 + Y434W49
+ V436 W50 + V438Ws1 + V464Ws9 + Ya66We60 =w, 0.

From these equalities it implies
v; =0 for j € Jz, v; =, for (i,7) € Ks, (3.4)

where J3 = {2, 4, 8, 10, 14, 52, 55, 57, 59, 61, 69, 72, 75, 77, 82, 94, 102,
104, 107, 128, 130, 132, 155, 157, 235, 238, 249, 252, 261, 288, 291, 306,
308, 310, 321, 324, 334, 336, 344, 392, 394, 396, 401, 403, 409, 434, 436,
438, 464, 466} and Ky = {(5,58), (6,60), (7,62), (12,76), (13,78), (96,325),
(118,129), (118,311), (119,131), (119,312), (120,133), (120,313), (147,156),
(147,337), (148,158), (148,338), (284,295), (285,297), (286,299), (317,326)}.

By applying the homomorphisms p(y;5, p(2;5) to (3.1]) and using (3.2)), (3.3),
(3-4), we get

P15 U) =w, V{1,175,234} W1 + V{3,178,237} W2 + V{5,182,2461 W4 + V{6,184,247} W6
+ V{7,186,248} W8 + 7{9,195,251} W10 + V{11,198,254} W11 + Y{12,200,259} W12
+ 7{13,202,260} W14 + Y{15,208,263} W16 T V{47,50,85,213,241,267,272,284} W19
+ 1wz + Y{48,53,86,96,215,243,269,273,285,317} W21 T Y3W22
+ 7{49,56,87,98,217,245,271,274,286,318,341} W23 + Y5W25 + YeW26 + Y7W27
+ Y{67,70,88,221,256,276,279,317} W28 + YoW29 + 7{68,73,89,223,258,278,280,318} W30
+ Y11W31 + Y12W32 + Y13W33 + Y{81,83,90,226,265,282,283,341} W34 + Y15W35
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+ Y{95,317,3413 W37 1 ¥{97,318} W38 + Y99W39 + Y103 W40 + Y105W41 + Y108W42
+ Y118W49 + Y119Ws0 + Y120W51 + Y147W59 + Y148W60 =wy 0,

P(2;5)(U) =waq V{171,174,213,368,373} W19 + Y175W20 + Y{172,177,215,370,374} W21
+ Y178 W22 + Y{173,180,217,372,375} W23 + Y182W25 + Y184W26 + Y186 W27
+ Y{191,194,221,377,380} W28 + Y195W29 + Y{192,197,223,379,381} W30 + Y198 W31
+ Y200W32 + Y202W33 + Y{205,207,226,383,384} W34 T Y208 W35 + Y353W37
+ Y355W38 + Y357W39 + Y361 W40 + V363Wa1 + Y366W4a2 T Ya12W49 + Y413 W50

+ V414Ws1 + Va47W59 + Y448 We0 =y 0.

By a direct calculation using the above equalities we have

v = 0 for j € J4, vor = 318, (3.5)

where Jy = {1, 3, 5, 6, 7, 9, 11, 12, 13, 15, 51, 54, 58, 60, 62, 71, 74, 76,
78, 84, 99, 103, 105, 108, 118, 119, 120, 129, 131, 133, 147, 148, 156, 158,
175, 178, 182, 184, 186, 195, 198, 200, 202, 208, 234, 237, 246, 247, 248,
251, 254, 259, 260, 263, 311, 312, 313, 337, 338, 353, 355, 357, 361, 363,
366, 412, 413, 414, 423, 425, 427, 439, 440, 441, 447, 448, 456, 458, 467,
468}.

Apply the homomorphisms p(1;(2,3)), P(1;(2,4)) t0 and using , ,
, to obtain

P(15(2,3)) (U) =y V17aWas + Y177W26 + Y180Wa7 + V194W32 + V197W33 + Y207W36
+ Y233W37 + Y236 W3s + Y239W39 + Y250W40 + Y253W4a1 + V262Wa2 + Y287 W49
+ Y290Ws0 + Y203 W51 + Y320Ws9 + Y323We0 + Y343We5 =, 0,
P(15(2,4)) (U) Zwoy V{47,85,95,96,171,212,240,241,266,294,345,367} W20
+ 7{48,86,97,172,214,242,243 268,296,327,369} W22
+ V{49,87,173,216,244,245,270,298,371} W24 1 Y{67,88,96,191,220,255,256,275,376} W29
+ 7{68,89,192,222,257,258,277,327,378 } W31 T Y{81,90,205,225,264,265,281,345,382} W35
+ Y240W37 + Y242W38 + V{98,244,327,345} W39 + V255W4a0 + Y257W4a1 + Y264WA42
+ Y204W49 + Y206 W50 + Y208Ws1 + Yo6Ws9 + Y327 We0 + V345W65 =w, 0.

From the above relations we obtain

v; =0 for j € J5, v; =, for (i,5) € Ks, (3.6)
where J5 = {96, 98, 174, 177, 180, 194, 197, 207, 233, 236, 239, 240, 242,
244, 250, 253, 255, 257, 262, 264, 287, 290, 293, 294, 296, 298, 320, 323,

325, 327, 343, 345} and K5 = {(50,85), (53,36), (56,87), (70,88), (73,89),
(83,90), (97,405), (284,473), (285,474), (286,475), (317,404), (341,410)}.
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Applying the homomorphisms p(1;(3,4)), P(1;02,5)) to (3.1)) and using (3.2)),
(33, (3-4), (3-5), (3.6) gives

P(1;(3,4))(U) =wq V{171,213,368,373} W5 + Y{172,215,370,374} W7 + Y{173,217,372,375} W9
+ Y{191,221,377,380} W13 + Y{192,223,379,381} W15 + 77{205,226,383,384} W18
+ Y{47,50,95,212,266,267,367,385} W20 + V{48,53,97,214,268,269,369,386} W22
+ Y{49,56,216,270,271,371,387} W24 + V{212,272,367} W25 + V{214,273,369} W26
+ Y{216,274,371} W27 + V{67,70,220,275,276,376,388} W29
+ V{68,73,222,277,278,378,389} W31 + V{220,279,376} W32 + V{222,280,378} W33
+ {81,83,225,281,282,382,390} W35 + V{225,283,382} W36 + Y266 W37 + Y268W38
+ Y270W39 + YorsWao + Y2rrWar + Yog1Wa2 =, 0,

P(l;(275))(u) =wq V{47,50,171,213,241,267,272,284,368,373,385} W19
+ 7{48,53,172,215,243,269,273,285,317,370,374,386} W21
+ 7{49,56,97,173,217,245,271,274,286,341,372,375,387} W23
+ Y{67,70,191,221,256,276,279,317,377,380,388} W28
+ 7{68,73,97,192,223,258,278,280,379,381,389} W30
+ 7{81,83,205,226,265,282,283,341,383,384,390} W34 1 V{95,241,317,341} W37
+ Y243W38 + Y245W39 + Y256W40 + Y258 W41 T Y265W4a2 + Y284W49

+ YossWs0 + Y286Ws1 + Y317Ws9 + Yo7We0 + V341 W65 =w, 0
By computing from these relations we obtain
v; =0 for j € Jg, v =, for (¢,7) € K, (3.7)

where Jg = { 95, 97, 241, 243, 245, 256, 258, 265, 266, 268, 270, 275,
277, 281, 284, 285, 286, 295, 297, 299, 317, 318, 326, 328, 341, 346, 404,
405, 410, 473, 474, 475} and K¢ = {(47,212), (48,214), (49,216), (67,220),
(68,222), (81,225)}.

Apply the homomorphisms p(1,(3,5)), P(1;(4,5)) to (3.1) and using (3.2)), (3.3),
(3-4), (3-5), (3.6), (3.6) to get

P(1:(3,5) U) Zwy V47,171,367 W4 + V{48,172,369} W6 + V{49,173,371} W8
+ Y{67,191,3761 W12 *+ Y{68,192,378} W14 + Y{81,205,382} W17
+ Y{47,50,213,267,272,368} W19 + 7V{48,53,215,269,273,370} W21
+ 7{49,56,217,271,274,372} W23 + V{213,272,368} W25 + V{215,273,370} W26
+ Y{217,274,372} W27 + V{67,70,221,276,279,377} W28 + V{68,73,223,278,280,379} W30
+ Y{221,279,377} W32 + V{223,280,379} W33 T V{81,83,226,282,283,383} W34
+ Y{226,283,383} W36 + Y267 W37 + Y269W38 + Y271W39 + Y276W40
+ Y2r8Wa1 + Yas2Wa2 =y, 0,
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p(1;(4,5))(u) =wq V{213,267,272,373,385} W19 + V{213,267,373,385} W20
+ Y{215,269,273,374,386} W21 + V{215,269,374,386} W22 + V{217,271,274,375,387} W23
+ Y{217,271,375,387} W24 + Y{221,276,279,380,388} W28 + V{221,276,380,388} W29
+ Y{223,278,280,381,389} W30 + V{223,278,381,389} W31 1 Y{226,282,283,384,390} W34
+ 7{226,282,384,390} W35 + Y272W37 + Y273W38 + Y274W39 + Y279W40
+ Y280wWa1 + Yas3Wa2 =y, 0.

By a direct computation from the above equalities we obtain v; = 0 for 1 <
j < 475. The theorem is proved. O

3.3 On a structure of of the space Ker((%i)(5’2o)>

In this section we present some results on a structure of Ker((Sq*)(5 20)) -
Consider the homomorphism p(;;r) : P — Px_1 as defined by . We set

SFuw)= [\ Ker(p\))) and QP (w) = QPy(w)/SFx(w),
(;1)ENG

(SFm= () Ker(pgz}pand (@P)m = (QP:)m/(SFi)m,
(1) ENY,

where m = degw. Note that g\fk(w) C QP (w) and (g\ﬁk)m C (QPr)m
We see that SFy(w) and (SF)nm are respectively Fa-subspaces of Q Py (w)
and (QP})m. Then we have

QP:(w) 2= QP (w) D SFr(w), (QP)m = (QP)m ED(SFi)m

We denote by E;‘(w) the set of all elements in B; (w) such that the set of
—~ ~ —~—
all classes in QP (w) represented by z € B} (w) is a basis of QP (w) =
QP (w)/SFk(w).
By an argument analogous to the one in Section [3.2] and using Lemmas
3.2

~0
and we have determined a set of generators for Ker((Sq*)(&Qo))
con51st1ng of 959 monomials (see Subsection . In [22], we have prove the
following.

Proposition 3.3.1. We have
dim QP4 ((3)|*) = 154, dim SF5((3)|*) < 5.
By a direct computation using this generating set we have

Bi (3)I°|(1)*) = B3) U {a; : 1 < j < 450}
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SF5(B)PI()) = ({[he] : 1 <t < 34}),

where h; are the polynomials with the leading monomials Y; which are deter-
mined as follows:

3,.4..7..28 Y, = 3..7 28 Y}, 3,712 ,.20

Yy = aladaialad = girdalatad = virdalri?a?
Yy = 2fadzlaiBat Vs = afadaltalalS Yo = adadaltalbal

Y7 = a3adaitalal Yy = xlxgxésx}fxg Yy = zialaiaiad®

3..7.3,.12..20 3,.7..3..28 3.7 8,522
Yip = w32xladzi?22’ Vi = afalada®al Yo = $1x2x3x4x5
— 3,7..8,.21..6 3,713,166 — 3..7,.27 4
Yis = zizyxszy xr Yia = x1x2x3 x4 x5 Yis = adzlad adxd

— — 13,7 — 3,.15.5.16,.6
Yi6 = x1x2 2§xixl®  Yip = a3aBalalal  Yig = adaldadafat

— 73,3428 T8 8215 30 - 73,328, 4
Yig = x112x3x4z5 Yoo = zixsx323°%5  Yor = w5375 T
— 73,8522 7..3.,.8..21,.6 — 2 7.3,.13,.16,.6
Yoo = xlx3afaia2 Yo3 = zizsaseias You = x{wh23°05 T8
— 73,2744 Tl 80 22 — 7T 8.17,.6
Yos = zixsxs xyxs Yog = x{ToT5T47E Yor = xixsxse i Ts
77,9166 77,24, 6 7115166

Yog = zixjxyxs xr Yoo = x{T4T5 x4x5 Y30 = z{z5 z37y Jc5
711,17 4,6 711,176 - 727,34
Y31 = afzitadTafad  Yao = aladlalabal  Yiz = aladTadalad

Y34 = z7°T5257, %58

By combining the above results and the ones in Subsection we get the
following.

Proposition 3.3.2. We have

dim QP ((3)[*(1)]%) = 905, dim SF5((3)*|(1)[?) < 34,
1690 < dim(QP)45 < 1739.

Remark 3.3.3. Dr. Nguyen Khac Tin informs us that by using a computer
program based on the algorithm of MAGMA, he obtains dim(QP)45 = 1731.
However, we have been unable to verify this result by hand computation.

4 Structures of (QP;)git1,94_4 for 3 < d <5

In this section we present a sketch of structure of the space (QPs)ga+1 04 4
with 3 < d < 5. The detailed computations will be published elsewhere.

Let  be an admissible monomial of degree q = 29+t 129 _ 4 in P5 with
d > 3. By Lemma 2.14 in [19], w;(z) = 4 for 1 <i < d — 2. Hence, z = zy2"
with Z a monomial of weight vector (4)[4—2 and y a monomial of degree 8 in
Ps. By combining this and a result in [25] we easily obtain

w(z) = (@)W or w(z) = G((2)I(3) or w(z) = (4)[*71](2). (4.1)

This result is also presented in [§].
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4.1 On a structure of the space (QF5)

By , we have
(@Ps)20 = QP5(4,2,1,1) @Q%(‘L 2,3) @QP5(4a 4,2).
In [26] and [§], the authors say that
dim QPs(4,2,1,1) = 450, dim QP5(4,2,3) = 70, dim QP5(4,4,2) = 121.

However, the detailed computation is only presented for the space QP5(4,2, 3).
The computation of QP5(4,2,3) and QP5(4,4,2) is easy and the above dimen-
sional results are true. However, the computation of QPs(4,2,1,1) is rather
complicated. To determine a generating set for QPs(4,2,1,1) we need the
following which is easy to checked the accuracy.

Lemma 4.1.1. If (4, 74,t,u,v) is a permutation of (1,2,3,4,5) such that i <
j <t <wu, then the monomials a:?a:jxtzuxi is strictly inadmissible.

By a direct computation analogous to the one in Subsection [3.2] and using
Lemma we have determined a set of generators for QP5(4,2,1,1) con-
sisting of 450 monomials (see Subsection . By using this generating set we
get .

SF5(4,2,1,1) = ({[g¢] : 1 <t < 10}),

where g; are the polynomials with the leading monomials U, which are deter-
mined as follows:
Uy = Bizsasadad  Us = adadadagad  Us = adxdafadzs Uy = 2doi’asayn
Us = v3xesains  Us = a32i2adzgns Up = x{aSxswani  Ug = x]abzzadas

— 783 — 7292
Ug = ziz5z370475 Ut = 2125752475

If dimQP5(4,2,1,1) = 450, then dimg\F/5(4,2,1,1) = 10. However, we
have been unable to prove this by hand computation. Perhaps, this result be
can only be checked by using a computer calculation.

From [20] we see that the monomials x3zi%z3xy, r32i?2323, 2lafadxy,
rla8xsad, vlaxdr3x, are admissible. So, from Propositionm Us, 4 <t <10,
are admissible. Hence, from the above equalities and by a simple calculation,
we obtain the following.

Proposition 4.1.2. We have

i) dim QP (4,2,1,1) = 440.
ii) SF5(4,2,1,1) is an Fo-subspace of QP5(4,2,1,1) and

7 < dim SF5((4)[(2)?) < 10.

3
5
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Remark 4.1.3. In [8], the author presents the detailed computation for the
easiest case, QP5(4,2,3), and he says that “the remaining ones can be ac-
quired through analogous computational techniques”. However, Proposition
shows that his calculation techniques are not applicable to the case of
QPs5(4,2,1,1).

4.2 On a structure of the space (QFs)4

By , we have
(@Ps)as = QP (P )I()*) P QPs(DP1(2)1(3) D QP ((4)[*](2))-

The authors of [26] and [8] say that by using computer calculation, they
obtain the dimensional result that dim(QPs)44 = 1426. However, at the time
of writing, we do not find any detailed results for this space. We need the
following technical lemmas.

Lemma 4.2.1 (See [10]). Let (4, j,t,u,v) is an arbitrary permutation of (1,2, 3,4,5).
The following monomials are strictly inadmissible:

2, .3.3.3 347 7.7 ; . 78733 ;_1 :_o. .7.9.6.3.3
FTGTLT LTy, TyT T Ty, 1< Ji TT5T,2,Ty, ¢ =1, j = 2 xjapwgwyas.

T uv? (2 uvv? u

Lemma 4.2.2 (See [10]). Let (i, 4,t,u,v) is an arbitrary permutation of (1,2,3,4,5).
The following monomials are strictly inadmissible:

3,411 11 15 3.8 7 1115 3. 12 7 11 11 , _ ;
TyT Ty Ty T, LT T T, T, BT T X, Ty, 1<

7,..8,.7,.11_11 7.,9,6,.11_11 7,.9,.7,11_10 7,11, 4, 11 11

LiLFLL Ly, Ty TiT5TT Ty s TpLLLLy, Ty s TiX5 L&y &y, ¢ < J <0,
77,8715 - _
LT3 T,T,°, 1< g <t<u

Lemma 4.2.3. Let (i,j,t,u,v) is an arbitrary permutation of (1,2,3,4,5).
The following monomials are strictly inadmissible:

3,4,3,7,27 34323 11 3 43 15 19 3 12 3 7 19 ; ; .
TFX LTy s TET T, Ty s LT ;T Ty s LT Ty T, Xy, 1<i<t,j<u;
3,4.3.3.31 328 3.3 7 _3.12 3 3 23 _3.15 203 3 . .

i T Ty, Xy s BTG Ty Ty Loy Ty TG Ty X", TyX Ty Ty Ty, 0 <] <t<u,

7.11,4.3.19 _7.11.4.19.3 . 7.11.20.3.3 ,7.27.4.3 3 .15 16,337
L1Tg 3Ty, T 1Ty L3Xy Ty, L1Lg T3 Tyls, T 1Ty T3TyTs, T Ty T3LyTs,

By a similar computation as in Subsection[3.2|and using Lemmas|4.2.114.2.3]
we have determined a generating set for (QPs)44 consisting of 1426 monomials
and proved that dim QPs((4)[3|(2)) = 176, dim QPs5((4)|?|(2)|(3)) = 110, and
1095 < dim QP5((4)[2(2)[(1)]?) < 1140. The monomials of degree 44 in this
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generating set are given in Subsection [6.2]and they are admissible. By a direct
computation using this generating set we obtain

SF5((49)P|(2)) = 0; SF5((4)17(2)[(3)) = 0
SE5(4)P@IW)P) = ({[g:) : 1 < s < 45)),

where g are the polynomials with the leading monomials V; which are deter-
mined as follows:

Vi = aialafal®al Vo = 2ixladtadal Vs = aialadtalad
Vi = a3zlPaibadal Vi = adaldalbalad Vo = atalbaldaiad
Ve = aladafa®at Vs = afzdadtaial Vo = x{ada3talad
Vip = 2lz9x3x3%2 Vi = 2{afa3xl82]  Vig = alafadxl28
Vig = 2lzdxi8adal  Vig = 2lad2i8xlad  Vis = 2lad2i%32]

— 79,193, 6 - 27.,.9..19.6,.3 79,1972
Vie = zixszs’zyxy Vir = zizyas’ziey Vig = 2{x523 T4TE

— p7p11.16,.3,.7 — 2 7,p11.16.7,.3 — T11,10.4.3
Vig = zizs zz wias Voo = xizy 23 xjry Vo = 2{x5 T3 T5xs

— 7,.15..16,.3,.3 — 7425..2,.3..7 — 725,.2,.7,..3
Voo = xix3’x3’xyxy  Vasz = x5 ziriers Vg = xix3’x5x)Th
— 725,327 — 7,25..3,.3,.6 — 27,25..3,.6,..3

— p7n25..3..7..2 — 2 7.25,.7..2..3 — 725,73 .2
‘/28 — $11‘2 $3$4$5 ‘/29 — 1‘11‘2 1‘3JI4$5 ‘/30 — 1‘13:2 $3$41‘5

Va1 = 2PPa3zibaial  Vip = aPPadalbaiad  Viz = albzdal2ial
Vag = a1P2l2i0x323  Vas = ald2l722ad2l Vi = 2152l 722a ]
Var = e¥PadTadadal  Vag = aPPwdTadadal Vg = izl a32Sa?
Vio = 2¥Pxd%adala? Vi = aPPadiTalaiad  Vip = ol alada?
Vig = aPPxl¥23x2d Vg = 21520232222 Vis = 215289232322
If dim(QPs)4a = 1426, then dim SF5((4)*(2)[(1)|?) = 45. However, this
result can not be proved by hand computation. From the above result, we
obtain the following.

Proposition 4.2.4. We have
i) dim QP ((4)[2(2)[(1)]?) = 1095.
i) SE5((4)%(2)[(1)[?) is an Fay-subspace of QPx((4)[*(2)[(1)]?) and

dim SF5((4)*(2)](1)[*) < 45.
4.3 On a structure of the space (QF5)o:

By , we have
(@Ps)o2 = QP ()P 2)I()*) P QPs(DP1(2)1(3)) @D QP ((4)*](2))-

The authors of [26] and [8] say that by using computer calculation, they
obtains the dimensional result dim(QPs)g2 = 1706. However, at the time of
writing, the detailed computations were not available in their works. Moreover,
we also do not find the detailed results for this space in any documents. To
determined (QPs)92 we need some technical lemmas.
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Lemma 4.3.1 (See [10]). Let (4, j,t,u,v) is an arbitrary permutation of (1,2, 3,4,5).
The following monomials are strictly inadmissible:

x7m;x%5$16x15 t<u<w; x%}sxymgxf, i, j <t=23; x1°zy’ x5l al;
71517 .14 .7, _ 15,195,615 (; 5\ _
mlxj Ly Loy Ty (’LL,’U) - (4,5) Z; x] LTy Ty s (Z,j) - (172)

Lemma 4.3.2. Let (i,j,t,u,v) is an arbitrary permutation of (1,2,3,4,5).
The following monomials are strictly inadmissible:

7T g3 32, 5 715,238,380, 8. 7,15,81,33,6. /781,309,906, ,7,7,31,39,8.
O T I S i e A S e R R S R N TR O T A

1’7$15£L'23£L'15£L'32 ] <t<u (E7 31 33 Z 11}4’1 j<t 3

x7x15x%7x39x}}4, (u,v) = (4,5); x15x31x§’5x5m5, j<ji<u<uw;

1519 5 14 39 1519 7 37 14 15 51 5 7 14 3135 5 7 14 (- -\ _ )
rx v ey w w v, v e, (4, 5) = (1,2);

7.15.49 7 14 _15_7.49 7 14 _15 19 5 46 7 ..15.19 39 13 6
T1 Ty T3 TyZy 5 Ty Loy Tyly , T Lo L3y Ty, T Lo Tz Ty Ty,

15,23.39.9 6 .15 51, 7. 136 3135 7 13 6 3139 11 _5_6
Ty Ty T3 Tyls, T3 Lo T3y Ty, LTy Lo 3Ty Ty, Ty Lo T3 Tyls,

Lemma 4.3.3. Let (i,j,t,u,v) is an arbitrary permutation of (1,2,3,4,5).
The following monomials are strictly inadmissible:

15,15 15 16 31 15 15 16,23 23 15 15 23 17 .22
N N o N A A O T AR N (N R

By using the above lemma and an analogous argument as in Subsection
we have determined a generating set for (QPs)g2 consisting of 1711 monomials
and proved that dim QP5((4)|*((2)) = 186, dim QPs((4)|?|(2)[(3)) = 124 and
1395 < dim QPs5((4)[%(2)[(1)|?) < 1401. The monomials in this generating
set are explicitly given in Subsection By a direct computation using this
generating set, we get

SEs((4)[*1(2)) = 0; SF5((4)P|(2)I(3)) =
SE(@OP@IWP) = ({[gu] : 1 < u < 6}>

where g, are the polynomials with the leading monomials W,, which are deter-
mined as follows:

Wy = 21P2iP2332322] Wy = 272l2l727236 W3 = 2152721727236
By computing from the above result, we obtain the following.
Proposition 4.3.4. We have
i) dim QP ((4)1*(2)|(1)]?) = 1395,
il) SE5((4)2(2)[(1)[?) is an Fa-subspace of QPx((4)[3(2)[(1)]?) and

dim SF5((4)]°(2)|(1)[*) <6.
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From our computation of SFs5((4)|3(2)|(1)[2), we obtain the following.
Proposition 4.3.5. If dim(QPs)e2 = 1706, then [§1] # 0 and

SFE5((4)P@)IM)*) = ([g1])-

Proof. For 1 < s < 5, denote by 9 : Ps — P5 the homomorphism of A-algebras
given by
Tsy1, ift=s,
Ys(xy) = < @, ift=s+1,
Ty, if t # s.

Then, {11, 12, 13,14} is a set of generators for the symmetric group X5 C GLs.
We have

~ 7..15,.7, .62 15 .15 .7 .54 15 .15 .22 .39 15 .15 .23 .38
g2 = X1X5T3 Xy X5 + 1Ty T3 XyX5 + T1To T3 Ty Ty + T1X5 T3 X4 Ty

35,1523 46 , 3.5 15,3030 , .3 7. 7 13,62 , 3.7, 7, 29 46
T XITT3 XY Ty + T3 Ty Ty~ + X[ ToW3T 4" T~ + T1TaX3Ty T

3,.7..13 .23 46 3,.7,.13 30,39 3,.7,,15 13 54 3,.7,,29 .7 _46
+ X237 X, Ty + XTXT3 Xy Ty + XTXT3 X, Ty + X7 XT3 Ty Xy

1 23,4 1 1 13, .54 1 21,4
+ xi’x25a:gx43x56 + xfacfxgxioxg’g + a:‘;’xz‘:’achfxg + x‘;’x25x§m4 1;56

3,15 .15 21 .38 3,.15,.21 .7, .46 7 215,23 46 70 15,30 .39
+ 27253 Ty Xy + XXX Xy + XT3 Xy Ty + XT3 Xy Ty

7,779, 62 7.7..7..25 46 7..7..9..23 46 7.7..9,..30,.39
+ XT3 T 45" + X1 ToX3Ty Ty + T XX3T,° Ty + L1 ToT3Xy Ty

7,.7,.15,.7,.56 7..7,.15.9 54 7,.7,.25,.7,.46 7,15, .23 46
+ X1 X5T37 X X5 + T ToX3 Ty Ty + X1 XyT3 Ty Xy + T 1Ty T3TY Ty

7,15 . 30,39 7,.15,7.9 54 7.,.15,.7,.17 46 7,.15.15 7 48
+ X125 X3xy Ty + XXy X3y + T Ty T3Ty Ty + T Ty T3 Ty Xy

+ x{xé%é%?m? + xix?w?w{xgs + xzx?ﬂc?wi?’x? + x{x%%é%lxéﬁ,
and gz = 11(g2). Hence, if [§2] # 0, then [g3] # 0 and dim(QPs)e2 > 1707.
This is a contradiction. Therefore, [g2] = [g3] = 0.
We have

= 15,.7,.30,.39 15,.23,.7,.46 3,.7,.7,.29 .46 3,.7,.13,.30 .39
g5 = X1X5 X3Xy Ty~ + X1X5° 37T Ty + X]XX3Ty Ty + T{ToX3 Ty Ty

3,715 13 54 3,.7,.15_21_46 3,.7,.29 .7 46 3,.13,.7,..30,..39
+ XT3 X 7Ty + XT3 X, Ty + XV TRT3 XXy + X]X T3T, Ty

3,.13,,23 .7 .46 3,.15..7,21, 46 3,.15,.13 .22 .39 3,15 21 _7_ 46
+ 21237 x3° T x5 + XTS5 X3Xy Ty + XX X3 TLTXET + XL X3 Xy xy

3,.15,21, 14, 39 3,.15,23 5 46 3,.15,29 6,39 7,.7,.7,.9,.62
+ XT3y Xy XT3 X s + TIT XXX+ T XT3y Ty

7,.7..9,.30_39 7,711 5 62 7,711 13 54 7,.7,.15.9 54
+ T1ToT3Ty Ty + T X9X3 Ty 5" + X1 ToX3 X" Ty + T ToT3 Ty

7..7,.15. 17 46 7,725,746 7,.7,27,5, 46 711,721 46
+ 125037 T Ty + T1XT37 T Xy + X1 ToX3 Ty L5 + T Ty T3Ty Ty

7,11 13 22 11,217, .4 11,21 .14 11,.2 4
+ x75 x33x4 xg’g +$IQS2 T3 xe56 —|—xzx2 T3 Ty x§9 —|—xzx2 13331:23:56

711,29 6 .39 7157, 62 7,157,954 7,15 11,5 54
+ X125 X374 + XTS5 X345 + XXy 3Ty Ty + XTS5 X3 T4 Ty

7,.27,.7,.5 .46 15 7,.30,.39 15 23,.7,.46 15,3 ..7,.21 .46
+ 1T X3xy Ty + X ToT3Ty Ty + Ty LT3 XLy + Ty ToT3Ty Ty

15,313,922 39 , 15 3. .21 7 46 , .15 3. 21 14 39 , 15 3 23 5 46
T X TRTITXY XS+ Ty XT3 TyTy + X LT3 Ty Ty + Ty XT3 Ty Ty
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15,.3,.29 .6,.39 15,.,7,.7,.9 .54 15,.7,.7,.17,.46 157,115 54
+ 217 X5x3° 4y + XXXz Xy Ty + Ty ToT3Ty Ty + Ty Loy Tyls

15,,7,.19 .5 46 15,15 .7, .54 15,,15_.7,.,16,,39 15,1517 .6,.39

+ 217 Tox37 X4 Ty + XLy 34Ty + LTy X3y Ty + X Ty Ty TyXy
15,15 17 15,15 .1 15 .15 .2 15 .15 .2 2

+ x15x25x3 :BZJC?S + 13151:25:53%21328 + x15x25x33x4x§8 + 901596251133313133?

15,19 .75, .46
+ x1 " r3T408

and g4 = ¥3(Js), ds = ¥4(gs). So, if [g5] # 0, then dim(QPs)g2 > 1708 and
we have a contradiction. This implies [§4] = [§5] = [gs] = 0. Combining these
facts and the hypothesis that dim(QPs)92 = 1706, we must have [§1] # 0 and
the proposition is proved. O

Remark 4.3.6. For any d > 6, by combining Theorem 1.3 and 1.4 in [20] we
easily obtain

dim(QPs)git1494_y = (2° — 1) dim(QPy)s = 31 x 55 = 1705.

The author of [§] says that by using a computer program, he has checked
the accuracy of the above result for any d > 6, but we do not believe that there
is a computer program that can check this result for infinitely many values of

d.

5 The admissible monomials of degree 272 +
2d+1 -3

In this section, we list all elements in the set
Bs((3)I(VF) = BB)1(WI1) U B ((3)|(1)])

for all d > 3.
By Kameko [], we have B3 ((3)|4(1)|?) = {v; = va; : 1 < j < 6}, where

d_ d_ d+2 d_ d+1_ d4+1 od_

v = x% 1:53 1x§ ! Vg = a:% 1333 Lp2th +20-1
2d_1 2d+2_1 24 2d+1_1 9d_1 odtliod g

v =1x]  Th T3 vy = T T, T +
d+1_ d+1  od__ d__ d+2 d__ d_

V5 = x? 1x§ +2 1;103 ! Vg = x% 1:103 1x§ 1

From [20], for, d > 4, we have Bf ((3)|¢|(1)?) = {w; = wa; : 1 < j < 66},
where
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w1 =

w21
W23
W25
war
W29
w31
w33
w35
w3zt
w39

Wq1 =

W43
W45
Wyt
W49
Ws1
W53
Ws5
Ws7
Ws9
We1
We3

We5

= T1To
= T1Ty
= T1Toy Tg

=TTy

- xle

= 1775 x5

= T1%y

=75

:xl

::Cl

:xl

242 2d71m2d+271

I1$§d zxg‘“z 1,271
zled_ xgd ) adjf»Q_
xlx%dilxgdzllxi d1T12 d
T1T5 T Ty

2d+l_g gdtl od 1 9d_3
Ly

= 1175 x5

2d+1—1x§d—1x2d+1+2d—2

4
d+1_ d41_ od_ d_
2 1,204 4241 292
d+2 3(1 d 4
20421 202 241

2¢_3 2d_9 2d+2_

i 3353 Ty

3 293 2d+1—zx2d+1+2d—1

=xix; X3

3. 293 2”’+272$2d71

=xywy X3

d_ d_ d+2_

3,20-1,2¢-3 2 2
3 4

3 291 2d+273x2d72

=TTy 3 4

3 24t1_3 2d71m2d+1+2d72

4
3 2d+1_3 gdtligd 7 od_o
. x Ty
3,207 -1,

L1y
3, 24+2_3 2‘171%2&2

3
d+1 od_ d_
2 +2 Sxi 2

= 2775 x5

d_ d- d+2_
7.2 5{17§ 39:2 2

7,245 2d+273x2d72

= 1175

4
d+1_ d+1_ od_ d_
a_ d_ d+2_
2 1IE2£17§ 21,3 1

d+1_ d+1 4 od_
.’EQSC% 2$2 +29-1

2‘”272%2%1

291

2941

=Ty T2Tg 4

d_ d_ d+2_
2 1x§x§ 3%21 2
291 3 2d+2_3 2d_9
Lody Ly

2d+1_q 2d+10d_o
Ty

d4+1_ d_ d+1_ od_
2 1x2$?2) 2,29 201

d+1_ d+1_ od_ d_
1.’17 LL‘% +2 2.’1,'2 1

w20
w22
Wa4
W26
Wag
w30
w32
W34q
w36
w3s
W40
W42
W44
W46
W4s
Ws0
W52
W54
Ws6
Ws8
We0o
We2

We4a

Wee =

T1To

242 2d+171m2d+1+2d71

=TTy 3

2¢_1 2d_9 2d+2_3
T3 T

4
291 2d+172x2d+1+2d71

T1T5 Ty
d_ d+2_ d_
$1$§ 13}% 2$Z !

d+1_ d_ d+1_ od_
I1$§ 21_2 193421 +2 1

d+1_ d_ d+1 ) od_

{I?lil'g 11}% 21'421 +2°-1
d+1_ d+1 4 od_ d_

2 1372 +2 23,‘421 1

3
2d+2_9 9d_1 9d_

T125 T3 Ty
dt2_ d_ d_
(Ell'g 1{1}% 11’i 2

xi’x%d_3x§d_lxid+2_2
x?x%d_3x§d+l_lx2d+l+2d_2
xiixgz;lx%dt_3334212:4_22_2
? §d+1 3w§d+12xid +2d 1
w?xgd 173:1/‘?)(1 - difxidil
x?x% i _lxg _3xi Fiy2t-2
x3x2d+2’1 2‘173%2‘172

292

4
d_ d¥1_ d+1 | od_
oW 5$2 39:2 +29-2

243 24+l igd_o

xﬂ”zd+2 xsd 5f4d
7.29t2_5 9d_3 9d_9

T1ts T3 Ty

x? -1
a_

22!

xgxgd_lxidﬁ_Q
$2x§d+171m2d+1+2d72
d__ d+2 _
mgd 1x2x§d+1 ' 4d+1 d
x% _1x§x§ _Sa:i +27-2
xgxidﬁ*?

d7
.’1,‘2 2

2d+1_q

x2d+1_1x3x2d+1+2d_3x2d_2
1
2d+1—1x2d+1+2d—1x3x24

4
d+2 d_ d_
:E% 1372:10?) lxi 2
24+2_1 24 2¢_2
x] Ty X3Ty

-2

For d =4, Bf = {wa,; : j # 37,38,39} U {wsr, wss, wsg} where

7

7,.7,.24
wsgr = $1x2$3$4 , W3 =T

7,.7..9,.22
13321‘3.’1}4 , W39 = $11‘2x3 .'1/'4.

7,.7..25..6

29
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By Proposition [2.4.2] we have |B9((3)|%(1)[?)| = (3) x 6 + (}) x 66 = 390.

5.1 The cases d > 4

For d > 4, B ((3)|%|(1)]? = B(d)JC(d), where C(d) is the set of the
monomials a; = aq,;, 1 < j < 475, which are determined as follows:

For d > 4,
a; = xlxgxgd_Qscid_lxgdH_Q
as = mwaad 2 122
as = xlmgxgd_lxid_2m2d+2_2
ay = x1x2x§d71x2d+272 §d72

d+1 d d+1 d
ag = xlxgxidﬂ 2§zzd:1x22d 1+22d 22
= 1‘1562133d+1_ x4d+1+ d_ I5d_
a1z = l’lngﬂg L2t A2 72;10% —2
a5 = x1x2x§d+2_2xid_1x2d_2
air = x1x%x§d_3xid_1x§d+2_2
ag) = xlx%xgd_lxid_?’xgd”_z
Qo5 = xlﬂﬁ%mgtlxidﬂ71$§d+1+2d74
o7 = xlxgmgd_lxid+2_3x§d_2
a31 _ xlx%m§d+173 2d71m2d+1+2d72
ass = x1x§m§d+1_3x2d+1+2d_1x§d_2
ass = mlxgacgdﬂ71x2d73x2d+1+2d72
agr = fclx%m%w’1wid+1+2d’4$§d71
asg = x1x%m§d+1_1xid+l+2d_1x§d_4
aq1 = xlxgacgdﬁ%xid”xgd*l
43 = xlxg’x%d_4mid_1x§d+2_2
Q47 = xlxgacgd*?’xidfzxﬁ“d
a9 = xlxga:gd_?’xid+2_2x2d_2
asy = xlxg’xgd_%id_lxgd”_‘l
ass = xlx‘;’mgd_Qxid+2_4x§d_l

T1X2T5

2d_o od+1 —2x2d+1+24—1

T1T2T3 Ty

d_ d+2_ d_
2 2‘7"421 23’;2 1

5
291 2d+1—2x2d+1+2d—2

T1T2T3 Ty

2d+1_o 2d72m2d+1+2d71

T1T2T3 Ty 5

d+1_ d+1_ od_ d_
.’1?1.%‘2$§ 2.132 +2 23?2 1

4 5
2d+1_q zd—2I2d+1+2d—2

T1T2T3 5
24+2_9 9d_9 9d_
T1T2T3 Ty Ty

d_ d+1_ d+1 | od_
l‘l.T%l‘g 431421 11}2 +27-1

d_ d+1_ d+1 | od_
xlxgzg 31'?1 22172 +2 1

d_q od+2_
zyx3as Pad 2z

d d d+2
-1 2¢-1 —4
ryxdes ol lal

5
d d+1 d+1 od
$1$C%:L'§ 1x421 ng e

2, 291 2f’+274x2"’71

5
241

L1XaT3 Ty 5
2dtl_g4 9d_1 odtlnd g
x1x§x3 Ty T +

5
d+1_ d d+1 | od
x % g 3,.29=-2_2 +29-1

5
d+1_ d+1_ od_ d_
xlx%xg 3.’[,‘2 +2 2$2 1

5
24+l 9d_y odtligd g
x1x§$3 x T +

5
d+1_ d_ d+1 | od_
1’1.’E%{E§ 1.’E2 1(E2 +29—4

5
d+1_ d+1_ od_ d_
.’IJ]_.T%I‘% lxi +2 ng 2

9 24124 2d_71 92d_1

T1T5%3 Ty T
d+2 d_ d_
mlxgxg Sxi 1x§ 2

d_ d+1_ d+1 | od_
l‘l.T%l‘g 437421 21}? +27-1

LA e
323,20t 2 20yl 2
xixém%dﬁx%d_?’x?”%
3,202 2d+1_4 odtl od g
T1T5T5 Xy Ty
$1$§$§d72$2d+171$2d+1+2d74
xlxgxgd_Qxid“_?’xgd_Q
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as7
as9
ae1
ae3
aes
ag7
ag9
ar
ar3
ars
arr
arg
asgi
ass
ass
asgr
asg
agy
ag3
ags
agr
agg
ai01
a103
@105
ajor
a109
a111
ai13
ai1s
a7
ailg
ai121
@123
125

ai27

= T1T5%3

= T1T573

= T1Ty

3,2¢-1_2¢-4 _24t2_9
d :L.4d+1 m5 d+1 d
xlzgxg —1xZ —4,29% 4292
d__ d+2 d__
xw%x% 1xi 4x§ 2
3,20+l _4 9d_o odtl od
T1THT3 Ty x
x1z3x2d+1—4z2d+1+2d—2x2d—1
23 4 5
3,24t 3 2d_9 odtl gd o
T1T5%3 xy  “xs
d+1_ d__ d+1_ od_
x1x§x§ Qmi 4x§ +27-1
3,24t 9 od_1 odtlyod 4
T1To3 4 Ts
3 2d+172$2d+1+2d73x2d72

= T1THT3

5
3, 2¢t1_1 2d—4$2d+1+2d—2

= T1T5%3

5
d+1 d+1 | od d_
1 % g 1.2 +2 41,% 2

3,.2¢0t24 2d_9 92d_7

T1T5T3 Ty “xy
24+2_3 9d_9 9d_o
x1x§x3 3334 T
3,2¢t2_9 2d_3 od_9
Tidats T4 T,
xlmgxg 7535121 731‘% -2

2¢_5 2d+t2_3 9d_o
xlzng 5x4 3z

xlxgxg”l*5x2d+1+25d*3m§d’2
7 2d76$121d73m2d+272
xlzgxgd_ﬁxidﬁ_sxgd_z
xlxgmgd%xiddxg“z%
lexgxgd_5xid+l_2x2d+l+2d_4
xlxgxgd_5:cid+2_2x§d_4
x1x5$§d+176xid+1+2d73x§d72
x1x5x§d+1_5xid_2x§d+1+2d_4
xlx;x§d+l_5xid+1+2d_2x§d_4
xlxgmgd”*sxid%mgdﬂ
xlxgd_%gacid_lxgdH_Q
xlx%d72x3mid+l71xgd+1+2d72
xlxg _2x§xi 322
x1m§d72x§d+171m4x
x1x§d71x3mid+l72x§d+1+2d72
xlxgd_lxga:id_?’xgdw_?‘

d d+1 d+1 | od
x1x§d71x3x2d+l74$§d+1+2d71
xlxgd_lxgacid“_lx: +27—4
2 _1x§xi —31:% -2

5
2d+140d_9
5

asg
aeo
ae2
64
aee
ags
ar7o
ar2
Q74
ar7e
ars
aso
as2
ag4
ase
ass
ago
a9z
ag4
a9e
agg
@100
a102
a104
@106
a108
a110
@112
114
a116
a118
a120

@122

@124

@126

a128

31

d_ d_ d+2_
.’I,'l.Tgl‘g 1.’1,'421 2.’L'2 4

5
2¢_1 2dtl_o odtl gd_y4
xlx‘;’:zrs Ty T +

3 291 2d+272x2d74

T1T5T3 Ty 5

xlx%mgtﬁpl74xid71x2d+1+2d72
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Ag21 = x?dflxzxgxid 73%272

a423 - x%d_1x2xgmid;12x§ d:14 d
aa25 = xid_ixzxgzrgdﬂ_zmgd 4+2 -
G =@y T mawiry s

@429 :x%d_lahxgd;lxix2 d:14 d
a431 = xf _1x2x§ _1:::?112 +20-4
LT
435 = x% _lxg’mgxi A
A437 = w?dilxg’xgmidﬂ%xgdﬂ

Q439 = xfzflxg’xgxiz;ﬁxgdiﬂ

a441 - x%d_lxgngél _6x§d:14 d
aq43 = xfd_lngg _33342135%2 L
QAqq47 = Z‘ld+1 1.7321‘3333(1 4$gd+l i,
449 = Z%d 17 "E21'§£E4d7 .’Esd 1Jr di
ay51 = 33% i 713:233%35121 12 T2t
453 = 1‘%(”1_11’21'§$Zd+1+2d_3$2d_2
auss = 2% lagada? a2 A2
agsr = a3 lagadad H2 202
I e
a461 - x?d+171x2x§ d+2 72dlelx§d72
a463 - x%d+1_1x3x3xid:14x§d +2d_2
a465:$? -1 % 3303 +29-4 _2¢_2
aser = a3 afufed Cuf HH
aq69 = x%dﬂ_lxgxgd_?’ 421 §d+1+2d !
Qaq71 = x?dﬂ_lx%d_lx:afc?; 2t

For d =4,

For d > 5,

11,13, .14,.48
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a414
a416
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@420
422
424
426
428
@430
@432
434
436
@438
Q440
442
A444
Q446
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Q450

A452 =

(454
456
458

@460

A462 =

a464

Q466

a468 =

Q470 =

472
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=T T2X3Ty Ty
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=T LT3y
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29-1 2,.2 1(E2 4
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=1x] T Tox3Ty

5
201 2 2d+173x2d+1+2d72

=] Tox3Ty

241 9, 20t2_4 2d_7
Ty T Tax3Ty Ty

291 3, 294 24t2_9
T, T Tox3Ty X3

241 3, 24ty odtl od_o

xld m2x3x4d+2 xsd
201, 3, 2¢%2_4 2¢_9
Ty T Tax3Ty Ty

291 242 2d+2_9o

=T ToTg T4y

241 24+1_9o 24+l 9d_o
T4y +

=x] T3

241 24+2_9o 292

=Ty T2l T4y

241 3 2d_9 2d+2_4

=x] " wow3Ty X

5
291 3 2d+1l_g od+l od 4y
R 4 Y x

291 _3 20+2_9 92d_4

=1x] T THx3Ty x5

291 3.5 2d+176x2d+1+2d74
5

=T T3y

291 3 2¢_3 o 2dt2_4

=x]  wyr3  Cwirs

d_q o odt2_ d_
x%d 11‘%(1;1 3wix§d+l4 d
291 _2d+1l_1 9, 24Tl 9d 4
r] T T3TIT

2d+1_q 2d+1+2d—2x2d—2

=T ToT3Ty

5
2d+1_q 2 2d73x2d+1+2d72

=] ToT5Ty

2d+1_1 o 24¢ttyod_y od_q
] ToT3Ty T
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= i ToTZTy

5
2d+1t_q 3 2d72x2d+1+2d74

=] ToT5xy

24+ _q 3 2d+1+2d72x2d74

= ToTRTY

5
2d+1_q 291 o 2d+l40d 4

=z ToT3  TiTs

2d+1t_q 2d+iqod_1 o 294
ToT3 TiT

2d+1i_1 3 242 2dtliod_y

- x1d+1 $2$3l‘4d+1 x5d d
71:2 -1 31;3%21 +2 —2x2 —4

5
2d+171 3.5 2d+1+2d76 2d74
x] THT3Ty T
xzd“—1x3x2d+1+2d—3xix2d—4
1 5
2d+1l_q o9dtliod 2, 294

=] x5 T3TLTE

7 7,.11,.13 18 44 7,.11,.13,50,12
473 = LTy T3 Ty Ty, Q474 = T1Tg T3z Ty Ty , Q475 = 1Ty T3 Ty Ty -
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_ 7245 5 296 _29t2_4
ay73 = .’L‘l$2 .’1?3$4 3?5

_ 7.2 5 5 24t2_¢ 92d_4
(1475 — 1:1:1:2 1‘3LE4 56‘5

5.2 The cases d =3

7 9d
474 = T1Ty T3Ty
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295 5 2d+176x2d+1+2d74

5

For d = 3, consider the monomials a; = a3+ as in Subsectionwith d=3,
1 <t < 84 and B(3) as in the proof of Theorem [1.3] Then, we have

B ((3)]PI(1)[?)

B(3)| Jfas; 1 1< <84} UC(3),

where C(3) is the set of the monomials aj, 85 < j < 450, which are determined
as follows:

85.
89.
93.
97.
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105.
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129.
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141.
145.
149.
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165.
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201.
205.
209.
213.
217.
221.
225.
229.
233.
237.
241.
245.
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281.
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302.
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239.
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373.
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7 30 6
L1 T2X3 T4y

7.3 14,20
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L1 LoX3L4 Ty
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o] a3a323008
7.3,.13,18, 4
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15,..3 22,..4
SL’I $2$3LL‘4 .'1;5

15232l

Then, B((3)P|(1)?)UB5 ((3)PI(1)2) ULY: : 1 < ¢ < 34} is a st of gen-

—0
erators for Ker((Sq*)(&Qo)). Here, the monomials Y; are given in Subsection

6 The admissible monomials of degree 29! +27—
4 for 3<d<5h

In this subsection we list the needed admissible monomials of degree m =
2441 4+ 24 — 4 in Ps for 3 < d < 5. The elements in BY(m) can easy de-

termined by using the results in [7], [4
I BE((OI22)I(1)*)] = 225, |B((4)]

A

[20] and Proposition We have
[@IG)] = 20, [BE(H“H@)] =

30, hence |BY(m)| = 275 for any d > 3. So, we list only the elements in
BF (m).

6.1 The case d =3

B (4,2,1,1) = {a; = ag, : 1 <t < 215}, where
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The hit problem of rank five in a generic degree
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13332022
ridairdtadly??
r1Pxl a2 22 222
15215,419,.21,22
1233 r323022
r1Pr33 2323022
o1 r3te a2

215231021522

T

39.
42.
45.
48.
ol.
54.
o7.
60.
63.
66.
69.
72.
75.
78.
81.
84.
87.
90.
93.

r3x3lalBaiBa??
xlrita3la3 30
xlxita3dy3ty30
{zilaP2 B2
22219229222
223 23233222
r1020w32 233!
1820233223230
2152023022322
riPadrila 323t
riPadalata??
12322923223
182l xd972 30
r1PalPalT 2222
22, 31

15,23
r1° w5’ 3Ty

15,.23
Ty XL T3 Ty Ty
B R A et e

x%5w§1x§3x4x§2

22 .23
4

11,.21,.22

o7

94. zPlwoxita2322 95, a¥layxl®a P2 96. alaariPaIPr2?
97. 23ladxl3222223 08, x3tadxl3a PP 99. aladalPala2?

100. z3txlziladta?2 101, 2l albrgzd?a2® 102, 2¥lalbrza3322?
103 .1731 15,.3,.21,.22

31,,15,.23,. .22
T xsPrhry et 104, xy s wstwaE

BF (4)[4|(2)) = {& : 1 <t < 156}, where

1. myztaddadtad! 2. pywdtadlePadt 3. xyxdtadladtald

4. prePPritedtadt  5oxalPelPaitadt 6. paldrlbadtad0

7. P adle Pl 8. myxPrilxital’ 9. pyaldadlaliadt

10. zad®2dtePed0 11 zalPadtaizl® 12 palbadlailalt
13. 2123022 Pe3t 14, 22302 Patal® 15, za3ladlalals
16. zpasteital®adt 17 ppadtedtatal® 18, zyadlalbaitad!
19. zpa3taPePad0 20, pyadtad®ailz® 21, ppadtalbaitalt
22. zy3tadzlbals 23, xyadtadtalial® 24, xyadladtalPalt
25. pixl3xltaladl 26, 2iaidalPai0adl 27, adzl3alPadlad0
28. z3xd3x30x 1523 29, 232323023 2ls 30, 23xlPailaltad?
31, adedBadlaldad0 32 2daldadlaifxl® 33 pfalPadtadlalt
34. x3xPPad3a0adt 35, afaldalPaitadt 36 afxlPaiPaix0
37. 3l xxitadl 38 23aiPa2021P230  39. 3215220230410
40. p3xPxPr3talt 41 232213230 42 2dalPadtaddxld
43. 232302l lbadl 44, 232302802 2lS 45, 2323020 a3t
46. w3328 15230 47, 230392230215 48, a2 iPailalt
49. 2323923022l 50, 232023 itald 51, a3ad®adtalbalt
52. xizstaddaltadt 53, afadlalPaPadl 54 afadlaidaiOxld
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15,.13 .30

55. zx3laldailal 56. z3x3lelbal3a? 57. 3x3tald2302 14
58. xix3taddzitald 59. x3z3taddxiopit 60. r3z3tadtaldylt
61. pxilzl323023! 62. zixilrldz3la20 63. zixilxl5229230
64. p1xila2it3! 65. lxdlx29715230 66. z]xdlx292x30215
67. 2lxdla223lpl 68. zlxdladlel3230 69. zlxdladla29yl4
70. 2]xdP it x39230 71 2 2dP 23T B30 72. 2 2P 23730214
73. 223 i3 alta ! 74. 2723 3215230 75. 23 w3302 L0
76. 2 w3 ri3riald 77. 2 23 i3 230 78. 2 w37l 20xld
79. 22372202l 42 15 80. zix27x2 715214 81. zia27xdlxl32 14
82. zlxdlallyl3230 83. zlxdlally29yl4 84. zladlx2Txl32 14
85. x1wozitailad! 86. x15woxidaixd! 87. x1PwaxiSail 30
88. x18zox30x 1523t 89. x18zox3023 ld 90. x1dzox3taltad!
91. a1dzox3talda30 92. x1z0231 230210 93. x1dzowdtadlalt
94. x1b23xi323023! 95. x1dx3ri3adlad0 96. x1523xi5229230
97. w¥Px3xPx a3t 98. x1dx32392 15230 99. 2152323923010
100. z1°2322023 2l 101, 21P2323 23230 102, 21P2323 230214
103. 21°232i 22230 104, 212523723230 105, 2{°2T23 230214
106. 2023 r323023t 107, alP2lz323t230 108, 21P2i523239230
109. 21°28P23521 7230 110, 21%20%209213230 111, 23P21%219229214
112, 21%28P23 vy 230 113, 23P22328 213230 114, 23%23321 229214
115, 21°23322 23214 116, 21%23 g}tz 117, 2123 aza 5230
118. 21Px3twgx02ls 119, 2P23tagailalt 120, 2P23t 232 }3230
121, aPadtadaPalt 122, 21523024230 123, afPadladlagalt
124. aPleoaitaPadl 125, alagaltadtal® 126, 23lagwidaltad!
127, o3twoxPaPd0 128, aftaoxl®zi0ztd 129, aftayaldaitait
130. 23wzl Pxld 131, aftwgadlaltald 132, xflagadlalbait
133. p3tad3xBaltadl 134, 23232 B32l5230 135, atadal3ai0als
136. a3ladalBadtalt 137, aladal®a 3230 138 afladai®a?dalt
139. alada2 el 140, 2 adad2 Pzt 141, aPtadadtaldalt
142. p3talzilaB330 143, 23talzilaPzlt 144, 232227t
145. p3tolPrsritadl 146, 23t alPasa P20 147, 23talPasai0al’
148. x3txlPrgatalt 149, 23t 2lPa323230 150, 23t alPada 0l
151, 23t adPal®ry 230 152, 3talPadlayalt 153, a3tadtagaltal’
154. atadtosaPait 155, adladladal3ait 156, a$tadlalPoyait
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