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Abstract

Let X be a topological space. A mapping T : X — X is called a
Picard operator if T has a unique fixed point Z € X and for any = € X,
the sequence of iterates {T"z} converge to Z. In this paper, we give
new results concerning the existence of Picard operators in strong b-TVS
cone metric space. Our result is an extension of Sh. Rezapuor and R.
Hamlbarani [19].

1 Introduction

The fixed point theorems have various application in chemistry, biology, com-
puter sciences, differential equations, existence of invariant subspaces of linear
operators and much more. Because of this, many scientists work on developing
new fixed point theorems. See, for example, the book [14]. For contractions,
the existence and the uniqueness of a fixed point are proved by the famous
theorem of S. Banach [1].

Theorem 1.1. [1] Let (X, d) be a complete metric space and T be a self-mapping
on X satisfying
d(Tz,Ty) < sd(z,y),
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for all z,y € X and s € [0,1). Then T is a Picard operator.

The Banach Theorem is an abstract formulation of Picard iterative process,
and it became a classical tool in nonlinear analysis. Moreover, it has many
generalizations; see [2, 3, 13, 14, 15, 16, 20] and others. On the other hand,
Connell [4] showed that Theorem 1.1 cannot characterize the completeness of
X which means the notion of contractions is too strong from this point of view.
In 1968, R. Kannan [11] proved the following theorem.

Theorem 1.2. [11] Let (X,d) be a complete metric space and T be a self-
mapping on X satisfying

d(Tz, Ty) < s(d(z,Tz) + d(y,Ty)),

for all z,y € X and s € [0, ). Then T is a Picard operator.

A mapping that satisfies the assumption of Theorem 1.2 is called a Kannan
map. Example 2 in [12], R. Kannan showed a particular case of a discon-
tinuous Kannan mapping, which is a property different Banach contraction
principle. Another important application of the Kannan mapping is to be able
to describe the completeness of the metric space in terms of the fixed point
property of the mapping. This was proved by P. V. Subramanyam [21] in 1975,
That is, a metric space (X, d) is complete if and only if every Kannan mapping
on (X,d) has a fixed point. Note that the Banach contraction mapping class
does not have this property, see [4]. Therefore, the mapping class in Theorem
1.2 immediately attracted the interest of many mathematicians, such as L. S.
Dube and S. P. Singh [5], J. Gérnicki [6, 7], G. Hiranmoy et al. [8] and oth-
ers. Recently, non-convex analysis has found some applications in optimization
theory, and so there have been some investigations about non-convex analy-
sis, especially ordered normed spaces, normal cones and Topical functions (for
example [17, 18]). In there efforts an order is introduced by substituting an
ordered normed space for the real numbers. L.-G. Huang and X. Zhang [10]
reviewed cone metric space in 2007, Later, the authors extended Theorem 1.1
and Theorem 1.2. In 2008 Sh. Rezapuor and R. Hamlbarani [19] by providing
non-normal cones and omitting the assumption of normality in some results of
[10], and obtain generalizations of the results. Next, In 2022, D.T. Hieu et al.
used this approach in [9]; They defined strong b-TVS cone metric spaces.

Let E always be a real Hausdorff locally convex topological vector spaces
with its zero vector 8 and C is subset of E. We say that C is a cone in F if

(i) C is closed, nonempty and C # {6},

(ii) ax 4+ by € C for all x,y € C and non-negative real numbers a, b,

(iii) C N (=C) = {6}.

For a given cone C' in F, we can define a partial ordering < with respect to C'
by z = y if and only if y — z € C, while z <« y will stand for y — z € int C,
where int C' denotes the interior of C, z < y if and only if z <y and z # y. In
this paper, we always suppose E be a real Hausdorff locally convex topological
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vector spaces, C' be a cone in E with int C # () and < is partial ordering with
respect to C.

Definition 1.3. [9] Let X be a nonempty set and K > 1. The mapping
d: X x X — FE is called a strong b-cone metric on X if

(d1) 6 = d(x,y) for all z,y € X and d(z,y) = 6 if and only if z = y;

(d2) d(z,y) = d(y,x) for all z,y € X;

(d3) d(z,y) < d(x,2) + Kd(z,y) for all z,y,z € X.
Then (X, E,C, K,d) is called a strong b-TVS cone metric space.

Definition 1.4. [9] Let (X, E,C, K,d) is a strong b-TVS cone metric space.
Let {z,} be a sequence in X. We say that

(1) z is the limit of {x,,} if for every e € E with § < e there is ng such that
d(zp,x) < e for all n > ng. We denote this by z,, — = or lim,_, @.

(ii) {z,} is Cauchy sequence if for every e € E with § < e there is ng such
that d(z,, Zm,) < e for all n,m > ng.

Lemma 1.5. [9] Let (X, FE,C,K,d) is a strong b-TVS cone metric space and
{z,} be a sequence in X. Then we have:

(i) If {x,,} converges to x € X then {z,} is a Cauchy sequence.

(ii) If {x,} converges to x € X and {z,} converges to y € X, then z = y.

2 Main results

In this section, we prove the following theorems, which are generalizations of
Sh. Rezapuor and R. Hamlbarani [19].
Theorem 2.1. Let (X, E,C, K, d) be a complete strong b-TVS cone metric space
and the mapping T : X — X satisfy the contractive condition

d(T, Ty) = sd(x,y),

for all x,y € X, where s € [0,1) is a constant. Then T is a Picard operator.

Proof. Choose z¢ € X, and define a sequence {z,} in X by x,+1 = Tz, for
all n > 0. Set d,, = d(xy,, p41) for all n > 0. By hypothesis we have

dnJrl = d(anrla xn+2) = d(Txn; Txn+1)
= Sd(xna xn+1) = Sdna

for all n > 0. Hence
dp+1 =X sdp, n=0,1,....

It follows that
d, < s"dy, n=1,2,....
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So for m > n,
d(xna xm) = Kd(.%‘n, xn-i—l) + ...+ Kd(xm—% xm—l) + d(xm—la xm)
=Kd,+ Kdpt1+ ...+ Kdyp—o + di—1
< K(s"dy + 8" do + ... + s 2dy) + s™ dy
=K1 +s+s4...+s""2)s"dy 4+ s 1dy

=<

sdy + Sm_ldo.

Set Agp,m) = ff—ss”do + 5™ 1dy for n,m > 1. Then
An,m) — d(Tp, 2m) € C with m,n > 1.
with e is an arbitrary element of E and 6 < e, then there is a neighborhood
U of the 6 in E such that e — U CintC. Since lim A, ,) = 0, there is ng
m,n— oo

such that
An,my € U for all m,n = ng.

This implies
e—Apm) €e—U CintC for all m,n > no.
Thus,

e —d(xn, Tm) = (€ — A(mm)) + (A(mm) —d(n, Tm))
€intC + C =int C for all m,n > ng.

This means that
d(xp, ) < e for all m,n > ng.

Hence {x,} is a Cauchy sequence. By the completeness of X, there is T € X

such that lim x, = Z. Since lim x, = Z then for each k > 1, there is a
n— o0 n— o0

natural number n; such that

d(2n, %) < —— and d(zns1,T) <

_©
2ks 2kK’

for all n > ny. Hence, we have
d(Tz,z) 2 d(Tz, Tx,) + Kd(Txp, T)

=< sd(Z, ) + Kd(zpa1,T) < %,
for all n > ny. Hence, § —d(Tz,z) € C forallk > 1. By £ — 0 as k — oo and
C is closed, —d(T'%,z) € C. This implies d(TZ,T) = 0, means that TZ = Z. So
T is a fixed point of T
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Now if g is another fixed point of T, then
d(z,y) = d(Tz,Ty) = sd(z,7).

Hence d(Z,y) = 6 and T = §. Therefore, the fixed point of T is unique. So, T
is Picard operators. O

Remark 2.2. Obviously, if K = 1, E is Banach space then Theorem 2.1
reduces to Theorem 2.3 in [19]. Furthermore, the following example shows
that Theorem 2.1 is applicable, but the Theorem 2.3 in [19] is not.

Example 2.3. Let X = {0,1,2}, F = R? and
C={(z,y) € E:z >0,y >0}
Function d : X x X — FE define by
d(z,z) =0 withze X, d(z,y)=d(y,z) forallz,y e X

and
d(0,1) = (4,4), d(0,2) =d(1,2) =(1,1).

Let T: X - X by Tl =T2=T0=0. Easy to see, (X,E,C,K = 3,d) is
a complete strong b-TVS cone metric space but the triangle inequality is not
satisfied. Indeed, we have that

d(0,2) +d(2,1) = (2,2) < (4,4) = d(0,1). (2.1)

Therefore, Theorem 2.3 in [19] cannot be applied. However, we can easily check
all the assumptions of Theorem 2.1 are satisfied and T is a Picard operator.

Theorem 2.4. Let (X, E,C, K, d) be a complete strong b-TVS cone metric space
and T be a self-mapping on X satisfying

d(Tz,Ty) 2 s(d(z,Tx) + d(y, Ty)),
for all ,y € X and s € [0, %) Then T is a Picard operator.

Proof. Let g € X be a fixed. Consider sequence {z,} in X by z,41 = Tz,
for all n > 0. Set d,, = d(z,, xp+1) for all n > 0. By hypothesis, for any n > 0
we have

dn+1 = d xn+1’$n+2) = d(T$n,Txn+1)
s ny TTn) —|—d(xn+17Txn+1))

(
(e
5( manrl +d(xn+17mn+2))
s(d +dn+1)

PN

x
xZ
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This implies

dpy1 2 %dn = hd,, for all n > 0, where h = I 5
—s

— € [0,1).

Hence
dp 2 hdg for allm > 1

For m,n > 1, we have

d(xm, zn) = dTxm-1,TTn_1)
js( Tm—1, Tm—1) + d(@p—1,TTp_ 1))
= s(d(@m—1,2m) + d(Tp-1,20))
= s(dm—1 + dy—1).

Set B(m n) = $(dm—1 + dn—1) for all m,n > 1. Then
B(m,n) - d(xnu«rn) e C for all m,n > 1.

For e € E,0 < e arbitrary, then there is a neighborhood U of # in E such that
e—U CintC. Sence lim B, ) = 0, there is ng such that

m,n—o0
Bn,my € U for all m,n = no.
This implies
e— B,m) € e—U CintC for all m,n = ng.
Hence

e—d(xn, 2m) = (€ = Bmn)) + (Bann) — d(Tm,T5))
€intC + C =int C for all m,n = ny.

This means
AT, ) < e for all m,n = ny.

Hence {z,} is a Cauchy sequence. By the completeness of X, there is z € X

such that lim x,, = Z. Since lim z,, = T then for any k > 1, there is a natural
n—oo n—oo

number ny such that

e(l—s -
% and d(xn+1,x) <

e(l—2s)
2kK 7

d(Tn, Tni1) <

for all n > ny. Hence, we have

d(Tz,z) 2 d(Tz, Tx,) + Kd(Txp, T)
= s(d(z,Tz) + d(zn, Txy)) + Kd(Txy, T),
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for all n > 0. Hence,

1
d(Tz,z) < s (sd(mn,an) + Kd(xn+1,i))
L e _e
~ 2k 2k K

for all n > ny. So, ¢ —d(Tz,z) € C for all k > 1. Since  — 0 as k — oo and C
is closed —d(T'z,z) € C. This implies d(TZ,Z) = 6. Thus, TZ = Z. Therefore,
T is a fixed point of T

Now if g is another fixed point of T, then

d(z,y) = d(Tz,Ty) < s(d(z,Tz) + d(y,Ty)) = 6.

Hence d(z,y) = 6 and & = g. Therefore, the fixed point of T is unique. So, T’
is Picard operators. O

Remark 2.5. Note that, if K = 1, E is Banach space then Theorem 2.4
reduces to Theorem 2.6 in [19]. Furthermore, the following example shows
that Theorem 2.4 is applicable, but the Theorem 2.6 in [19] is not.

Example 2.6. Let X = {0,2,3}, E = R? and
C=A{(z,y) e E:xz >0,y > 0}.
Function d : X x X — FE define by
d(xz,x) =0 =(0,0) with = € X,

d(3,0) =d(0,3) = (3,3), d(2,0) =d(0,2) =d(2,3) =d(3,2) = (1,1).

Let T: X - X byT0=T2=T3=0. Then (X, E,C, K = 2,d) is a complete
strong b-TVS cone metric space but the triangle inequality is not satisfied.
Indeed, we have that

d(0,2) +d(2,3) = (2,2) < (3,3) = d(0,3).

Therefore, Theorem 2.6 in [19] cannot be applied. However, we can easily check
all the assumptions of Theorem 2.4 are satisfied and T is a Picard operator.

References

[1] S. Banach, Sur les opérations dans les ensembles abstraits et leur application auz
équations intégrales, Fund. Math., 3 (1922) 133-181.

[2] J. Caristi, Fized point theorems for mappings satisfying inwardness conditions, Trans.
Amer. Math. Soc., 215 (1976) 241-251.

[3] Lj. B. Cirié, A generalization of Banach’s contraction principle, Proc. Amer. Math.
Soc., 45 (1974) 267-273.



Bui THE HUNG AND DOAN TRONG HIEU 135

4]
(5]
(6]
(7]
(8]
(9]

[10]
(11]
(12]
(13]

(14]

(15]
[16]

(17)

(18]
[19]
[20]

21]

E. H. Connell, Properties of fized point spaces, Proc. Amer. Math. Soc., 10 (1959),
974-979.

Dube L. S., Singh S. P. (1970), On multivalued contractions mappings, Bull. Math.
de la Soc. Sci. Math. de la R. S. Roumanie, 14, 307-310.

J. Gécrnicki, Fized point theorems for Kannan type mappings, J. Fixed Point Theory
Appl. 19 (3) (2017) 2145-2152.

Gornicki J. (2018), Various extensions of Kannan’s fized point theorem, Fixed Point
Theory, 18, 569-578.

Hiranmoy G., Lakshmi K. D., Tanusri S. (2018), On Kannan-type contractive map-
pings, Num. Func. Anal. Optimization, DOI 10.1080/01630563.2018.1485157.

D. T. Hieu, B. T. Hung, M. S. Muhammad, P. Kumam, “On answer to Kirk-Shahzad’s
question for strong b—TVS cone metric spaces,” Science and Technology Asia., Vol.
27, No 1, pp. 20-30, 2022.

L.-G. Huang, and X. Zhang, “Cone metric spaces and fixed point theorems of con-
tractive mappings,” J. Math. Anal. Appl, vol. 332, pp. 1468-1476, 2007.

R. Kannan, “Some results on fixed points,” Bull. Calcutta Math. Soc., vol. 60, pp.
71-76, 1968.

Kannan R. (1969), Some results on fized points—II, Amer. Math. Monthly, (76)4,
405-408.

W. A. Kirk, Caristi’s fired point theorem and metric convezity, Colloq. Math., 36
(1976) 81-86.

W. A. Kirk, Contraction mappings and extensions, in Handbook of metric fixed point
theory (W. A. Kirk and B. Sims, Eds.), (2001), pp. 1-34, Kluwer Academic Publishers,
Dordrecht.

W. Kirk and N. Shahzad, “Fixed Point Theory in Distance Spaces,” Springer, Cham.,
2014.

A. Meir and E. Keeler, A theorem on contraction mappings, J. Math. Anal. Appl., 28
(1969) 326-329.

H. Mohebi, “Topical Functions and their properties in a class of ordered Banach
spaces,” in: Continuous Optimizations Current Trends and Modern Applications Part
11, Springer, pp. 343-361, 2005.

H. Mohebi, H. Sadeghi, A. M. Rubinov, “ Best approximation in a class of normed
spaces with star-shaped cone,” Numer. Anal. Optim.,27(3-4), pp. 411-436, 2006.
Rezapour Sh., Hamlbarani R. (2008), Some notes on the paper “Cone metric spaces
and fixed point theorems of contractive mappings”, J. Math. Anal., 345, 719-724.

P. V. Subrahmanyam, Remarks on some fized point theorems related to Banach’s
contraction principle, J. Math. Phys. Sci., 8 (1974) 445-457.

V. Subrahmanyam, Completeness and fized-points. Monatsh. Math., 80 (4) (1975)
325-330.



