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Abstract

We investigate the notion of involutive weak globular w-categories making use
of T.Leinster’s approach: as algebras for the initial contracted globular operad
in the bicategory of globular collections induced by the Cartesian monad of the
free involutive strict w-category functor on globular w-sets. An apparently more
restrictive notion of involutive weak globular w-categories as algebras for the ini-
tial operadic-contraction in the bicategory of globular contracted-collections in-
duced by the previous Cartesian monad (where here the operadic multiplications
and units satisfy further compatibility axioms with the contractions) is also con-
sidered.

Contents

T Tnfroduch T Motivat 2

»Preliminar

5
[2.1 ~ Strict Globular w-categories| . . . . . . .. ... ... ... ..... 5
2.2 Monads in Bicategories and Cartesian Monads|. . . . . . .. ... .. 8
8
0

2.2.1 Blcategorles ...........................

[2.2.2 Monads in a Bicategory| . . . ... ... ... ... ..... 1
[2.3  Leinster Weak Globular w-categories|. . . . . . .. .. ... ..... 14

Key words: Higher Category, Involutive Category, Operad, Monad.
2010 AMS Classification:18N65, 18N70, 18M40, 18N30, 18N99.



2 Involutive Weak Globular w-categories

[2.3.1  Generalized Multicategories and Generalized Operads| . . . . 14

2.3.2 ntractions and Globul llections|. . . . .. ... .. .. 19

[2.3.3  Weak w-categories| . . . . .. ... ... L. 22

234 Examples| . . . . . ... oo 24

[3  Involutive Leinster Weak Globular w-categories| 25
[3.1  Involutive Strict Globular w-categories|. . . . . ... ... ... ... 25
[3.2  Involutive Weak Globular w-categories|. . . . . ... ... ... ... 31
................................ 51
[4__Outlook] 52

1 Introduction and Motivation

Category theory, since its inception in [Eilenberg Mac Lane 1945]], has always been
evolving in very close connection with algebraic topology. The interlink between these
two subjects became even more substantial with the development of higher category
theory (among the several resources available, see [Cheng Lauda 2004], [Leinster|
pages 19-30] for an introductory discussion, [Baez 1997, [Baez Dolan 1995
for original motivations also from physics and the wiki-site http://ncatlab.org/nlab| for
further details).

Attempts to test the architecture of higher category theory within non-commutative
topology are still in their prenatal stage (see for example [Bertozzini Conti Lewkeer-|
[atiyutkul Suthichitranont 2020] where only some “non-commutative” variants of strict
n-categories have been considered).

Non-commutative topology is notoriously dominated by the central role of C*-alge-
bras as an arena generalizing the well-known Gel’fand-Naimark duality between com-
mutative unital C*-algebras and compact Hausdorff topologies. As a first minimal at-
tempt to elaborate categorical environments capable of supporting non-commutative
homotopy/cobordism and define weak notions of (higher) C*-categories, one would
like to axiomatize the existence of (higher) involutions, vertically categorifying, in a
weak environment, several already known notions of involutive categories (see
[2020]] and [Bertozzini Conti Lewkeeratiyutkul Suthichitranont 2020} section 4] for
further references).

In our previous joint paper [Bejrakarbum Bertozzini 2017] we have been provid-
ing a definition of weak involutive w-category, as an algebra for the free involutive
w-category monad, in the spirit of J.Penon’s algebraic definition of weak w-catego-
ries [Penon 1999]|. Our ideological point of view is to consider involutions not (only)
as symmetries of a (higher) categorical structure, but as unary operations on the very
same footing of the binary compositions and nullary identities present in ordinary
categories.
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~>  The purpose of this work is to produce an algebraic definition of involutive weak
globular w-categories following an operadic definition in the style of [Leinster
2004)].

For now (for simplicity) we limited ourselves to the usual axiomatic setting of (weak)
higher categories, although we plan to further develop our work in the direction of
non-commutative exchange [Bertozzini Conti Lewkeeratiyutkul Suthichitranont 2020,
section 3.3] in view of application to operator algebraic structures.

In the original treatment from T.Leinster, the operadic and contraction structures in-
troduced onto a given globular T-collection are essentially independent; on the other
side, terminal objects in the category of globular 7-collections seem to be naturally
contracted T-operads that further satisfy compatibility axioms between operadic mul-
tiplication/unit and contraction.

~>  We put forward a more restrictive notion of weak (involutive) globular w-cat-
egory as an algebra for an initial “operadic contraction”, that is universal
among those contracted operads whose multiplication and unit satisfy addi-
tional compatibility conditions with the contraction.

As a first-aid motivation for readers that might not be familiar with the intricacies of
operadic definitions of weak w-categories, we provide here below a brief synopsis of
the construction:

» one first introduces strict (involutive) w-categories and constructs the Cartesian
monad 7' (respectively 7™ in our involutive case) induced by the free (involu-
tive) w-category functor,

» the monad 7" (respectively 7*) applied to the the terminal globular w-set ® spec-
ifies the input-type “arity” of general operations to be axiomatized via operads,

» to the Cartesian monad 7 (respectively 7*) a bicategory &y (respectively &, ) is

associated whose I-cells E <= M~ T(E) (respectively E < M 2 7*(E))
represent systems “labeling the multi-input one-target operations” with source
parametrized by 7'(E) (respectively by 7*(E)) and target in E,

» generalized T-multicategories (respectively 7*-multicategories) are defined as
monads in the previous bicategory and generalized T-operads are just gener-
alized T-multicategories whose labeling is provided by T(e) (respectively by
T*(e)).

» the actual unbiased description of the evaluation of all the operations involved
into the definition of a weak globular w-category and of their coherence struc-
ture are together uniquely specified by a choice of contraction on a T-operad
(respectively on a T*-operad),
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» the monad L (respectively L*) that is the initial/universal contracted T-operad
(respectively contracted 7*-operad) is supposed to specify the labeling of op-
erations, in a weak (involutive) globular w-category, with certain T(e) (respec-
tively 7*(e)) inputs and describe their formal compositions and identities,

» algebras for the initial contracted T-operad L (respectively for initial contracted
T -operad L*) are the actual weak (involutive) w-categories,

» a contracted T-operad (respectively contracted 7*-operad) P produces a strict
functor from algebras over P to algebras over L (respectively over L*), that
by definition are the weak (involutive) w-categories: to give an example of
weak (involutive) w-category is equivalent to provide an algebra for a contracted
T-operad (respectively contracted T7*-operad) P.

Notice that in our involutive case: the involution is used to specify the input type
monad 7, it is not used to compose formal labeled operations and hence (apart from
the labeling input 7*(e)) it does not modify the definition of the monad underlying
the definition of initial operad L*: there is usually no involution on the collection of
operations making up L* (the operad only takes care of the nesting of operations);
involutions and their evaluations are instead hidden in the choice of contraction that
explicitly depends on the base labeling via 7*(e) in place of T'(e).

The content of the paper consists of this brief motivational introduction section [] fol-
lowed by a section [2] of preliminaries, where we recall (in a notation compatible with
our previous work) already available material on strict w-categories, monads in bicat-
egories and T.Leinster’s construction of weak w-categories as algebras for a certain
generalized operad.

Section [3| of the paper opens recalling our previously developed definition of involu-
tive strict w-category and continues exposing the new material on an operadic defini-
tion of involutive weak w-categories as algebras for a generalized initial 7*-operad in
the bicategory of T*-collections, where T7* is the monad of the free involutive strict
w-category construction presented in [Bejrakarbum Bertozzini 2017|, propositions 3.1
and 3.2].

Our main existence theorem [3.12]is obtained from a direct procedure, detailed in the-
orem [3.16] explicitly constructing by recursion a free contracted T*-operadic magma
and quotienting it in order to obtain a free contracted T*-operad over a T*-collection.

The more restrictive notion of operadic contraction (in place of the more general
contracted-operads considered in [Leinster 2004, definition 9.2.1]) is introduced in re-
mark [2.22] where we also mention the possibility to utilize them to define a tighter
variant of Leinster’s algebraic notion of weak globular w-categories. A parallel treat-
ment of this issue in the involutive case is described in remarks [3.10] and [3.19} the
terminal operadic-contraction T*(e) is examined in detail in remark



PARATAT BEJRAKARBUM AND PAOLO BERTOZZINI 5

We close the work in section |4 with some outlook on possible further work in the
direction of weak higher C*-categories and higher categorical non-commutative ge-
ometry.

2 Preliminaries

This section is dedicated to a description of all the long background material necessary
to formulate algebraic operadic notions of weak w-categories; most of the material is
directly inspired by [Leinster 2004]).

Before starting, a foundational disclaimer: although no set-theoretical contradiction
will emerge in this work, formally (especially in section [2.3.1) we will use monads
internal to a bicategory of non-small categories[ﬂ

2.1 Strict Globular w-categories

We recall the formalism and definition of strict globular w-categories as used in [Be-
jrakarbum Bertozzini 2017].

1 n—1 st

Sn s R

Definition 2.1. An w-quiver Q° & Q' & --- & Q" & --- consists of a sequence of
0 £ -1 [

sets (O")keN equipped with sequences of source (55)ken and target (e maps.

A globular w-set is an w-quiver that satisfies the globularity conditions:

sho s = b o okt Z ko yre N

For any k € N, an element x € QX is called a globular k-cell of the globular w-set.
A globular w-set is reflexive if it is equipped with a sequence ({*)icn of maps
lO l] L)xfl i
QO_)Q1_>_>Q”_>
such that s* o I = Idge = t* o ¥ for every k € N.

A (reflexive) globular w-magma is a (reflexive) globular w-set equipped with a family
of compositions

oy 1 0" X Q" — 0", (x’,x)l—>x’0';;x, ¥YmeNy, 0<p<m,

A simple solution would be to consider a set theory based on classes of at least “3 types” (2-classes
consisting of elements called 1-classes, whose elements are called O-classes and identified as sets) suitably
formulating the axiom of “class formation” in such a way that, for k € {2, 1,0}, “proper classes” of level k
cannot be elements of classes of level strictly less than k.
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where Q"X gr Q" = {(x',x) € Q"X Q" [Pot"* o+ -0 (x) = sPosP*o- 05" (x')],
such that the following conditions hold: ifm € No, 0 < p < mand (x’', x) € Q"X gr O™,

(Sq o Sq+1 0---0 Sm_l)(x’ 01”: _x)

_ {(s,, 057! 0.0 s ) (x) o (90 57 005" (), g > p;

(59059 o 0 g (X)), q<p.

(90 At oo tm—l)(x’ o’p” X)

_ (2ot 0.0 M) OZ (1ot o 0™ N(x), q>p;
(2ot o0 M) (x), q<p.

A strict glubular w-category (C, s,t,,0) is a reflexive globular w-magma

0 1 "

S S
~— =
eo 0 el g el en o L ,
N N}
I ! "

n

C" Xer O —— €,
that satisfies the following list of algebraic axioms:

» (associativity) for all p,m € N, such that 0 < p < m, and all x,y,z € C" with
(z,), (v, x) € €™ xer C":

(Zog’y)o;”xzzo’;(yo';x),
» (unitality) for all p,m € N, such that 0 < p < m, and all x € C":

(melo-~-OL17Otpo~-Otmil)(x)oglx =x= xo’l’;(L’"’lo- coPosPo---05" (),

» (functoriality of identities) for all q,p € N, such that 0 < g < p, and all
(X', x) € CP Xpq CP:

P(x) offrl P(x) = P (x' o x),

p < m and all

» (binary exchange) for all q,p,m € N such that 0 < q <
"), (5, x) € €™ Xea €™

x,x,y,y € C"with (v/,y),(x', x) € €" Xer C" and (¥, x

/ZIN PN

(y’o';y)o;"(x’ol’?x):(y'o;”x')oﬁ(yo?x), e—>e—>o0.
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. . ¢ A . .
A morphism of w-quivers Q — Q (respectively, of globular w-sets) is a sequence
¢ ; .
(#Vren of maps QF — OF that, for any q € N, satisfies any one of the following two
alternative properties:
g-covariance - §90 g1 = g7 0 59, Mol =¢700, 2.1
g-contravariance : fogtt! = ¢l o0 59, §0 ¢ = ¢ 0 1. (2.2)

An index q € N satisfying 2.1) (respectively 2.2) is a ¢-covariance (respectively
¢-contravariance) index.

A morphism of reflexive w-quivers (respectively of reflexive globular w-sets) is also
required to satisfy:

VkeN : *ogh=g¢l ok

A morphism of (reflexive) globular w-magmas is a morphism of (reflexive) globular
w-sets that, for all k, q € N such that 0 < g < k, further satisfies:

whenever q is ¢-covariance index:

koo ok koo ak 1k k k
¢ (x o, x') = ¢"(x) 8, ¢"(x'), V(x,x') € Q" Xou O,
whenever q is ¢-contravariance index:

¢ (xof x') = ¢H(x') 8% ' (x),  V(x,x') € O xpu Q.

An w-functor between two strict globular w-categories is a morphism of their reflexive
globular w-magmas.
Remark 2.2. Each one of the previous notions of “morphism” provides a strict 1-
. . . oA P .
category where, given a “composable pair of morphisms” Q — Q — @, their compo-
.. poy <. .
sition 9 — Q is defined componentwise: (¢*)ren © UWF)ien := (@F 0 Y*)ien; and, for

any object Q := (O")ken, its “identity morphism” is defined by «(Q) := (Idpt)ren. 2

The following result is well-known, see for example [Penon 1999] or [Leinster 2004},
appendix F].

Proposition 2.3. Let 2 denote the strict 1-category of covariant morphisms between
globular w-sets and let € be the strict 1-category of covariant w-functors between
strict globular w-categories.

For any globular w-set Q in 2, a free strict globular w-category over Q is a morphism

of globular w-sets Q e, U(C), into the underlying globular w-set U(C) of a strict
globular w-category C, satisfying the following universal factorization property: for

any morphism of globular w-sets Q 4, U(®), into the underlying globular w-set uUB)
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. A . . ¢ A
of a strict globular w-category C, there exists a unique w-functor € — C such that

A

¢ =¢ono.

u
The forgeful functor € — 2 (forgetting compositions and identities of objects in
%) admits a left-adjoint § 4 U free strict globular w-category functor ¢ & 2 that

is uniquely determined via a specific construction of free strict globular w-category
0] A W(C) over the globular w-set Q above.

2.2 Monads in Bicategories and Cartesian Monads

Algebraic definitions of weak w-categories in the several approaches available [Penon
1999, Batanin 1998||Leinster 1998|[Batanin 2022|] make use of algebras/modules over
certain (generalized) monads.

In this subsection we review the basic preliminaries on bicategories, introducing mon-
ads (respectively algebras over them) as internal monoids in a bicategory (respectively
modules over such monoids). For completeness, categorical adjunctions and some of
their well-known relations to monads in the bicategory of categories are also recalled,
following [Riehl 2016]. Finally Leinster’s definition of Cartesian monad is presented.

2.2.1 Bicategories

Bicategories [Bénabou 1967|], [Borceux 1994, section 1.7.7], [Leinster 1998], [Lein-
ster 2004, section 1.1.5], are a horizontal categorification of the well-known notion
of weak monoidal category (where a monoidal category is just a strict 2-category
with one object). There are alternative possible equivalent definitions of this struc-
ture, we present here a version that is adapted to our notation for globular w-set in
definition .11

Definition 2.4. A bicategory ($, 0,1, @, A,p) is a reflexive globular 2-magma
%0 = %1 = %2
such that:

> the I-magma B &= 98 is a strict 1-category with the vertical composition 0%

and vertical identity '; [
> (OS, o(l)) C B X g0 B> — B is a covariant ]—functor;E]

that is further equipped with:

2This condition implies that %2, and %> x 280 8% are both bundles of 1-categories over the product
P x B0 of discrete categories (with projections that are 1-functors) and that (¢! o Oy A > A isalsoa
functor, where 8° is considered as a discrete category.

3This condition is equivalent to the strict axioms of binary exchange and functoriality of identities.



PARATAT BEJRAKARBUM AND PAOLO BERTOZZINI 9

. . . @
> an associator natural isomorphism ((— of—) o} —) = (— g (—op —)) be-

tween the functors

(=0§-)5 ~0p(=05-)
(B X g0 B*)X o B* —— B*,  B* X0 (B> X o B*) ——— B,

over the naturally isomorphic 1-categories

(B X0 B2) X0 B* > B* X 0 (B2 X 0 B):

. , . . b ;
» a right unitor natural isomorphism (— O% —) = I between the pair of

1 —funcmrsﬂ
2 % o 2 S#2 on
B X g0 UB') — B, B — B,
over the naturally isomorphic 1-categories 9% X zo ((B") N %’2;

pi
» a left unitor natural isomorphism (— o% —) = I between the two 1-functors

—02— Sg 2
(B X B* —— B*, B 5 B,
a
over the naturally isomorphic 1-categories ((B") X g0 B> — HB%;

such that any possible diagram involving (iterated) applications of the O% composition
functor to the associator isomorphism a, the left/right unitor isomorphisms A/p and
their inverses, commutes.

Remark 2.5. Coherence theorems for weak monoidal categories and bicategories as-
sure that the condition on the commuting diagrams in the previous definition is sat-
isfied as long and the following pentagonal and triangular diagrams commute under

“Here 3 denotes the identity functor of the category 4.

SHere (") is a bundle over %° x 2° of discrete categories (consisting only of identity morphisms
in 98%); it is a distinguished terminal object in the category of bundles over Z° x %° of 1-categories with
fiberwise 1-functors as morphisms.
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2 IS
of-composition:

. z y X w . 1

associator coherence: foralA—-B—>C—> D — Ein #

Loy ol gy ol D 0@ P e 1.y ol
((WOO -x) 00)’) OOZ%(W 00 (xooy)) OOZ_>W00 ((XOO)’) O()Z)

ol nye l l (w)oday.

(W o4 x) of (¥ 0§ 2) w o (x og (0§ 2))

aw,x,()'o (1)3)

unitors coherence: for all A 5> B L Cin &'

¥p Op), ¢

(f 05 1°(B)) oy & foy °(B) oy 8)
fopg

We refer to the respective entry [coherence in n-Lab] for references and details about
the proof of this result. J

2.2.2 Monads in a Bicategory

The notion of monad (in a strict 2-category) originated in a concrete adjunction case
in [[Godement 1958]|], with the name “standard construction”; it is a powerful instru-
ment that allows to generalize algebraic structures.

The abstract notion of formal monad over an object of a strict 2-category and in a
bicategory are introduced in [Street 1972]] and more recently discussed, for example,
in [[Chikhladze 2015].

Definition 2.6. Let (£, 0,1, a, 4,p) be a bicategory and B € A an object of A.
A monad (T, u,n) over B consists of a 1-cell B L together with a pair of 2-cells
ps 1 € B

. e . u
» the monadic multiplication T o(') T=T,

. n
» the monadic unit °(B) = T,

such that the following unitality and associativity diagrams of 0%—c0mp0siti0ns of
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o2 (T (T2
O(B) o) A ol T Do ol O(B)
I &
T —— T T
AT T
(2.3)
1 1 @ 1 1 (T o 4 1
(TogT)oy T ——=T oy (T o, T) To,T
lu of M(T) ju
T o(l) T T

Given two objects A, B € %B° and two monads, (T,u,n) over A and (S,u’,n') over

B, a T-S bimodule is a 1-cell A X op in B together with a pair of left/right
6 9

evaluations 2-cells T 0(1) M= Mand M o(l) S = M such that the following diagrams

involving vertical composition of 2-cells all commute:

@ ol (VD)
T o) (T o} M) <225 (T o} T) o} M — T ol M
t‘(T)o(Z,GL le
T o(l) M M
0
021 (M)
LO(A)O(I)JV[ il TO(I)M
T
M - M
(M)
e LI(M)OZ ’
(Mo} §) ol S 255 Mol (S o) ) Y Mol
190%L1(S)j jﬁ
M o(l) S M
9
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! (M)ogn’

Mo} O(B) Moy S
M M
O]
ar) M(T)oko
(T ol M) oh § — =T ol (Mol 5) - T ol M
goéll(s)l je
M o(l) S M

¢

We will need to apply monads two consecutive times: in the first case it will be
a monad T, over 2 (respectively T* over 2*), in the strict bicategory € of natu-
ral transformations between covariant functors between (not necessarily small) strict
1-categories; in the second case it will be a monad, over a terminal object, in the
bicategory & (respectively &) that will be subsequently defined in proposition

Remark 2.7. When applied to the 2-category 6 of natural transformations between

covariant functors between (small) strict 1-categories, the previous definition of mon-

ad over an object C € € reproduces the traditional monad endofunctor T € [C; €]

with its multiplication and unit natural transformations.

Given a small strict 1-category € € %, a monad (T, u,7) over € is an endofunctor
T

T . . .
€ = G, T € ' equipped with natural transformations T o T L T, the monad

,
multiplication ul e €? and ' (@) n:> T, the monad unit n” € %2, that satisfy, for

every object X € C°, the following properties:
My 0 TH07%) = Loy = Hx © Moy M © T (3) = 1y © fgogy, 24
An algebra for the monad (7, pT,nT) over the 1-category (C,o, 1) consists of an

oA
object A € @° together with an evaluation morphism T'(A) — A, ¢4 € @, such that
64 ot :Lg and 84 o T1(6%) = 04 o uA.

Considering a functor 4 C from a terminal 1-category e € %, the definition of
bimodule left for the monad 7 over C and right for the identity endofunctor of e
reproduces the usual definition of 7T-algebra. J

We recall these essential properties of monads and adjunctions, see for example [Riehl
2016\ chapter 5].

/0
Remark 2.8. Every adjunction & 2, & 4 U, between small 1-categories
~——7——
5
2,%, with unitId 9 L0 & and co-unit Foll 5 Ide, induces amonad 7 := Uo @, in
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the strict 2-category of natural transformations between functors, over the 1-category
2, with multiplication p := U o € o & and unit 77 (see for example [Riehl 2016, lemma
5.1.3] for further details).

u’
X\
Every monad (T, u, 1) on a category C, induces an adjunction €7 - € where F
3"
is the free T-algebra functor, left-adjoint to the forgetful functor U7 defined on the
category C7 of T-algebras. The monad T coincides with the monad induced by the
above adjunction 4 U” (see for example [Riehl 2016, lemma 5.2.8]).

ur
Given a monad (7,u,n) over C, the adjunction er - C is a terminal object
~——
&
(see [Riehl 2016} proposition 5.2.12]) in the category whose objects are adjunctions
u & i

X\ A
D - C, & 4 U, over C and whose morphisms € D g D - C are

functors D ﬁ) D such that fy = 9o Fand o H=1U
x

A monadic adjunction § 4 U is an adjunction D - C such that the terminal
]

morphism D 5 €7, in the previous category of adjunctions over €, is an equivalence
of categories (see [Riehl 2016, definition 5.3.1]). A monadic functor is a functor

p L C with a left adjoint D & C such that the adjunction & 4 U is monadic. J

From the adjunctions described in the previous proposition[2.3|we have the following.

Corollary 2.9. On the 1-category 2 of morphisms of globular w-sets, we have the
following

> free strict globular w-category monad T := o §.

Certain conditions of “closure under pull-backs” are required to define Leinster’s gen-
eralized operads.

Definition 2.10. [Leinster 2004, definition 11.4.4.1] A category & is Cartesian if
it admitsA all pull-backs: for any co-span A 45X £ B in &, there exists a span
A & X i Bin &, with a o & = o 3, satisfying the following universal factorization
property: for any other span A & P ﬁ—> Bin &, withaoda = Bof, there exists a

unique P % X such that o’ = & o yand B =fBoy.
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G 4 . o
A functor & — & between 1-categories is a Cartesian functor if it preserves pull-
backs.

®
A natural transformation & \l_}ﬁf & is a Cartesian natural transformation if, for

6]

® N R
any I-arrow A 5 Bin &, the span ®(B) sl ®(A) A, ®(A) in € is a pull-back of the
A G(x) A A

co-span G(B) 2 &(B) <2 G(A) in &.
A monad (T, u,n) on a category C is a Cartesian monad if the category C the functor
T and the two natural transformations u and n are all Cartesian in the previously
defined senses.

For the free strict globular w-category adjunction in proposition and its associated
monad in corollary we have these Cartesianity conditions as a consequence of
[Leinster 2004, theorem F.2.2].

Proposition 2.11. The I-category 2 of small globular w-sets with morphisms of glob-
ular w-sets is Cartesian. The I-category € of small strict globular w-categories with

u
w-functors is Cartesian. The forgetful 1-functor € — 2 and the free strict globu-

5 . .o~ U
lar w-category 1-functor € < 2 are Cartesian. The unit So — W o § of the free
strict globular w-category functor is a Cartesian natural transformation. The free
strict globular w-category monad T := U o § is Cartesian (this means that also the

s P SOy TP .
multiplication natural transformation T o T — T is Cartesian).

2.3 Leinster Weak Globular w-categories

Weak w-categories in the Leinster’s approach [Leinster 2004, section II1.9.2] are al-
gebras for a certain monad L; the monad L here utilized is a certain universal (ini-
tial) generalized contracted T-operad, where T is the Cartesian free strict globular
w-category monad 7 of corollary[2.9]

We proceed here to recall all the essential above-mentioned ingredients that are still
missing.

2.3.1 Generalized Multicategories and Generalized Operads

A monad T on a Cartesian category & allows to formulate a generalized notion of
multicategory, where the “arity” of the multicategory arrows is specified by T'(e),
with e an object in &. The strategy behind such definition originates in [Burroni
1971]], [Hermida 1997|] and has been further described in [Leinster 2004, section I1.4]
whose exposition we are closely following.
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Proposition 2.12. [|Leinster 2004, section I11.4.2]. Let T be a Cartesian monad on
the Cartesian category &.

Given a span E; Lx&Z E; in &, let us denote by E; Z E|ox E; =, E, a choice of
pull-back. |E|

There is a bicategory (&1, or, i, ar, At, pr) defined as follows:
» O-cells in 5’79 are just objects E in &°,

P
» l-cells E M E|in éaTl are spans in & of the form: E, Zp, TOE))

(tp.P.sp)

» 2-cells E; }¢ E\ consist of commuting diagrams in & of the form:
~_
(19,Q.50)

» vertical composition 0% is just the usual composition of 1-arrows in &,

» vertical identities (! le (EZ Zp T(El)) are just identities Lég(P) iné&,

t S, t S,
» horizontal composition (El il P, LN T(Ez))o(l) (Ez - P, ER T(E3)) of one

arrows in &y is given by:
tp om 30T(sp2)07h
E, —— P, or(Ey T(P2) — > T(E3) |,

as specified by the following diagram

Py o7,y T(P?) T(E3)
T Yo ”g
3
tPl Spy (P2 T(s Pz
E; Py T(Ey)) <—T(P) —=T(T(E3))

6 Assume that a specific choice of pull-backs has been done via axiom of choice, for example we will
use Eq ox Ep := E1 Xx E».
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(tp)P1.sp))  (tpy.P2.5p,)
. .. h . .
horizontal composition of 2-cells E; J¢1 E, J¢ E3 is given by the 2-cell
(t9,,01,50,) (10,.02.50,)
(tp)+P1,5P, )04 1Py, P2,5P,)
E, l} ¢10562 E3 , where ¢y OS¢2 is defined as the unique morphism Py o7,
~N~~—k}—10 '

(tg,.01.50,)°4(tg,02.50,)
T(P») ——2—> Q1 °7(Ey) T(Qz) in & induced by the universal factorization prop-
erty of the pull-back Q, bl 01 o1, T(Q2) N T(Q») via the span

¢rom (¢ )or.
Q) & Py o7, T(P)) ——> e T(Q»)

as specified in this commuting diagram:

/\ /1\

Py or(gy) T(P2) T(E>) 01 o1& T(Q2),
™
T(Py) e T(Q,)

E
» horizontal identities LT(E) = (E u EZ T(E)) for all objects E € 6579.

! (Ey)oy P
. K\ . . . . .
» left-unitors E, |} 1» E\ are uniquely determined by universal factorization
~—

P
property of the pull-backs:

T

n
E, T(E>) T(P) P———-—"-->£K

P
A

E; orey T(P)
(2.5)
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(where the second pull-back-diagram above is assured by Cartesianity of ")

and by the diagram
T(sp) M,
T(P) ————— T*(E,) ———— T(E))

'ﬂ; ”g(al) .
c(T(EY))

P— " ST(E)

that commutes by Cartesianity of 7 and the unital property of the monad T ;

Pol! (E)
. . K\ . . . . .
» right-unitors E, | er E; are also determined via the universal factorization
~—0—

P
property of the pull-backs:

1
r o TE) T2 T(E) — L T(E)

P
c(P) T (EY)
P P

— > T(E
ﬂé A ﬂ; T(sp) (E1)

ipp

P

P o7, T(E)
(2.6)

(where the second pull-back diagram is due to Cartesianity of T) and by the
commuting diagram

o TGrf)
P T(E)) T*(E))
|
NT(E
\ ( \1 1) i
T(Ey)

that is again commuting because of the unital property of the monad T ;

(PyojP2)ojP3
» associators Ey \Janmrs Ey for the compositions of
~N~—_ "
Pyog(P204P3)

Py P, P3
E4 — E3 — E2 — El
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are uniquely determined by universal factorization property of the following
pair of pull-backs over T (E»): |Z|

#Ez oT(sp,)oms T(tpy)
P oT(P) T(E>) T(P3)
\n2 of) Hp,oT(m)om

\

Py o T(T(P2) ¢ T(P3))
A
"”1%’2"3

(P1 o T(P) o T(P3)
2.7)

where the morphism 0 is uniquely determined by universal factorization prop-
erty in the following diagram, where all the squares (due to composition or to
the Cartesianity of T and u” ) are pull-backs:

b T () > ,u?}
PyoT(PyoT(P3)) ——=T(P20T(P3)) ——T°(P3) ——=T(P3)

o T(m)l T%ml T(ng
v

| Py o T(Py) — > T(Py) —— TX(E,) — T(E,)
) T(sp,) WE
m l T(th)l
P, T(E3)

and where the following triangles diagrams, with target E4 and source T(E))

Troms T(spy) o Tug,)
Py o T(T(P,) o T(P3)) T2(Ps) T3(E)) —> T%(E))
tpllilrl\ ll,T:3 L #;(El)j L#El
ul
Ey  onibry T(Ps) — TX(Ey) —— T(E))

T(spy)
tp, 071!\1 ormy
I T

(P1oT(P2))oT(P3)
(2.8)

are commuting because of Cartesianity of T and u’ and by the associativity
property of the monad T.

THere, with a little abuse of notation, we utilize the same symbols 71,7, to denote all the pull-back
projections of compositions.
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Definition 2.13. Given a Cartesian monad (T, u”,n") on a Cartesian category &, a
T-multicategory on E is a monad (P,up,np) over an object E in the bicategory &r

defined in proposition[2.12]
A T-operad (P, up,np) is a T-multicategory on a terminal object o in &.

Remark 2.14. In practice a T-multicategory consists of: an object E € & (indexing
the inputs and outputs of multicategory arrows); a 1-cell E Lp TO(E) in &
(specifying all the multicategory arrows with multi-input as an element of T°(E) and
only one target in E); a composition of multicategory arrows specified by the monadic
multiplication up; and multicategory identity, specified by the monadic unit 7p. J

Proposition 2.15. For any object E € &, we have a I-category, denoted by &7,
whose objects are 1-arrows in & with source and target E and whose morphisms are
2-arrows in &y.

For every object E € &, there is a category €, of T-multicategories on E that is the
subcategory of &L with:

> objects of € are T-multicategories (P, up,np) in &r,

» morphisms (P, up,np) i) (Q,ugp,ng) in CKET are morphisms in & such that:

polp— - p OE) —2——p

¢oé¢j l(ﬁ N(E)l l¢
u n

QolQ————=0 O(E) ———0

» composition and identity coincide with those in &y.

Definition 2.16. For a terminal object o in a Cartesian category & with a Cartesian
monad T we denote by:

» &I the category of T-collections over e

» 0! := €7 the category of T-operads over e.

2.3.2 Contractions and Globular Collections

We now specialize the discussion to the bicategory 2; constructed from the Cartesian
category & := 2 of globular w-sets equipped with the free strict globular w-category
Cartesian monad 7.

The codification of the algebraic axioms for weak globular w-categories via “contrac-
tions” originates in [Penon 1999||; the following notion of contraction, for globular
w-sets, appears in [Leinster 2001} section II.5] and [Leinster 2004, section I11.9.1] and
is actually used to formalize, at the same time, the (evaluation of) operations and the
algebraic and coherence axioms for weak globular w-categories.
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Definition 2.17. Let Q € 2° be a globular w-set; we say that x,, x, € Q are parallel
k-cells if either k = 0 or

s =5 ), o) =7 ).
We denote by Par the family of pairs of parallel cells of the globular w-set Q.

Let O 5 Qs be a covariant morphism in the category 2 of globular w-sets, define

Par(m) := {(x*,y,x7) | (x*,x7) € Parg,, y € 03, n € No,
r(x) = 7). 8" 0) = 7).

A Leinster contraction on r is a map Par(r) 5 Q) such that, Y(x*,y,x™) € Par(n):
sk(xT,y, 7)) =17, tk(xT,y,x7) = xT,  ak(xT,y,x7)) =y. (2.9

Definition 2.18. Let e € 2 denote a terminal object in the category of globular w-sets
and T a monad on 2.

A globular T-collection is a morphism Q L T@e) in 2; a globular contracted
T-collection consists of a Leinster contraction Par(rr) 5 Q on a globular T-collection:

Par(r) — Q = T(s).

Lemma 2.19. Given a commuting diagram of covariant functors in the category 2
of globular w-sets:

Par,
there is a well-defined induced map Par(my) -, Par(m,) given by
Par¢ : (‘x+’ y’ xi) = (¢(‘x+)7 ya ¢(x7))

We recall here the notion of category of globular contracted operads from [Leinster
2004, definition I11.9.2.3].

Proposition 2.20. For any terminal object € 2°, we have the following categories:

» the category Q,T of globular T-collections over e, specified in definition '
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> the category 21 of globular contracted T-collections over o whose objects
are globular contracted T-collections and whose morphisms

¢
(P37TP’ KP) - (Q?ﬂQ’ KQ)

are globular w-functors P s, Q such that

Pary
Par(rp) Par(rg)
,(,,l jkg ¢ o kp = kg o Pary;
P i’ 0

» the category ﬁ? of globular T-operads over e, specified as in definition '

» the category ﬁf * of globular contracted T-operads over  with objects consist-
ing of (P, mp, kp, up, np) such that (P, mp,up,np) € ﬁT is a globular T-operad
and (P, mp,kp) € QT is a globular contracted T-collection, Iand with mor-

phisms (P, 7tp, kp, ip,1p) %0, T, Ko, Mo, Ng) such that

— (P, 7tp, up,np) AN (0,79, 1o, Ng) is a morphism in ﬁ.f

[ . . . A
— (P,mtp,kp) = (Q, g, Kg) is a morphism in Q.T’K.

There is a forgetful functor Q.T « B, Q,T defined on object by (Q, m, k) — (Q, n), for
every globular contracted T-collection (Q, 7, k) and as identity map on morphisms.

Fe U "
There is a forgetful functor G1* — O defined by (P,m,k,pu,1) +— (P, 7m,u,1) on
objects, for every globular contracted T-operad (P, m, k, 1, 1) and as identity map on
morphisms.

Remark 2.21. Although T-operads are defined for any operad T on a Cartesian cate-
gory &, Leinster’s contractions are defined only on globular T-collections, where T is
an arbitrary monad on the Cartesian category 2 of globular w-sets. As a consequence,
proposition [2.20 holds actually for any Cartesian operad 7' on the Cartesian category
of globular w-sets 2. We will use this fact, substituting the free strict globular w-cat-
egory monad 7 with the free involutive strict globular w-category monad T* in the
next section 3.2 J

8 Notice that at this point we are not imposing any compatibility axiomatic requirement between the
contraction « and the operadic unit 7 and multiplication ¢ simultaneously defined on a 7T'-collection; we will
address this issue in remark 2:22] here below.
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Remark 2.22. As anticipated in footnote 8] following the treatment in [Leinster 2004}
definition 9.2.1], we did not include in our definition of globular contracted 7-operad,
in the last point of proposition [2.20] any further compatibility axioms between con-
tractions and operadic units/multiplications.

We introduce here a more restrictive notion of globular 7-operadic contraction over
e, consisting of data (P, 7p, kp, np, tp) such that (P,7p,kp) is a globular contracted
T-collection in Q.T “and (P, mtp,np, up) is a globular f‘-operad in ﬁ,T that furthermore
satisfy the commutativity of the following diagrams in Q,T :

Par,,[, ParM,
Par(r,) ———— = Par(mp) Par(np og np) ——— > Par(nmp)
K.l lKP KPO“Z)KPL lkp
ne
Y P P O(l) P 104 P

02 A A
where o = T'(e) is ma := 5!, we have P op P AN T(e) o) T(e) and lemma [2.19
provides Par,,, and Par,,. ﬂ

The category @%{f of globular T-operadic contractions over e is just the full subcat-
egory of O!* determined by the objects defined above.

It is perfectly viable to use the category @%ﬁf instead of &!* in order to define
a slightly more restrictive notion of weak globular w-category as an algebra for the
initial object in &.%,", whose existence can be obtained following similar steps and
in the case examined in the subsequent subsection[2.3.3] 4

2.3.3 Weak w-categories

The subsequent fundamental result is proved in [Leinster 2004} appendix G].

Theorem 2.23. The category ﬁ.f * of globular contracted T-operads has initial ob-
jects.

The proof provided in the reference above is not direct, and is based on the following
definitions and results.

D
Definition 2.24. A strict 1-category C is filtered if any finite diagram D — C admits
a co-cone. []

Notice that the contraction ks : (x*,y,x) + y is uniquely determined by the defining axioms of
contraction and the definition of m,.
10This is equivalent to requiring: a) that there exists at least an object in €° (the vertex of a co-cone on
[ %
the empty diagram); b) for any two objects A, A, € G0, there exists a co-cone A1 L& Aj; c) for any
L . . fg . a @
finite diagram consisting of pair of parallel arrows A — A», there exists a co-cone A L& Aj and
henceap o f=a) =apog.
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A filtered co-limit is a co-limit for a diagram D 5B with filtered 1-category D.

. . & .
A finitary functor is a functor A — B that preserves filtered co-limits.

A finitely presentable object is an object A € C° whose associated covariant Hom-
Sfunctor Home(A, —) is finitary.

A category C is locally finite presentable if the following properties are satisfied:
» Cis co-complete (it admits all co-limits of diagrams D 2 C with small D),
» the full subcategory of finitely presentable objects of C is essentially small, []E]

» every object of C is a filtered co-limit of at least one diagram of finitely pre-
sentable objects.

This first lemma is a consequence of [Leinster 2004, theorems 6.5.1, 6.5.2 and 6.5.4
in appendix D].

Lemma 2.25. If T is a finitary Cartesian monad on a Cartesian category &, the

u
forgetful functor 67 — &I has a left adjoint and the adjunction is monadic.

A 11 A
In particular, from proposition é.] 1} we have that 01 — 27 is monadic.

Furthermore W is finitary [Leinster 2004} appendix G page 353].

This second lemma follows from a direct construction contained in [Leinster 2004,
appendix G page 352].

Fe B4
Lemma 2.26. The forgetful functor oI« 9T s finitary, has a left adjoint and the
adjunction is monadic.

This third lemma is dealt with in [Leinster 2004} appendix G page 352] using that Q,T
is a pre-sheaf category.

Lemma 2.27. The category Q,T is locally finitely presentable.

Lemma 2.28. [Kelly 1980, proposition 27.1] In the (big) category € of functors

A B
between I-categories, consider the co-span A — X «— B and assume that:
» X is a locally finitely presentable 1-category,

» the functors W and B are both finitary and monadic,

HRecall that in a locally small category C, for all objects A, B € eo Home(A, B) is a set; a locally small
category is small if and only if ¥ is a set; a category is essentially small if and only if it equivalent to a
small category.
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» the span A hd W 5, B is a strict pull-back of of the diagram A A X il B

9
W

) |

A

A
Ao =BoB . .
The functor W ———— X is also monadic.

As a consequence [Leinster 2004, corollary G.1.2] the category W has an initial ob-
Jject.

Theorem follows applying the previous lemmata in the case of the strict pull-back
of forgetful functors:

ﬁ?’K ﬁf
ﬁﬁ l l ub’
I+ a7,

u,

Here is the basic notion of weak w-category from [Leinster 2004, definition I11.9.2.3].

Definition 2.29. A weak w-category is an algebra for any monad L, that is an initial
object in O

2.3.4 Examples
The basic way to provide examples of weak globular w-categories in Leinster’s ap-

proach is described in [Leinster 2004, Example 9.2.4]:

any contracted f"-operad (P k,u,m) € ﬁ.T * (this means for every choice of a contrac-
tion on a monad over e in the bicategory 2;) induces (since L is initial) a unique

! . A .
morphism L — P in &7 that produces a strict functor from algebras over P to alge-
bras over L (that are, by definition, weak globular w-categories). Hence an example
of weak globular w-category is obtained as soon as we are given:

» (P, 7, k,u,1)acontracted T-operad (that is just a contraction on a monad in 24),

» an algebra X € 2; for the contracted T-operad P (that is just an algebra for the
previous monad).

Notable examples of weak globular w-categories in Leinster’s approach include:
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» strict globular w-categories (see example [Leinster 2004} 9.2.5]): these are just
algebras for the terminal contracted T-operad T'(e) € O7*,

» the globular w-homotopy groupoid I1,(S) of a topological space S: in [Lein-
ster 2004, example 9.2.7] it is shown that, for every topological space S, the
w-homotopy groupoid I1,,(S) is an algebra for a certain contracted 7-operad.

3 Involutive Leinster Weak Globular w-categories

In the present section we proceed to study how to introduce weak involutions on a
weak globular w-category.

We start in subsection [3.1] from involutions on strict globular w-categories, as defined
in our previous paper [Bejrakarbum Bertozzini 2017]] that extended to the w-category
case the notion of fully involutive strict globular n-category introduced in [Bertozzini
Conti Lewkeeratiyutkul Suthichitranont 2020, section 4].

Subsection[3.2]contains our tentative definition of involutive weak globular w-category
based on an initial generalized operad L* in the bicategory 2;. induced by the free
involutive globular omega category monad 7* over the same Cartesian bicategory .2
of globular w-sets.

3.1 Involutive Strict Globular w-categories

We quickly recall the basic definitions and contructions of free strict involutive globu-
lar w-categories, closely following our previous paper [Bejrakarbum Bertozzini 2017]].

) -
s! §2 n—1 st

Definition 3.1. A (reflexive) w-quiver Q := Q° és: Ol - - & 0! Sé: ore -
10

il m=2 -1 m

is fully self-dual if it is equipped with a family (y,)qen endomorphisms Q x, Q, for
all g € N, such that:

> forall g € N, vy, is g-contravariant:  y3os? =110yl Yo = s10y1,
> for all p,q € N such that p # q, y, is p-covariant: ¥y o s” = s" o yj"!,

Potp =P orPt]
quI —tqu.

A (reflexive) globular w-set (respectively a (reflexive) globular w-magmay) is said to be
self-dual whenever its underlying w-quiver is self-dual in the previous sense.E]

ST [N T(e N
12The terminal object in 0’,T *is e «—T(e) u) T'(e), we will describe in more detail this point for our
new monad 7* in remark

13Here we interpret o, 1,y as partially defined binary, nullary, unary operations, and we do not impose

any algebraic axiom for magmas.
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A strict globular w-category (C, o,1) that is also a fully self-dual w-quiver (C,*) is a
Sully involutive strict globular w-category if its family (x4)4en of self-duality endo-
morphisms (here denoted by x +— X", for x € C* and k € N) satisfies the following
algebraic axioms:
> ( q-contrgvaricfnce ): .
(x 0'; y)a = y'a o]; x*s, Vk,q € N such that 0 < q < k and (x,y) € C* xeq CK,
(xozy)*ff = x* ol;y*fl, Vk,p,q € Nsuchthat0 < q # p < kand (x,y) € C*xeqC,

» (unitality): (Lk()c))*z+l = Lk(x*]‘;), for all k, g € N and for all x € C¥,

> (involutivity): (x")« =x, forallk,q €N, and all x € C,

> (commutativity): (x*z)*ff = (x*i)*ck/, forallk,p,q €N, and all x € CF,

> (g-grounding): X =1, forall k,q € N such that k < q and all x € C*.

A self-dual morphism between self-dual w-quivers (and similarly between self-dual
(reflexive) globular w-sets or self-dual (reflexive) globular w-magmas) is a morphism

(Q.7) i’ (Q, ¥) such thaty o ¢ = ¢ oy.

An involutive w-functor C 4, © between fully involutive strict globular w-categories
is just a self-dual morphism for the underlying self-dual globular w-magmas.

This involutive version of proposition [2.3] was proved in [Bejrakarbum Bertozzini
2017}, propositions 3.1, 3.2].

Proposition 3.2. Let €* denote the strict 1-category of covariant involutive w-func-
tors between fully involutive strict globular w-categories.

For any globular w-set Q in 2, a free strict involutive globular w-category over Q

7]*
is a morphism of globular w-sets Q EEN U*(C), into the underlying globular w-set
U*(C) of a strict involutive globular w-category C, satisfying the following universal

factorization property: for any morphism of globular w-sets Q ﬂ 11*(@), into the un-
derlying globular w-set W*(C) of a strict involutive globular w-category C, there exists
a unique involutive w-functor C s ¢ of fully involutive strict globular w-categories
such that ¢ = ¢ o r]’é.

u
The forgeful functor €* — 2 (forgetting compositions, identities and involutions of
objects in €* ) admits a left-adjoint F* 4 U* free strict involutive globular w-category

Junctor C* & 2 that is uniquely determmed via a specific construction of free

involutive strict globular w-category Q —) U*(C) over a globular w-set Q.
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Proof. For convenience of the reader, we recall an explicit construction of the free

77*
strict globular involutive w-category Q = F*(Q) over a given globular w-set Q.

a. We first produce the free globular self-dual relfexive w-magma Q K—Q> M(Q),
over the globular w-set Q, with respect to all the partial binary compositions,
the unary involutions and the nullary identities involved in the definition of strict
globular involutive w-category.

b. Then we consider in M(Q) the smallest congruence relation of globular self-
dual reflexive w-magmas E C M(Q) x M(Q) containing all the pairs of terms
appearing into the algebraic axioms that are involved in the definition of strict
globular involutive w-category.

c. Finally, considering the quotient morphism Mt(Q) N IM(Q)/E of globular self-

dual reflexive w-magmas and the map of globular w-sets Q % M(Q)/E, we
notice that F*(Q) := M(Q)/E is a strict involutive globular w-category and that
n’é := @ o { satisfies the universal factorization property for free involutive
globular w-categories over Q.

a.

Z
The free globular self-dual reflexive w-magma Q LN IN(Q) over the globular w-set Q
is obtained by a recursive definition. We first provide a 1-quiver M(Q)° & M(Q)'.

Starting from Q°, we construct M(Q)° := Q°.

We then introduce Q° := {(x,%) | x € Q} (that is a disjoint copy of Q repre-
senting freely added identities of elements in Q°) and M(Q)'[1]° := Q' v Q¥ with
source/target given by ngE(Q)(x) = s(é(x), tgt(g)(x) = tg(x), for all x € Q' and
s\%z(Q)(x, 0) = x = tQR(Q)(x, 0), for all x € Q°. If M(Q)'[1) has been already con-
structed, we define M(Q)'[117* := {(x,v0) | x € M(Q)'[1]/} (that introduces freely
added self-dualities of elements in M(Q)'[1]/) with source sf])R(Q)(x, Yo) = té)ﬁ( 0
and target tgﬁ(Q)(x, vo) = sgﬁ(Q)(x); defining M(Q)'[1] := Uit MLQ)[1], we get a
1-quiver M(Q)° & M(Q)'[1].

We proceed to define M(Q)'[2]° := {(x, 0,9) | (x,y) € M(O)'[1] Xen(oy sm(Q)l[u}
(whose elements represent freely added compositions) with sources and targets given
by sfj)ﬁ(Q)(x, 0,y) := st)ﬁ(Q)(y) and thi(Q)(x{ 0,y) := »%a(Q)(x)' Exactly as done before,
we define M(Q)![2] := ;':; M(Q)'[2), that freely introduces arbitrary iterations
of yp-self-dualities of the 1-cells in M(0)'21°, obtaining a new 1-quiver as follows
MO & MQ)'[1]1 U M(Q)'[2].

Supposing, by recursion, that the 1-quiver Q)" & Uﬁ:l M(Q)'[n] is already de-
fined, we extend it freely adding compositions

M) [k + 11° := {(x,0,y) | (x,) € MO [i] Xancpp MQ)'[J], i+ j=k+1),
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with sources/targets sf))R(Q)(x, 0,y) := sf])R(Q)(y), tf]’ﬁ(Q)(x, 0,y) := tgt(Q)(x), and freely
adding arbitrary iterations of y,-self-dualities to get M(Q)' [k + 1] := Ui M) [k
and the 1-quiver M(Q)° & M(Q)!, where we have M(Q)' := ;S M(Q)' [£].

The previous 1-quiver, becomes reflexive defining (* : MM(Q)° — M(Q") as follows
x - (x,4%); it further becomes self-dual 1-quiver defining y : M(Q)! — M(Q)' via
x > (x,70); a binary composition of : M(Q)' Xypgp M(Q") — M(Q)' is also present
defining o(l) : (x,y) = (x,0,y) and hence we have a reflexive self-dual (globular)
1-magma.

Supposing by recursion that a reflexive self-dual globular magma for the n-quiver

M(Q)° & --- & M(Q)" has been already defined, we will obtain a reflexive self-dual
globular magma M(Q)° & - - & M(Q)" & M(Q)"*!.

We start with M(Q)"*1[0]° := Q™' U M(Q)", where M(Q)! := {(x,¢") | x € M(Q)"}
with sources and targets sw)(x,t") 1= x =: fay)(x,("); we then introduce the sets
MO0V = {(x,yy) | x € MO0}, ¢ = 0,...,n}, with sources/targets
sy /tm) (X, ¥q) = smo)/tm)(X), if ¢ < n, and, for g = n, sw)(x, ¥n) = tm) (),
i) (X, ¥Yn) = sm(p)(x); and we get M) [0] := U;j M(Q)"*1[0]/. Next, assum-
ing for recursion that 9(Q)"*![k] (with its source and target maps) have been already
defined, we introduce free depth-p compositions

MO+ 117 = {(e, p.y) | p = 0, ,m, (x,3) € MQ)™[i] Xangy Q)™ 1,
i+j=k+1},

with source targets defined by sm)(x, p,y) = (sm)(%x), p, sm)(y)) and respec-
tively by tixo)(x, p,y) 1= (ta)(X), p, tae)(¥)), whenever 0 < p < n, and otherwise
sy (X, 1, y) 1= sa)(Y) and tyng) (X, p,y) 1= tan(g)(X).

Subsequently we introduce free iterated self-duals of the previous (n + 1)-cells by
MO [k + 1] := U5 M(Q)™ ' [k + 1)/ where, as above, we consider

MQY™ [k + 177" = {(x,75) | ¢ = 0.....n, x € MQ)"" [k + 1)}

with similarly defined source/target maps.

Finally we set 0(Q)"*! := P M(Q)"*'[k] obtaining in this way the required globu-
lar (n+1)-quiver that is reflexive, with the map ¢"(x) := (x, ("), for x € MM(Q)"; self-dual
with the maps x = (x,7y,), forall x € M(Q)"*! and all q €1{0,...,n}; and a magma for
the partial compositions x 0! y := (x, p,y), for all (x,y) € M(Q)"*" xungy M(Q)"!
and all p € {0,...,n}.

The recursive construction of the globular reflexive self-dual w-magma

ME)’ & EMQ)" &+

is now completed and we further produce the morphism Q 2, M(Q) of globular
w-sets by the inclusion of Q" into M(Q)"[0]° c M(Q)", for all n € N.
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We only need to check the universal factorization property for O 2, M(Q). Suppose

that Q 4, M is a morphism of reflexive self-dual globular w-sets into a reflexive self-

dual globular w-magma. Any grade-preserving map Mi(Q) A M such that ¢ = ¢ o no
must necessarily satisfy x - ¢(x), for all x € Q" ¢ M(Q)". Using the fact the ¢ must
be a morphism of reflexive self-dual globular w-magmas, by induction, we obtain that,
for all n € N, ¢(x,") = 1% (¢(x)), for all x € M(Q)", d(x,p,y) = P(x)87,p(y), for all
(x,5) € M(Q)" Xancoy M(Q)" and 0 < p < n, and ¢(x,y,) = $(x)", for all x € M(Q)"

and 0 < g < n. This uniquely defined map IM(Q) 4, M is a morphism of relfexive
self-dual globular w-magmas as required.

b.

From [Bejrakflrbum Bertozzini 2017, section 3.2] we recall that, given globular w-sets
(0, s0,t0), (O, 50 tQ) the Cartesian product of globular w-sets is the globular w-set
(OX 0, 5px0> toxp) defined, forall n € N, as (@ X Q)" := Q" X 0", with source/targets
s’(’g X0 = (s'é,s'é) and thxQ = (t”,t’é) acting componentwise; and that whenever
(0, 50,10,10,Y0,°0), (O, sQ,tQ,LQ,yQ,oQ) are globular self-dual reflexive w-mag-
mas, also their Cartesian product Q X Q is a globular self-dual reflexive w-magma

with the componentwise defined nullary L’éx 0= (L'é, L’é ), unary y(([QXQ)" = (yq " Y ")
and binary o\*?" := (o¢", o) operations.

We also recall that a congruence X in a globular self-dual reflexive w-magma M is a
globular self-dual reflexive w-magma X such that X" ¢ M" x M", for all n € N, in

such a way that the inclusion X 4, M x M is a morphism of globular self-dual reflexive
w-magmas.

Inside the free globular self-dual reflexive w-magma M(Q) over Q constructed in
a. above we consider the congruence = c (Q) X M(Q) generated E by the union
of all of the following families of pairs:

{ror von2), (xoiy)ois) | n>peN,

(x,3,2) € M(Q)" Xy M(Q)" Xy M(Q)"}
(@ orooor () osx, x) | n>peN, xeMQ)
{r, xoh @ o P osP o0 () | n>peN, xeMQ)

14Since intersection of congruences is a congruence, E is just the intersection of all the conguences
containing the given pairs.
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{@@ ot o). xoly) | n>peN, (x.y) € MQ)" Xaop M(Q)")
[y o) @oyw), (xoj2)opvohw) | n>pgeN,
(x,¥), (z, w) € M(Q)" Xy M(Q)",
(6, 2), (v, w) € M(Q)" Xy M(Q)")
{0204, » | n>qeN, xemQ))
{0203, Vaa) | n>gq.peN, xeMQ)Y}
{0 oy, Yo onva) | n>p#qeN,
(x.) € M(Q)" Xy M(Q)"]
{0y, i) o vix) | n>p=qeN,
(x,¥) € M(Q)" Xamor M(Q)"}
(@@, v @) | n>qeN, xem'(Q)
{03, x) | n<qeN, xeMQ)}.

c.
As quotient of a globular self-dual relfexive w-magma by a globular w-congruence,
the quotient (Q)/E is a globular w-set with

M(Q)/Z)" := M(Q)"/Z" = {[x]=» | x € M(Q)"]

and sng(Q)/E([x]Em) = [sg'R(Q)(x)]En, tgfn(Q)/E([x]Enﬂ) = [t{}R(Q)(x)]En, for n € N and
x € M(Q)™!; and M(Q)/Z is actually a globular self-dual reflexive w-magma with
well-defined compositions given by [x]z» og‘n(@/ er ]z =[x oiﬁ(g)n y]=n, self-dualties
Yq([x]zr) := [v4(x)]z», and reflexive maps Lg‘R(Q) /E([x]gu) = [Lf}R(Q)(x)]En+|, whenever
n>peN,qgeN,x,yeM(Q)". Furthermore, since all the algebraic axioms for strict
globular involutive w-category are already included in =, we have that the quotient
IM(Q)/E is actually a strict globular involutive w-category and the quotient morphism
w : M(Q) —» M(Q)/E, defined as @w"(x) := [x]=», for all n € N and x € M(Q)", is a

morphism of globular self-dual reflexive w-sets.

77*
We only need to check that the morphism of globular w-sets Q EEN M(Q)/E, with
r]’é := @ o {p, into the globular involutive w-category M(Q)/Z, satisfies the universal

factorization property. For any other morphism Q 2, C of globular self-dual reflex-
£ .
ive w-sets, into a strict globular involutive w-category C, since Q LN M(Q) is a free

globular self-dual reflexive w-magma, there exists a unique morphism M(Q) 4, C of
globular self-dual reflexive w-magmas such that ¢ = ¢ o . Consider now the kernel
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globular w-congruence =g induced by the morphism ¢ of w-magmas: for all n € N,

we have &2 := {(r,y) € MQY"xM(QY" | $(x) = ¢(y)} and, since all the axioms of strict
globular involutive w-category are already satisfied in C, we have = C =5 and hence

M(Q)/E7 is already a strict globular involutive w-category, furthermore the assign-

ment ¢ : [X]EE - $(x) is a well-defined covariant involutive w-functor M(Q)/ :5 i G,

that is actually the unique morphism such that 5 =gdo w4, where M(Q) =, M(Q)/ EE
is the quotient morphism of globular self-dual reflexive w-magmas defined as usual by
Wy X > [x]gg, for x € M(Q). From E C Eg, we obtain a unique involutive w-functor

%E(Q)/Egi M(Q)/E, 0 : [x]z — [x]gi, for x € M(Q), such that w, ow = 6. Defining
é = ¢ o 0, we have that M(Q)/E 5 (¢ is the unique involutive w-functor such that
pony=dobomoly=homyong=pong=0o. o
Remark 3.3. The existence of algebras (with a given signature) that are free over a
set is known,; E] propositions and are essentially special cases of a general

existence theorem for “w-algebras” that are free over a globular w-set that (for the
w-globular setting) is vertically categorifying the case of algebras over sets. J

In paralled with corollary 2.9] from proposition [3.2] we obtain a new monad in the
involutive w-category case.

Corollary 3.4. On the 1-category 2 of morphisms of globular w-sets, we have the
following

> free involutive strict globular w-category monad T* := 1* o F*.

3.2 Involutive Weak Globular w-categories

The following is the “involutive case” version of proposition[2.11]

Proposition 3.5. The I-category 2 of small globular w-sets with morphisms of glob-

ular w-sets is Cartesian. The 1-category €* of small strict globular involutive w-cat-
u

egories with involutive w-functors is Cartesian. The forgetful 1-functor €* — 2

. . . ¥ .
and the free strict globular involutive w-category 1-functor €* «— 2 are Cartesian.
The free strict globular involutive w-category monad T* := 0* o F* is Cartesian.

Proof. The Cartesianity of the 1-category 2 of globular w-sets is already known by
proposition Following the exposition in [Bejrakarbum 2023, section 3.2], we

recall that, given a span Q 2 X hd R of globular w-sets in 2, a pull-back can be

constructed via the co-span of globular w-sets Q il OXxR s R defined by

OxxR:=((Qxx R & (0 xx R)™!
neN

15See section 6 in the n-Lab entry: https://ncatlab.org/nlab/show/variety+of+algebras#literature,
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where we have (Q Xx R)" = Q" Xx» R" = {(q,r) € Q" X R" | ¢"(q) = ¢ ()},
with s"(q,r) := (s’é(q), sp(r) and t*(q,r) = (t’é(q),t”(r)), with &”(q, r) := r and
zZ/”(q, r):=gq,forn e N.

To prove the Cartesianity of the 1-category ¢’*, from [Bejrakarbum 2023| section 3.3],
we recall that given any co-span A 2 X d B in €*, a pull-back can be constructed
via the previous span A LA Xx B i B in 2, noting that the globular w-set A Xy B
becomes a strict involutive globular w-category, with componentwise compositions
(a1,b1) o (az, b2) = (a1 oay az2,b1 oay by), identities ("(a,b) = ((a), t3(b)), in-
volutions (a, b)* := (a*éA ,b*:iB ); and that the above-defined ¢ and ¢ turn out to be
involutive covariant w-functors.

From the previous explicit definitions of pull-backs in 2 and €™, it follows that the
forgetful functor U* is Cartesian, since it associates to the standard pull-back of strict
involutive globular w-categories the standard pull-back of their underlying globular
w-sets.

In order to prove the Cartesianity of the free strict involutive globular w-category
. . F W) (&) . .
functor F*, we simply notice that F*(Q) &9 F*(OXxR) 5@, F*(R) is canonically

¢*-isomorphic to the standard €*-pull-back

F(0) L F5(0) Xz F(R) — F*(R)

5 (¢) R . . .
of the co-span F*(Q) M> F*(X) & F*(R), via an involutive w-functor.

The composition of Cartesian functors is Cartesian, hence the Cartesianity of the
monad T* := U* o F*.

For the Cartesianity of the natural transformation n*, we must show that, for any
morphism Q; 2, 0, of globular w-sets, the solid square commuting diagram below
is a pull-back in 2; for this purpose, for any span Q, ﬁ RS T*(Q1) such that

o . . . 0 .
T*(@)oa = ’762 o 3, we must see that there exists a unique morphism R — Q; making
commutative the two triangle diagrams below: a = 17&] 00,B=¢o06.

o 7o)
B

0> T*(0)
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From the explicit construction of the free involutive globular w-category of a globular
w-set recalled in proposition we have that n’Q‘(x) = @ o {p(x) = [x]z, for all
x € Q, is a singleton containing only x. Hence, for all r € R, n’éz B@) = [x2]z, isa

singleton in T*(0,), with x, € Q»; since T*(¢), using the fact that every morphism of
globular w-sets, is “degree-preserving”, there exists a unique element 6(r) € Q(l) such
that (T*(qﬁ))([@(r)]gl) = [x2]z,. Such 6 satisfies our requirements.

For the Cartesianity of the natural transformation pp, we must show that, for any
morphism Q) 2, 0, of globular w-sets, the solid square commuting diagram below is
a pull-back in 2; for this purpose, for any span (T* o T*)(Q,) £ RS Q1 such that
poa= /"az o 3, we must see that there exists a unique morphism R 5 (T* o T*)(Q))

making commutative the two triangle diagrams below: 8 = ((T* o T*)(¢)) o 6 and
a= u’él o 4.

R
o
L Mo
(T* o T*)(Q1) T*(01)
B
) j(f*of*)@) f*(¢)l
oY K,
(T* o T*)(Q2) T*(02)

Since for all r € R, we have a(r) € T*(Q;), the only possible element in (7* o T*)(Q)
that maps, via ,ual to a(r), must necessarily be (a(r)) and the assignment r — (a(r))
is a morphism of globular w-sets satisfying the required conditions. O

As direct application of proposition to the Cartesian monad 7* on the Cartesian
category 2 we obtain:

Corollary 3.6. There is a bicategory ;..

The notion of Leinster contraction in definition[2.17remains unchanged and, as antici-
pated in remark [2.21] we have a parallel version of definition[2.18]and proposition[2.20]
that reformulate as follows, for the case of the free involutive globular w-category
monad 7.

Definition 3.7. Ler e € 2 denote a terminal object in the category of globular w-sets.

A globular T*-collection is a morphism Q > T*(e) in 2; a globular contracted
T*-collection consists of a Leinster contraction k on a globular T*-collection n:

Par(r) = Q 5 T*(e).

Similarly, using the bicategory 2;., for the Cartesian monad 7*, definition al-
ready provides the notion of globular (contracted) 7*-operad over e. For technical
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reasons, in the proof of the subsequent theorem we actually need to introduce
the following more general “magma structure” internal to Zj..

Definition 3.8. A globular T*-operadic magma|°|(M, 7wy, nyr, 1) over o is a 1-cell
A in the bicategory 2;. (hence a globular T*-collection M KN T*(O)) that is

equipped with a unit 2-cell o 2 M and a multiplication 2-cell M o M 25 M as
specified in the following commutative dlagrams. in the category 2

. .- ™ M
.@. = T*(e) nM o = !l "ML (3.1)
M N7* () A
:M\ / o e
Y
M

I o* (yp)oms !
Mo(l)M
N\

Ve = 62
M \ /
Mol M o M
7k l1 7 Kix A*l
T*(e) o, T*(8) —————T7(e)

that are not necessarily required to satisfy the operadic axioms[2.3]

A globular T*-operad is a globular T*-operadic magma with unit and multiplication
that satisfy the monadic associativity and unitality axioms 2.3

Proposition 3.9. For any terminal object « € 2°, we have the following categories:

» the category Q,T " of globular T*-collections over e,

> the category 2! " of globular contracted T*-collections over e,

160f course, although the definition is here given in the special case of the bicategory 2D+, it remains
perfectly valid when applied to an arbitrary bicategory &7, for a given Cartesian monad T'; furthermore one
can define multicategorical magmas over E using a given object E in place of a terminal e in &7.

17For the description of the notation required in the square diagrams on the right, refer to remark
below.
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the category M of globular T*-operadic magmas over e,

v

the category ﬁ,f " of globular T*-operads over e,

v

» the category ///.T*’K of globular contracted T*-operadic magmas over e,

» the category ﬁ.f K of globular contracted T*-operads over e.

There are commuting diagram (in the category of functors between 1-categories) of
forgetful functors:

* 2ok ik ke
74 : or M a M
(] L]
ﬁ%l Lu*ﬁ i, l lu;ﬂ
T* T* T*x T

wr ur
The categories O, respectively ol are full subcategories of #!", respectively of

T*
MK

Remark 3.10. Exactly as already noticed in remark [2.22] it is possible to introduce
more restrictive notions of globular 7*-operadic magma contraction and globular
T*-operadic contraction.

A globular T*-operadic magma contraction over e (M, 7wy, Kyr, s, ) consists of
a globular contracted 7*-operadic magma over e that further satisfies the commuta-
tivity of the following two diagrams in 27":

Par, Par,
Par(rr,) —— > Par(my) Par(my of my) ————— Par(my)
j lKM KMongl o (33)
v
. M Mol M a M.

A globular 7*-operadic contraction over e is just a globular contracted 7*-operad
(M, 7tpr, kar, s M) that also satisfies the previous commutative diagrams.

We can introduce the category .# %T*, of globular 7*-operadic magma contractions
over e, as the full subcategory of M similarly the category &.%,!", of globular
T*-operadic contractions over e, as the full subcategory of & *. a

The following remark is absolutely crucial for us: it identifies the terminal contracted-
7*-operad in &1 .
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Remark 3.11. Notice that the globular w-set 7*(e) is naturally a globular 7*-col-

A TCpx (o A
lection T (e) = T*(e) with projection 4., the identity morphism of globular
w-sets,

» for any T*-collection Q > T*(e), the projection x is a morphism in 27",

0] a T*(e)

7 D O e g
\ % Tie(ey - X X

T*(e)

It also naturally becomes a contracted globular 7*-collection

T*(e) T*(e)

Par(ﬂf*(.)) ‘ f*(.) i f*(.)

with contraction k7., : (v*,y,y7) > y on
y+

Par(rz.) = (0%, € @) x P @ x Ty | 42}

» for any contracted T*-collection Par(m) 5 (0] 5 f*(O), the projection 7 is a
morphism in 27 ":

Par(rr) Q
Par, l ln
Par(m7.,) e T*(e)

Kirey t O3y )2y, Pargt (0%, 3, x7) o ((x"), y, w(x7)).

A . M)
Furthermore 7*(e) is a globular 7*-operad with operadic unit e - T*(e) coincid-
ing with the 7*-monadic unit 7., := n!™, and operadic multiplication

A A Hi* (o A Dok
T*(e) of T*(e) — T*(e) givenby pp.q) = v o (Tpaa il ),
T*(0) 0 T*(e) = T*(8) Xju(ay T*(T*(0))

7k
e

N N (> aybe ) o N o
= T() X0y (F*)2(8) —5 T*(0) X7 (o) T*(0) 5 T*(e),

where 7*(e) X74() T*(e) 5 T*(e) is an isomorphism and (7*)2(e) r, T*(e) is the

T*-monadic multiplication.
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To show that 7*(e) is a T*-operad, one verifies (using the definitions (2.7)
of associators and unitors via universal factorization property of pull-backs in the
Cartesian category 2;. and the equations (2.4) for the monad T*) the associativity
and unitality properties already described in (2.3), here in the case of T*(e):

2 21 ™ Vi
Hixe) 1 (UT*(.) %0 LT*(,)) =Vvo (Lfr(.)all. )o(n, , Lf*(.)) =4,

2,1 2 T T*
Hix(e) ©1 (wa(.) 00 Nix(e) =V O (Hy sLix(e) © Ufs(e)s Me ) = P>

can be respectively obtained by the commutativity of the following two diagrams and
the unicity of A and p,

oo (T*)(e)

| m
(’IZ s LT*(.))
\l

o« S (o) o (TP (0) 2 (T)2(0)

I
\"i‘*(.\ijﬂf*)

T*(e) o T*(o)

|

T*(e)

f‘i
nf*<.)

(T*) (o) 0o

™ I,
(‘T*( )2 n *)
¥

(F*)2 (o) =<2 (%) (0) 0 T*(0) 22

ke |
(ul JT*(.))

T*(9)
the operadic associativity of 7*(e), that consists of the following identity

21 2 2 2 21
Hi+(e) ©1 (LT*(,) 00 Uix(e)) O @ = [ix(a) ©1 (Hix(a) O LT*(.)),

can be obtained reconsidering the unicity of @ := @fu(g)f+(e)f(e) N diagram (2.8),
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reproduced here in our case,

Fr(oyo TP (o) 0 (P20 22 (y3(e) 222 (0y3(0) U2 (10y2(0)
\\ ok 7
g Lm K T*(-’l # %nl l#?
l/ *\2 *\2 *
.« (1 (0) —= (Y (0) —— T*(e)
: <T*)2(>

(T*(®) o (T*)*(#)) 0 T*(o)
and simply noting the structural properties of the multiplication maps involved:
(T*(®) o (T*)*(®)) o T*(9)

(f*(°)°(j/*&)°f*(°) | "
! 5 He ©OTT2
° ° = Ltk (09 (U )O3, )
T*(e) | A Lixe Al
T*(e),

. T*(e)

% Pk ik %\ 2
P (a)e T (1 @o(T* (o) FEE) e T (o) 0 (T7)4e)
AN

!
L4 o = P O (k0 Oty ) T o (W Yo(rry 0l T
\f% ot i @l Yolmaol T* ()
e ] ~ (o ~
. : T*(e) o T (o).

» for any (contracted) globular 7*-operadic magma (M, 7y, 77M, M), and hence
for any (contracted) globular 7*- operad, the projection M KN T*(e) is a mor-
phism in .Z, ™ (and respectively in ., a “):

nmm

° M

!L lﬂM
7% (o) A

o ———— > T*(e)

P ! . . .
where 177+, 1= 7™ and e — e is the terminal morphism;

Hm

M 0(1) M M
ﬂMogrer ]”M
A A Hi* (e A
T*(e) o} T*(0) —————T*(o)

. . T
Wlth luf'*(o) =Vvo (ﬂf'*(.)’#o )

and 7y og Ty (x,y) - (nM(x), f*(ﬂM))(y)) , where we have
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02 A N A A A
M o) M = M Xy T*(M) 22 7% (0) Xju() T*(1*(0)) = T*(0) o} T* (o).

The (contracted) operad 7*(e) is final in @’.T "X for any other (contrated) 7*-operad
(P, ", u”, 17", k) the unique morphism of (contracted) 7*-operads into 7*(e) is given
P

by the projection P T*(e).

Actually T*(e) is also a T*-operadic contraction since it furthermore satisfies, by
direct computation, the following compatibility properties between contraction and
operad structures (see diagrams (3.4) and (3.3)):

2 _ -
Hix(a) © (Kfx(a) O Kfx(a)) = Kiix(a) © Par}lf—*(.)s Mj+(e) © Kny, = Kix(a) © Parf]f-*(.) .

» for any globular 7*-operadic contraction magma (M, 7y, 7y, iy) (and for any
globular T*-operadic contraction) the projection M SN *(e) is a morphism in
M A" (and respectively in &.7,"):

Pary,,

Par(r,) Par(my,)
Knm
Ke
«o— ™ M
Par, ! L T Pary,, where:
oY Pre)
Kre
P Kf-*(,)
aly.
Par(r.) u Par(r7.(,))

3.4)
Par(r,) = {(", v | I ),

Par,;+ : (x*,y,x7) b (2", " ), x0),

Kiegwy : 50O X) o0 (0), ket (X3, XT) Py
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Par(my, 0(2) M)

¥ 2
Pdr”M"%”M MO M L

2
Par(ms.q) 04 T (a))

2 1
Par(m7+(4) 0 () = Par(msa () 0 Par(ms. ),

Kf"*(o) : (/J(X-]F, X;),,U()’l’}’z),ﬂ(xl_,xg)) = ll(yl,)’2),

Kujur * V132) 5 (101, 2).

Kf"*(.) C)(2) KT*(.) : ((xf9yl’x1)’ (xfaylwa)) — (yl’yz)’

Par,,, o (O], v, x7), (67, v1, X)) B (X, x5), 1y, y2), pxy, X3).

Par,
al Par(my)
Ky
KMO%KM
MolM—" M
Ty Pa.r,,M
A A Hi*@e) A
T*(e) of T*(e) —= T*(e)
Kix (o)
K% (0) 0K * () Par, .
T* (e
© Par(ﬂf*(,)).
(3.5)

The T*-operadic magma contraction (respectively the 7*-operadic contraction) 7* ()
is final in .#Z.#," (respectively in 0.#,'"): the projection M KN T*(e) being the
terminal morphism from any other object M.

-

The following is the fundamental theorem in our paper, allowing the definition of

weak involutive w-categories.

Theorem 3.12. The category ﬁ’.f K of globular contracted T*-operads has initial

objects.

Proof. Instead of following Leinster’s original line of proof in section [2.3.3] we give

a direct argument.

» The category Q,T " has an initial object /: the empty 7*-collection I 5 Tx(e)
given by I" := @, for all n € N, where all the source/target maps and the

projection r are empty functions.

» Left-adjoint functors preserve colimits (see [Riehl 2016l theorem 4.5.3]) and
hence they preserve initial objects (that are colimits of the empty diagram).
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. IS IS .. AU 7rx .
» Hence, if II% o = Uro II% has a left-adjoint 9" 5 01" * the object
L* := €%(]) is initial in & .
The theorem is now reduced to providing the existence of a free contracted T*-operad
over a T*-collection. This is achieved below, in the theorem [3.16] by an argument
substantially similar to that used in our construction of the free self-dual Penon’s con-

tractions in [Bejrakarbum Bertozzini 2017| proposition 3.3]. O
First we need to define suitable free structures over T*-collections.

Definition 3.13. A free globular contracted T*-operad (P,() over a T*-collection

0 :=0 5 T*(e) consists of a contracted T*-operad P := (P,7p,kp, itp,1ip) and a
e ~ . jrx . . . .

morphism Q — Wg o W7 (P) in 21" that satisfies the following universal factorization

property: for every other morphism Q 4 Ur o ﬁ%(f’) in QA?*, where P is another

contracted T*-operad, there exists a unique morphism P s, P in ﬁ.T " such that
¢p=dol

A free globular contracted T*-operadic magma M = (M, 7y, Ky, iy, ) Over a
T*-collection, is defined in a similar way, via a morphism Q f—Q> Ur o fljﬂ(M), sub-

stituting “operads” with “operadic magmas” above.

As in any universal factorization property construct, free contracted 7*-operad(ic
magma)s are unique, modulo a unique isomorphism compatible with the universal
factorization property. Existence is shown in theorem [3.16]

Before embarking on the proof, we need to introduce relevant notions of congruence
and quotient structure.

Definition 3.14. A globular w-equivalence relation is an equivalence relation & in a

globular w-set Q that is graded|”|& C OXNQ :={(x,y) € OXQ|AneN : x,y € Q"}
and sourceftarget preserving:

(x1, %) € E= (s(x1), s(x2)) € E,  (x1,x) € E= (t(x1),H(x2)) €E, Vx,ye Q.
3.6)

A T*-collection congruence is a globular w-equivalence relation & in the globular
w-set Q of a globular T*-collection Q 5 T*(e) that is projection-preserving:

(x,y) € &= n(x) = n(y)

180f course the definitions, that for convenience are here stated for the specific case of f*, work for any
Cartesian monad 7.

19This is equivalent to say that & consists of a sequence & c Q" x Q" of equivalence relations in 0", for
alln e N.

201y this way, the globular source and target product maps (s, s), (t,7) : Q XN Q — Q XN Q restrict to
(necessarily globular) source and target maps on € and hence (&, (s, s)lg, (t, t)|§) becomes a globular w-set
canonically included in Q XN Q.



42 Involutive Weak Globular w-categories

and hence & C Q X, Q. E|

A congruence of contracted T*-collection is a T*-collection congruence & in a con-
A K w A
tracted T*-collection Par(m) — Q — T*(e) that is also contraction-preserving:

Y(x!,x3), (x7,x,) €8 :

(o, y1, X7), (65, v2, X3) € Par(mm) = (k(x7, y1, x7), k(x5 ,¥2, X;)) € E. 3.7

A congruence of (contracted) T*-operadic magma (M, 11, ny) is a congruence &
of the underlying (contracted) T*-collection Par(r) LN VNN f*(O) that is unit-
preserving and multiplication-preserving:

(,)) €E0§ E=EXpui T*E) = ((umoptm) 0 i 0 (80 8)) (x,) € &,

(3.8)
02 T
80 &—" (M Xz, M) o (M Xz, M) —"= (M 0} M) Xy 2., (M 0} M)
(.UM,/lM)L
M Xz, M

with Ty denoting the canonical isomorphism of T*-collections between pull-back of
products and product of pull-backs in 21" and \ as the unique isomorphism of termi-
nal objects.

The previous congruences have been defined, for our convenience, for 1-cells in Q,T -,
but they actually work for 1-cells in the bicategory 27, where T is any Cartesian
monad on the category of globular w-sets 2.

As usual, congruences produce quotients of the corresponding algebraic structures.

21This means that the globular w-set (&, (s, ), (#,1)) is a T*-collection & z, T* () equipped with the

projection g : (x,y) + m(x) = n(y); and we have a canonical inclusion morphism of T*-collections

€& . ~ . (mm) A
& — O X, Q into the product 7*-collection Q X, Q —— T*(e).

227This entails that the 7*-collection & % T* () has a contraction kg : Par(rg) — & with kg := (, &).

. . . . . (v )
23The congruence & is always unit-preserving since the product morphism e Xnpe ® = M Xy M

has always image inside &; hence & is equipped with a canonical unit e MENYS given by composing the maps

! aa-man)l® _ . . .
*— e Xp., ® —> & with isomorphism ! of terminal objects.

2*In this way, denoting by o) & 22, & the restiction pg = (Um. m) 0 Tag © (€0 g)|g 1 and by e LNy
0
the restriction 7g := (7, 7m)o!|€, we have that (&, 5, ug) is itself a (contracted) T*-operadic magma

and that the inclusion & 5> M Xny M is a morphisms of (contracted) T* operadic magmas. Whenever
(M, a1, Kaa, > i) is @ (contracted) 7* -operad, also (&, 7tg, ks, s, fe) is.
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Proposition 3.15. Given a globular w-relation & C Q XN Q on a globular w-set
Q, the family of quotients Q/& = (Q"/E"neN becomes a globular w-set with well-
defined sources and targets sgs([x]g) := [so(X)], tg/e([xle) := [to(X)]s; furthermore

the quotient map Q BN Q/&, defined as usual by wg : x = [xlg, is a morphism of
globular w-sets.

Given a congruence & C Q X, Q of (contracted) T*-collection Q 5 T*(e), the
quotient globular w-set Q/& becomes a (contracted) T*-collection Q& Toe, T*(e)

with projection ng;s : [x]g = m(x) (contraction kg : ([x*]e, [x71g) — [k(x*, y,x7)]g
on Par(mge) = {([x*]e, v, [x71e) | (x*,y, x7) € Par(m)}); furthermore the quotient map

(0] Ze, Q/& is a morphism of (contracted) T*-collections.

Given & € M X, M, a congruence on (M, my, Ny, i), a (contracted) T*-operadic
magma, the quotient (contracted) T*-collection M/E LN T*(e) becomes a (con-

S . . s . n R
tracted) T* -operadic magma with operadic unit e MGLN M/E& given by nyys = ngonu
Hmie

and with operadic multiplication M/& Oé M|E — M/E that is well-defined by
tmje = ([(Xle. V1) + [um(x, e, for all (x,y) € M oy M = M Xy T*(M); fur-
thermore the quotient map M =M /& is a morphism of (contracted) T*-operadic
magmas.

. . ¢ .. ..
Given a morphism Q1 — Q; of the categories in proposition a congruence & of
the respective type in Q, naturally induces a congruence, of the same type, in Q;:

&y = {(x,) € Q1 X Q1 | ($(x), #()) € E}.
Furthermore if & is a congruence of the respective type in Q such that & C &y,

there exists a unique well-defined quotient morphism Q1/&; ﬁ) 0», well-defined by
¢ : [xlg, — @(x), such that ¢ = ¢ o mg,.

Proof. By property (3.6), the source and target o te - ol — 8", for
all n € N, are well-defined and their globularity property follows from the globularity
of Q. For all n € N, the quotient function @y : Q" — Q"/&" is well-defined by
X > [x]gr; and wg = ()N : @ — Q/E becomes a morphism in 2 since we have
s’é/s(wg”(x)) = s’é/s([x]gm) = [s’é(x)]gn = wg(s’é(x)), for all x € @"*!, and similarly
for targets.

A congruence & C Q X, Q of a collection Q 5 T*(e) is necessarily a congruence
of globular w-sets, hence we already have a quotient morphism Q =, Q/& in 2.
Since & C Q X, AQ, the assignment [x]g — m(x) is a well-defined graded function
mgie © Q/& — T*(e) that is actually a morphism of globular w-sets in 2: for all
[xle € Q/&, mgie(sgielxle) = moje(lso()]e) = n(sp(x)) = $(M(X)) = $+(0)(Mo/slx]e)
and similarly for targets. Since mg/g 0 wg(x) = mgss([xlg) = n(x), for all x € Q, the
quotient Q BN Q/& is a morphism of T*-collections in Q,T "
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Suppose now that Par(r) 5 0 5 T*(e) is a contracted 7*-collection and & C Q X, Q
is a congruence of contracted 7*-collections. Considering the quotient 7*-collection
0/& Toe, T*(e), we have that [x,]s, [x2]g € Q/E are mpe-parallel if and only if
X1, xp are m-parallel and hence Par(mg/e) = {([x*]g,y, [x71g) | (x*,y,x7) € Par(nm)}.

Furthermore, since Pary,,, : (x*,y,x7) — ([x*],y, [x7]) there exists a unique relation

Ko/
Par(rp/e) BN Q/& that satisfies Par,, okp/s = « and that is given by

koie([x e, v, [x71g) = [k(x", y,x7)]e.

Since & is a congruence of contracted 7*-collections, from equation (3.7) we see that
Koye 1s actually a well-defined function and hence a contraction on Q/& and the map

0 Ze, Q/& is a morphism in Q?*’K.

Let & be a congruence of the (contracted) operadic magma (M, mtas, Kag, T, Uar). We
already know that the quotient (M/&, muyy s, kmye) 18 a (contracted) T*-collection and
that M =5 M/Eis a morphism in 0",

The operadic unit map 7756 : ® — [ny(®)]g is well defined, and we immediately get
Nmie = Tuys © Ny, hence the quotient morphism 7y/g preserves units.

To describe the operadic multiplication, we first notice that we have a canonical ex-
change isomorphism (M/E) oy (M/E) 5w oy M)/(E o E); any multiplication mor-
phism (M/E) o(l) (M/E) Hwe, M/E& such that uyyg o (wg 0(2) WE) = Wg O My, Must
necessarily be given by s := iy © x¥ where, using the congruence property (3.8)
of &, we have that fiye : [(x,))]goie = @e © pu(x,y), for (x,y) € M op M, is a
well-defined morphism of (contracted) T*-collections.

Since pyye © (we of WE) = fiuye © X © (We 0 WE) = fimye © Weolg = W © [y, We see
that g is a morphism of (contracted) 7*-operadic magmas.

The family & C Q; X Q; is an equivalence relation in Q; and, since ¢ is grade-
preserving, we also have &y C Q1 Xn Q1 and hence &g consists of a family of equiva-
lence relations SZ Cc Q7 x @97, forall n € N. Since ¢ is always a morphism of globular

w-sets, s o ¢”+1 =¢" o San (and similarly for targets), for all n € N, and hence
property holds and &, is a globular w-equivalence relation in Q.

If O i> Q> is a morphism of 7*-collections in £2,T -

(X,Y) € 8¢ = 7TQ2(¢(x)) = ”Q2(¢(y)) = 7TQ1(X) = ﬂ-Ql(y)

and hence &3 C 0 Xro, Q) is a congruence of T*-collections in 0.

Suppose that ¢ is a morphism of contracted 7*-collections in 27 "% consider a pair of
elements (x7,y1, x7), (x3, y2, x;) € Par(my) with (x7, x3), (x7], x3) € &y, we must show

(k1 (x], 31, x7), k1(X3, 92, X3)) € Ey
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and this is equivalent to prove that
(ka o Parg(x], y1, X ), kp o Par(xy, y1, x7)) = (@oki(x7, y1, x7), poki(x], y1, x7)) € E.

This final statement is true since we have (¢(x7), y1, ¢(x7)), (¢(x3), y2, ¢(x3)) € Par(m)
and (¢(x7), p(x3)), (¢(x7), ¢(x3)) € & and hence also

(k2 (P(x1) ™, y1, (x1) 7)ok (B(x2)F, y2, $(x2)7))

= (kp o Pary(x}, y1,x7), k2 o Par(x}, y1,x7)) € E.

This shows that &, is also a congruence of contracted T*-collection in Q.

Finally if & is a congruence of (contracted) f‘*—operadic magma in @, and Q; i) (0)3
is a morphism in .Z":

(%,Y) € Ey 0y Ep = (¢ 0% $)(x,y) € E0) & = g o (¢ 0% P)(x,y) € E
= (¢ o P)(e(x,y)) € E = pg(x,y) € &,

hence & is a congruence T*-operadic magmas. The same argument assures that, if ¢

is a morphism in ./, G &y is a congruence of contracted T*-operadic magmas.
Finally, whenever & C & is a congruence (of the “same type” of the morphism ¢)

. . [ ~ . .

in @i, any relation Q;/&8; — (O, such that ¢ = ¢ o mg, must necessarily associate
[xle, + ¢(x) and this is a well defined function since [x]g, C [x]g, and hence ¢(x)
does not depend on the representative element.

We must show that Q;/&; ﬂ Q5 is a morphism in the same category of ¢. From its
definition ¢ is already a graded map: ¢(Q"/&") c Q% forall n € N. For all x € 0,
we have sq, (¢([x]s,)) = 50,(¢(x)) = ¢(s0,(x)) = B([s0,(X)]e,) = P(50,/6, ([x]g,)) and

similarly for the target; hence ¢ is a morphism in 2.

Since g, (gAS([x](gl ) = 7o, (¢(x)A) = 7o, (x) = 7o, e ([xlg), for all x € Qy, we also
have that ¢ is a morphism in 2!, Since ¢ is already a morphism of 7*-collections it
naturally induces a map Parqg : Par(mrg, /g,) — Par(rmp,) and, whenever ¢ is a morphism

in 27"%, we show that kg, o Par; = ¢ 0 kg, /e,
kg, (Pary([x*1g,,y, [x"1g,)) = ko,(Parj o Pary, (x*,y,x7))
&

= kg, (Pary(x",y, x7)) = kg, (x*,y,x7))
= o (¢, 3,27) = e ([x" e, v, [x Te)),

for all (x*,y, x7) € Par(np, ), and hence ¢ is a morphism in 91"

. ¢ . . . o . N
Supposing now that Q; — Q is amorphismin.#_ " and &; is a congruence of T*-op-
eradic magmas, we have ¢ o 179,/e, = ¢ © 7o, /e, © 0, = ¢ © g, = No,- As regards
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multiplication, from ¢ = ¢ o 7g, /g, we obtain (¢ o @) = (¢ of §) o (mg, /e, 9% 70,/8,);
since po, © (¢ O(2) $) = ¢ opg, and pg, s, © (g, /¢, 0(2) T /8,) = Mg /g, © Ho,» We get:

A2 4 2 2 A
Ho, © (¢ ) $)o (an/Sl ) ﬂ-Ql/Sl) =Ho, © (¢ ) ¢) =¢ OHQ, = ¢ OTg,/& © HQ,
2 2
= ¢ oug g © (Mg /g, ) T /&,)-

Since (7g, /g, °3 T, /¢,) is an epimorphism, we finally have 11g, o (¢ 03 ¢) = o ug, ¢,
and hence ¢ is a morphism of (contracted) 7*-operadic magmas. O

Theorem 3.16. A free contracted T*-operad over a T*-collection always exists.

Proof. We proceed with a direct iterative construction followed by a quotient.

a. starting from a globular 7*-collection Q —> 7*(e) a new globular 7*-collec-
tion M(Q) o, T*(e) is inductively constructed together with a morphism

&o 1 Q — M(Q) of globular T*-collections;

b. we show that the 7*-collection IM(Q) o, T*(e) can be equipped with a con-
traction k() : Par(mg)) — MM(Q), a unit ) : ® — M(Q) and a multiplica-
tion (o) : M(Q) oy M(Q) = M(Q) X7+(0) T*(M(Q)) — M(Q);

.. & . A .
c. it is shown that Q SEN M(Q) is a free contracted 7™*-operadic magma over the

T*-collection Q I, T*(e);

d. we establish the existence of the smallest congruence Ey generated by operadic
associativity and unitality axioms on the contracted operadic 7*-magma 9(Q),

e
so that the quotient Mt(Q) -, P(Q) := M(Q)/Ex becomes a morphism of con-

A A Tt A
tracted operadic 7*-magmas onto a contracted 7*-operad T(Q) 2o, T*(e)

with operadic multiplication ugg) : B(Q) o(l) P(Q) — PB(Q) operadic unit
Ny : ® — PB(Q) and contraction kyg) : Par(myg) — B(Q), as explained

in proposition

e. the universal factorization property for free contracted 7*-operads is proved for
{o:=ngy &g

Q —— B

a.
Q)

We start by explicitly providing M(Q)/ l T*(e)/, for j=0,1.

Define M(Q)° := Q° Y Q°, disjoint union of Q° and a singleton Qg = {02}, and
F%B(Q) S M) — T*(e)° = {0} as the terminal map, necessarily coinciding with the
terminal map 7r0Q on Q° and given by 09] > o0 on the singleton. Notice that, at this
level-0 stage, no contraction-cells or operadic multiplication-cells are added, but only

a “free operadic-unit O-cell” '2-
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Passing to the level-1, we define M(Q)'[0] := Q'Y Q) ltJ Oy, where Q) := {e,} is
again a singleton (corresponding to a free operadic-unit 1-cell); Q! := Par(ngm Q)) con-
sists of a copy of the set of free contraction 1-cells for the parallel O-cells induced
by the projection ﬂ%?(Q) at the level-0; we set H;R(Q)[O] S M(O)'[0] = T*(e)! coin-
ciding with 7r1Q on Q', as a terminal map e} > o' € T*(e)' on Q!, and as the map
(x*,y,x7) > yonall (x*,y,x7) € Q,ﬁ; furthermore we introduce new source/target
maps S%E(Q)[O], th(Q)[O] : M(Q)'[0] — M(Q)° coinciding with the original source/tar-
get maps on Q'; as e}
t&(g)[O] S (x*,y,x7) - xTon QL.

We introduce free operadic multiplication 1-cells by MO)! =+ ,:’:(’) M(Q)'[k], where
we inductively have

- '2 on Q'; and as sg)a(Q)[O] : (x*,y,x7) > x7, respectively

M(Q)' T+ 17 := {1, 3) | (5. ) € M(Q)' Tha 1 X700y T*ONQ) [ha]), K1 + k2 = K

for all (x,y) € M(Q)' k1] X7+ o) T*(M(Q)'[k2]), we recursively define the projection,
target and source maps:

Ty [k + 11 (6. y) B w0, k110 = i ((T* (i o [l ))))
ok + 112 (%1 y) B (0 [ D),
Sk + 11 (6 1.3) B 1m0, (T* (S TD)))

where u denotes the operadic multipication that is inductively specified in the

*
MO)
following subsection b. [7]

Assuming now inductively the existence of M(Q)" 2, T*(e)", we go to construct
”{xl+] .

MO —25 T*(e)"*!: starting from M(QY**'[0] := Q™' |J OI+! 14 Q7! where

Op*! = {or*!} is a singleton free operadic-unit (n + 1)-cell and Q"' := Par(ny ) is

a family of free contraction (n+ 1)-cells induced by the already defined projection map

ﬂ(}R(Q) S M(Q)" — T*(e), then we proceed to introduce free operadic-multiplication

(n + 1)-cells by the recursive nesting

MY [k +1] = {(ror.y) | (,7) € MQ)' ki1 Xz o) T*OR(Q)" k1), ky +K2 = K

and we get M(Q)"*! := ;S M(Q)" ! [k].
The projection map ng‘;{(lg) is separately defined on each set of the disjoint union:
it coincides with 7r”Q+1 on Q™ c MQY™'[0]; it is & > @™ on OFF it is

(x*,y,x7) > y on Q™! and it is recursively given by

Tty (1) o Ty o (k1100 = e (T (ly ) [K2D))

25Notice that, since M(Q) is inductively defined and the functor T* preserves the inductive grading, the
definitions of the source syy(p) and of the operadic multiplication ugy(g) are both perfectly sound.
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on the elements (x, i, y) € M(Q)"*! [k + 1]. Finally we obtain a globular T*-collection
with target/source maps given, for all (x,y) € M(Q)"[k;] X7 (o) T*(ﬂJE(Q)"[kg]), by

ok + 112 (x4, y) = (@ ki D),
Syl + 11Ce 1. 3) < (e 3) o o) (T (S [l DGY)
where again pay) denotes the operadic multiplication described below, in section b.

The inclusions &, : 0" — Q" Oy O = M(Q)"[0] € M(Q)" = 20 M(Q)"[K],
for all n € N define level-by-level the map &y : O — M(Q) that is already a morphism
of globular 7*-collections.

b.

We construct level-by-level the several structural maps involved in the definition of
contracted 7*-operadic magma: the contraction k), the unit 77ag), the multiplica-
tion Hm(Q)-

The operadic unit 7o) : ® — M(Q) is defined as ng’n(Q) el OZ, for all n € N.

The operadic multiplication wyg) : M(Q) Xz () T*(M(Q)) - M(Q) is given, at each
level n € N, for all k, ki, k, € N with k| + k, = k, by the maps

Motk + 112 Q)" ki1 Xga 0y T*(R(QY"Th2]) — MUQ)" [k + 1]

given as y;’ﬁ(Q)[k +1]: (x,y) > (x, 1, y).
The contraction kyyg) : Par(myg)) — M(Q) is provided by the maps

Kg) * Par(mgyg)) — M(Q)"™!

defined, for all n € N, as inclusions Kg’ﬁ(Q) Q> M),

c.

. . L & .
Here we deal with the universal factorization property of Q SN IM(Q): given another
contracted f*—operadie magma S T*(e) with contraction & : Par(®) — M, op-
eradic unit 7 : ¢ — M and operadic multiplication & : M Xj. o T*(M) — M, we
show the existence of a unique morphism ¢ : M(Q) — M of contracted T*-operadic
magmas such that ¢ = ¢ o &.

Since, by construction, the inclusion Q sK—Q> M(Q), maps every element x € Q" to the
same element x € M(Q)", for all n € N, we must necessarily have that ¢(x) := x, for
all x € Q ¢ M(Q). Since ¢ should preserve the unit, ¢ o nw) = 1, the explicit
construction of nay), necessarily entails & . ny(e) — 7(e), for all the elements
nmo)(®) C M(Q).
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Similarly, since ¢ should be contraction preserving, ¢ o k) = k o (¢, ), the only
possible choice for the restriction of (25 on ko) (Par(mg))) € M(Q) is given by:
By, x7) > RGO, . ). ) o

Since ¢ should preserve multiplications ¢" o (uyg))" = A" o (¢", (T*(¢))"), for all
n € N, the map ¢" should be uniquely defined as (x, , y) — fi(¢"(x), T*(#)"(y)) on the
elements in payg) (EIR(Q) T f*(ﬂﬁ(Q))n) C M(Q)". |"’| The already uniquely con-
structed ¢ : M(Q) — M is a morphism of globular contracted 7*-operadic magmas
that also satisfies ¢ = ¢ o &g.

d.

The previously constructed free contracted 7*-operadic magma (Q) is not yet a
free contracted operad because its free unit nyg) : ® — W(Q) and free multi-
plication payg) : M(Q) o(l) M(Q) — IM(Q) fail to satisfy the unitality and asso-
ciativity axioms for a monad in the bicategory 2. as specified by the commut-

ing diagrams in definition [2.6] in detail, denoting the associators and left/right uni-
amQ)

tors morphisms by (M(Q) o) M(Q)) o) M(Q) —— M(Q) o) (M(Q) o) M(Q)) and

M(Q) PMQ)

P
t'(®) oy M(Q) — M(Q) —— M(Q) o; ' (e), we need to get identified all the pairs
of terms in M(Q) contained in the following family X c M(Q) x M(Q):

X := {(/LJR(Q)(M) , M0 ((UﬂJE(Q) o5 Lé}z(Q))(xl))) | xi €'(e) op ‘JR(Q)} U
{ (P (x2) + 13m0y (o) o8 Mi@)()) | 2 € M) o '@IU (3.9)
{(ﬂ?)i(Q)((L‘}Jt(Q) o5 M) © am(e)(X3)) » tamo) (o) o5 L\}R(Q))(Xs))) |
x5 € (M(Q) o) M(Q)) o) M(Q)}.

To solve this problem, we define Ex as the smallest congruence of contracted T*-op-

eradic magma in 9MM(Q) containing all the pairs of terms in X. From remark [3.11]

T*(e) iGN T*(e) is a contracted T*-operad and, since M(Q) iGN T*(e) is mor-

phism of contracted 7*-operadic magmas, by proposition we know that the
canonical equivalence relation

Sﬂuji(g) = ED,E(Q) Xﬂ'g)i(Q) iD,R(Q) = {(x’ y) € iIR(Q) X SJJE(Q) | ﬂ-’.)JE(Q)('x) = 7T‘)JE(Q)()’)}

is itself a congruence of contracted 7*-operadic magmas with X c S, and hence

Ex can be taken as the intersection of the (non-empty) family of all such congruences
containing X in M(Q).

26Notice that, if (x*,y,x) € Par(mng))”, we have x*,x~ € M(Q)"~! and, since the construction
of (M(Q), mm(p), kam(p))> is produced inductively, for all » € N, the definition of & on the elements
k(o) (Par(man(p)))" € M(Q)" requires only the knowledge of the already available map 65”’1. .

27Notice again that, because of the inductive definition of 9(Q), the elements in 9(Q) X% (o) T*(M(Q))"

only require the knowledge of already defined ¢*, for all k < non .
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By proposition 3.15l the quotient map M(Q) m_)() P(Q) := M(Q)/Ex is a morphism

of contracted 7*-operadic magmas and, since X C Ey, furthermore we have that
l(Q)

the quotient PQ) = MQ)/Ex — T*(O) where g0 is the only morphism of
contracted 7*- -operadic magmas such that gy = TTR(Q) O TMEs is not only a contracted
T*-operadic magma, but it is already a contracted 7*-operad.

The inclusion Q —Q> PB(Q) given by {p := g, 0 &y is, by composition, a morphism of
globular w-sets.

e.

[ . A . . A
Suppose that Q — P is a morphism of 7*-collections into another contracted 7*-op-
erad P =% T*(e) with contraction &p : Par(fp) — P, operadic unit fjp : ® — P and
operadic multiplication fip : P o(l) P—P.
Since (forgetting the associativity and unitality axioms) every contracted 7*-operad
is a contracted T*-operadic magma, by the previous point c. above, there exists a

unique morphism M(Q) 2, P of contracted T*-operadic magmas, defined on the free
contracted 7*-operadic magma M(Q), such that ¢ = ¢ o &p.

The equivalence relation E; := M(Q) X3 M(Q) = {(x,y) € M(Q) X M(Q) | (x) = ()}

induced by the morphism (Q) 4, P into the contracted 7*-operad P, is a congruence
of contracted T*-operadic magma that contains all the terms X generating Ex and
hence, by the minimality of Ex, we have Ex C &;. It follows, by proposition [3.15]

that there exists a unique quotient morphism P(Q) s, P of contracted T*-operads,
given by q?)(zrgx(x)) := ¢(x), for all x € M(Q). The universal factorization property for
free T*-operads over Q is satisfied since: ¢ o {p = pomg, 0 &g = poép = ¢. O
Remark 3.17. The proof of theorem could be obtained mimicking Leinster’s
techniques in section [2.3.3] Spec1ﬁcally, applying lemma [2.28] after showing that: a)
the category QT is locally finitely presentable; b) 7* is a finitary Cartesian monad
(and hence ¥, is monadic) ¢) U7, is finitary d) U is monadic and finitary. a

Our main definition in the T* case, is in perfect analogy with the Leinster’s defini-
tion 2.29t

Definition 3.18. A weak involutive globular w-category is an algebra for an initial
object L* in ol

Remark 3.19. It is perfectly possible to utilize the category @%’,T* introducted in
remark instead of @ * in order to define a slightly more restrictive notion of

involutive weak globular w-category as an algebra for the initial object in @%f,f*.

The existence of such initial object can be obtained with techniques perfectly similar
to those utilized in theorems and in the proof of theorem just adding to
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the family X in equation (3.9) all the pairs of terms of M(Q) required for the validity
of the additional axioms imposed by the commuting diagrams (3.3) and quotienting
by the smallest congruence of 7*-operadic contraction containing X (such minimal
congruence always exists because 7*(e) is a terminal object in &.#,1"). a

3.3 Examples

The strategy used to provide examples of weak involutive globular w-categories is
perfectly parallel to the one described in section [2.3.4] and consists of producing: a
contracted 7*-operad P* and an algebra X* over it.

We just mention here some immediate available examples of involutive weak globular
w-categories.

» strict involutive globular w-categories: again, these coincide with algebras for
the monad given by the terminal contracted-7*-operad 7*(e) € & "« described

in remark B.111

» globular w-spans: following the same notation introduced in [Bertozzini Conti
Lewkeeratiyutkul Suthichitranont 2020, example 4.7] we define an w-span as a

sequence (A" <f— ol SN B™")en of 1-spans, where Q" := A" U B"; a globular
w-span is an w-span Q := (Q™' =3 Q") that is a globular w-set (in this way any
x € Q" determines, with all its sources/targets a unique globular n-cell). Intro-
ducing level-by-level the equivalence relation that identifies (n + 1)-cells having
the same source/target sets, we obtain a quotient w-globular set X. A family of

globular w-spans is hence determined by the quotient morphism Q % X. Con-
1

sidering such family O 5 X5 eas “generators”, we apply the free involutive

magma functor (as constructed in point a. of the proof of proposition[3.2) to get

nm m(
M(Q) T, IM(X) 20, 9t(e), applying the forgetful functor to the category of
globular w-sets (that we omit to indicate) and using the quotient projection (con-

. . .. A ™0 4 ™ 4
structed in point b. of proposmon onto 7*(Q) —w> T*(X) —)> T*(e),
we obtain a morphism of 7*-collections as in the first diagram below:

M(Q) i M(X)

\ / =R ——2 - Bx)

T*(e)

The involutive weak globular w-category of globular w-spans generated by

o 5 Xis given by the morphism of free globular contracted 7*-operads to the
right of the diagram above (considered as algebras over themselves). Keeping
track of the projection onto X and B(X) is necessary to “coarse grain” recover-
ing the original spans and operations between them.
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» homotopy w-groupoids I1,(X) of a topological space X: here, since the in-
volutions coincide with the weak inverse homotopies, one just show that the
contracted T-operad utilized in [Leinster 2004, example 9.2.7] is actually a con-
tracted T*-operad.

4 Outlook

The construction of algebraic involutive versions of weak (globular) w-categories
(either in Penon’s or in Leinster’s approaches), as done in our previous work [Be-
jrakarbum Bertozzini 2017] and in the present paper, is only the very first step in
the direction of a full operator algebraic categorical environment suitable for the
needs of categorical non-commutative geometry |Bertozzini Conti Lewkeeratiyutkul
2008, [Bertozzini Conti Lewkeeratiyutkul 2012].

Involutions, in the case of (weak) cubical w-categories, are currently under inves-
tigationFE] following recent work by [Kachour 2022], including the study of condi-
tions (see [Al-Agl Brown, Steiner 2002]]) assuring the equivalence between cubical
and globular involutive settings, extending previous still unpublished results already
achieved in the case of involutive 2-categories / double categories [Bertozzini Conti
Dawe Martins 2014]).

Immediate further developments of the present work will concentrate on possible
algebraic definitions and examples of involutive weak w-algebroids; subsequently
the treatment of uniform structures related to completeness and norms necessary for
the formulation of weak w-C*-algebroids will have to be addressed, generalizing
(and possibly modifying) the strict n-C*-categorical notions tentatively put forward
in [Bertozzini Conti Lewkeeratiyutkul Suthichitranont 2020}, section 5].

In the present paper, for simplicity, we have only considered monads and operads that
do not possess involutive symmetries, but it is already evident that certain *“covariant”
involutions could have been introduced at the level of the operads in ¢7". Certain
involutive monads and operads (see [ Yau 2020, chapter 4] and references therein) can
be used for this purpose. A full treatment of involutive bicategories and the discussion
of covariant vs contravariant involutive monads and operads in a bicategory will be
separately addressed in a companion paper@ making direct use of hybrid-categories
as put forward in [Bertozzini Puttirungroj 2014]].

In this work we have not considered any relaxing of the usual axioms for globular
higher categories, in particular we did not formulate a definition of weak involutive
globular w-categories with non-commutative exchange property, as already proposed
in [Bertozzini Conti Lewkeeratiyutkul Suthichitranont 2020, section 3.3] for strict

28Bejrakarbum P, Bertozzini P, Theesoongnern S, Involutive Weak Cubical/Globular w-categories (work
in progress).

29Bejrakarboom P, Bertozzini P, Puttirungroj C, Involutive Monads and Hybrid Categories (work in
progress).
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globular n-categories. We suspect that treatments of versions of non-commutative de-
rived geometries (homotopies, cobordisms, holonomies) will require some axiomatic
modification in such direction.
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