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Abstract

Recently, many authors have established several decomposition for-
mulas associated with the hypergeometric functions in two and more
variablese. In this paper, we obtain some decomposition formulas for
Gaussian triple hypergeometric functions by using certain inverse pairs
of symbolic operators introduced by Choi and Hasanov in 2011. Cer-
tain transformation formulas for these triple functions have also been
obtained.

1 Introduction

The use of many mathematical operations goes beyond the class of elementary
functions. Calculation of integrals, summation of series, solution of algebraic,
transcendental, difference and differential equations and their systems require
expanding the class of functions studied. The development of the concept of a
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function, going in parallel with the development of the concepts of number and
space, led to the emergence of new hypergeometric functions of many complex
variables.

The great success of the theory of hypergeometric functions in a single vari-
able has stimulated the development of the theory of hypergeometric functions
in several variables by the fact that the solutions of partial differential equations
arising in many applied problems of mathematical physics are given in terms
of such hypergeometric functions (see e.g., [9, 11, 13, 18, 19]). Multiple Hy-
pergeometric functions occur in numerous problems in hydrodynamics, control
theory, electrical current, heat conduction, classical and quantum mechanics
(see, for details, [2, 8, 15, 17] and the references cited therein). In view of
theory and applications, a large number of hypergeometric functions have been
developed, for example, as many as 205 hypergeometric functions are recorded
in the monograph [21]. For our purpose, we begin by recalling the following
Gaussian hypergeometric functions in three variables (see [21, pp. 80-81]):

F26b (a1, a2, a3, b; c1, c2; x, y, z)

=

∞∑
m,n,p=0

(a1)m+n(a2)m(a3)n(b)2p−m

(c1)n(c2)p

xm

m!

yn

n!

zp

p!
, (1.1)

F26c (a1, a2, b1, b2; c; x, y, z)

=

∞∑
m,n,p=0

(a1)m(a2)n(b1)2p−m(b2)m+n−p

(c)n

xm

m!

yn

n!

zp

p!
. (1.12)

F26d (a1, a2, b1, b2; c; x, y, z)

=

∞∑
m,n,p=0

(a1)m+n(a2)n(b1)2p−m(b2)m−p

(c)n

xm

m!

yn

n!

zp

p!
. (1.3)

F29b (a1, a2, a3, b; c1, c2; x, y, z)

=

∞∑
m,n,p=0

(a1)n(a2)p(a3)p(b)2m+n−p

(c1)m(c2)n

xm

m!

yn

n!

zp

p!
, (1.4)

F29d (a1, a2, a3, b; c1, c2; x, y, z)

=

∞∑
m,n,p=0

(a1)2m+n(a2)n(a3)p(b)p−n

(c1)m(c2)p

xm

m!

yn

n!

zp

p!
, (1.5)

F29e (a1, a2, a3, b; c1, c2;x, y, z)

=

∞∑
m,n,p=0

(a1)2m+n(a2)n(a3)p(b)p−m

(c1)n(c2)p

xm

m!

yn

n!

zp

p!
, (1.6)

F29g (a1, a2, b1, b2; c; x, y, z)

=

∞∑
m,n,p=0

(a1)n(a2)p(b1)2m+n−p(b2)p−m

(c)n

xm

m!

yn

n!

zp

p!
, (1.7)

F29k (a1, a2, b1, b2; c; x, y, z)

=

∞∑
m,n,p=0

(a1)2m+n(a2)p(b1)n−m(b2)p−n

(c)p

xm

m!

yn

n!

zp

p!
, (1.8)

where (a)n is the Pochhammer symbol defined as

(a)n =
Γ(a + n)

Γ(a)
=

⎧⎪⎨
⎪⎩

1 (n = 0),

a(a + 1)...(a + n − 1) (n ∈ N := {1,2, ...}).
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Burchnall and Chaundy presented the inverse pairs of symbolic operators
∇ and Δ ([3, 4]; also see [5]) by means of which they established several decom-
position formulas for Appells double hypergeometric functions in terms of the
Gaussian hypergeometric functions in one variable. Recently, Hasanov and Sri-
vastava [10, 12] introduced multivariable analogues of the BurchnallChaundy’s
symbolic operators and with the help of these operators, the authors obtained
a number of decomposition formulas associated with multiple Lauricella hy-
pergeometric functions F

(r)
A , F

(r)
B , F

(r)
C and F

(r)
D . Choi and Hasanov (see [6])

established the following multivariable symbolic operators:

Hx1 ,...,xr (α,β) =
Γ(β)Γ(α + δ1 + · · · + δr)

Γ(α)Γ(β + δ1 + · · · + δr)

=

∞∑
k1 ,...,kr =0

(β − α)k1+···+kr (−δ1)k1 · · · (−δr)kr

(β)k1+···+kr k1! · · ·kr !
, (1.9)

H̄x1 ,...,xr (α,β) =
Γ(α)Γ(β + δ1 + · · · + δr)

Γ(β)Γ(α + δ1 + · · · + δr)

=

∞∑
k1 ,...,kr =0

(β − α)k1+···+kr (−δ1)k1 · · · (−δr)kr

(1 − α − δ1 − · · · − δr)k1+···+kr k1! · · ·kr !
(1.10)

(
δj := xj

∂

∂xj
, j = 1, ..., r; r ∈ N := {1,2, 3, ...}

)
.

Based on the operators (1.9) and (1.10), we aim in this paper to derive certain
decomposition formulas for the Gaussian hypergeometric functions in three
variable (1.1)-(1.8), which are used to obtain some transformation formulas for
these functions.

2 A set of operator identities

Applying the symbolic operators in (1.9) and (1.10), we establish the following
operator identities involving the Horn functions in two variables H4, H5, H6, H7

(see [7, 14]) and the hypergeometric functions (1.1)-(1.8):

F26b (a1, a2, a3, b; c1, c2; x, y, z)

= Hy(a3, c1) (1 − y)−a1 H7

(
b, a1, a2; c2; z,

x

1 − y

)
, (2.1)

(1 − y)−a1 H7

(
b, a1, a2; c2; z,

x

1 − y

)

= H̄y(a3, c1)F26b (a1, a2, a3, b; c1, c2;x, y, z) , (2.2)

F26c (a1, a2, b1, b2; c; x, y, z)

= Hy(a2, c) (1 − y)−b2 H6

(
b1, b2, a1; (1 − y)z,

x

1 − y

)
, (2.3)

(1 − y)−b2 H6

(
b1, b2, a1; (1 − y)z,

x

1 − y

)

= H̄y(a2, c)F26c (a1, a2, b1, b2; c; x, y, z) , (2.4)
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F26d (a1, a2, b1, b2; c; x, y, z)

= Hy(a2, c) (1 − y)−a1 H6

(
b1, b2, a1; z,

x

1 − y

)
, (2.5)

(1 − y)−a1 H6

(
b1, b2, a1; z,

x

1 − y

)

= H̄y(a2, c)F26d (a1, a2, b1, b2; c; x, y, z) , (2.6)

F29b (a1, a2, a3, b; c1, c2; x, y, z)

= Hy(a1, c2) (1 − y)−b H7

(
b, a2, a3; c1;

x

(1 − y)2
, (1 − y)z

)
, (2.7)

(1 − y)−b H7

(
b, a2, a3; c1;

x

(1 − y)2
, (1 − y)z

)

= H̄y(a1, c2)F29b (a1, a2, a3, b; c1, c2;x, y, z) , (2.8)

F29d (a1, a2, a3, b; c1, c2; x, y, z)

= Hz(a3, c2) (1 − z)−b H4 (a1, a2; c1, 1 − b; x,−y(1 − z)) , (2.9)

(1 − z)−b H4 (a1, a2; c1, 1 − b; x,−y(1 − z))

= H̄z(a3, c2)F29d (a1, a2, a3, b; c1, c2;x, y, z) , (2.10)

F29e (a1, a2, a3, b; c1, c2;x, y, z)

= Hz(a3, c2) (1 − z)−b H4 (a1, a2; 1 − b, c1;−x(1 − z), y) , (2.11)

(1 − z)−b H4 (a1, a2; 1 − b, c1;−x(1 − z), y)

= H̄z(a3, c2)F29e (a1, a2, a3, b; c1, c2; x, y, z) , (2.12)

F29g (a1, a2, b1, b2; c; x, y, z)

= Hy(a1, c) (1 − y)−b1 H6

(
b1, b2, a2;

x

(1 − y)2
, (1 − y)z

)
, (2.13)

(1 − y)−b1 H6

(
b1, b2, a2;

x

(1 − y)2
, (1 − y)z

)

= H̄y(a1, c)F29g (a1, a2, b1, b2; c; x, y, z) , (2.14)

F29k (a1, a2, b1, b2; c; x, y, z)

= Hz(a2, c) (1 − z)−b2 H5 (a1, b1; 1 − b2;x,−y(1 − z)) , (2.15)

(1 − z)−b2 H5 (a1, b1; 1 − b2; x,−y(1 − z))

= H̄z(a2, c)F29k (a1, a2, b1, b2; c; x, y, z) . (2.16)

The operator identities (2.1)-(2.16) can be proved by using the Mellin and
the inverse Mellin transformations (see [1, 16, 21]). The proofs of the operator
identities are omitted here.

3 Decomposition formulas

In [20, p. 93], it is proved that, for every analytic function f(ξ), the following
formulas holds true:

(−δ)n{f(ξ)} = (−1)nξn dn

dξn
{f(ξ)} (3.1)
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and
(α + δ)n{f(ξ)} = ξ1−α dn

dξn
{ξα+n−1f(ξ)}, (3.2)

where
δ := ξ

d

dξ
; α ∈ C; n ∈ N0 := {0, 1, 2, ...}.

In view of formulas (3.1) and (3.2), and taking into account the differen-
tiation formula for hypergeometric functions, from operator identities (2.1) to
(2.16), we obtain the following expansion formulas:

F26b (a1, a2, a3, b; c1, c2; x, y, z) = (1 − y)−a1

×
∞∑

i=0

(−1)i(a1)i(c1 − a3)i

(c1)ii!

(
y

1 − y

)i

H7

(
b, a1 + i, a2; c2; z,

x

1 − y

)
, (3.3)

(1 − y)−a1 H7

(
b, a1, a2; c2; z,

x

1 − y

)

=

∞∑
i=0

(a1)i(c1 − a3)i

(c1)ii!
yiF26b (a1 + i, a2, a3, b; c1 + i, c2; x, y, z) , (3.4)

F26c (a1, a2, b1, b2; c; x, y, z) = (1 − y)−b2

×
∞∑

i=0

(−1)i(c − a2)i(b2)i

(c)ii!

(
y

1 − y

)i

H6

(
b1, b2 + i, a1; (1 − y)z,

x

1 − y

)
, (3.5)

(1 − y)−b2 H6

(
b1, b2, a1; (1 − y)z,

x

1 − y

)

=

∞∑
i=0

(c − a2)i(b2)i

(c)ii!
yiF26c (a1, a2, b1, b2 + i; c + i;x, y, z) , (3.6)

F26d (a1, a2, b1, b2; c; x, y, z) = (1 − y)−a1

×
∞∑

i=0

(−1)i(a1)i(c − a2)i

(c)ii!

(
y

1 − y

)i

H6

(
b1, b2, a1 + i; z,

x

1 − y

)
, (3.7)

(1 − y)−a1 H6

(
b1, b2, a1; z,

x

1 − y

)

=

∞∑
i=0

(a1)i(c − a2)i

(c)ii!
yiF26d (a1 + i, a2, b1, b2; c + i;x, y, z) , (3.8)

F29b (a1, a2, a3, b; c1, c2;x, y, z) = (1 − y)−b

×
∞∑

i=0

(−1)i(c2 − a1)i(b)i

(c2)ii!

(
y

1 − y

)i

H7

(
b + i, a2, a3; c1;

x

(1 − y)2
, (1 − y)z

)
, (3.9)

(1 − y)−b H7

(
b, a2, a3; c1;

x

(1 − y)2
, (1 − y)z

)

=
∞∑

i=0

(c2 − a1)i(b)i

(c2)ii!
yiF29b (a1, a2, a3, b + i; c1, c2 + i;x, y, z) , (3.10)

F29d (a1, a2, a3, b; c1, c2; x, y, z) = (1 − z)−b

×
∞∑

i=0

(−1)i(c2 − a3)i(b)i

(c2)ii!

(
z

1 − z

)i

H4 (a1, a2; c1, 1 − b − i; x,−y(1 − z)) , (3.11)
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(1 − z)−b H4 (a1, a2; c1, 1 − b; x,−y(1 − z))

=

∞∑
i=0

(c2 − a3)i(b)i

(c2)ii!
ziF29d (a1, a2, a3, b + i; c1, c2 + i; x, y, z) , (3.12)

F29e (a1, a2, a3, b; c1, c2; x, y, z) = (1 − z)−b

×
∞∑

i=0

(−1)i(c2 − a3)i(b)i

(c2)ii!

(
z

1 − z

)i

H4 (a1, a2; 1 − b − i, c1;−x(1 − z), y) , (3.13)

(1 − z)−b H4 (a1, a2; 1 − b, c1;−x(1 − z), y)

=

∞∑
i=0

(c2 − a3)i(b)i

(c2)ii!
ziF29e (a1, a2, a3, b + i; c1, c2 + i;x, y, z) , (3.14)

F29g (a1, a2, b1, b2; c; x, y, z) = (1 − y)−b1

×
∞∑

i=0

(−1)i(c − a1)i(b1)i

(c)ii!

(
y

1 − y

)i

H6

(
b1 + i, b2, a2;

x

(1 − y)2
, (1 − y)z

)
, (3.15)

(1 − y)−b1 H6

(
b1, b2, a2;

x

(1 − y)2
, (1 − y)z

)

=

∞∑
i=0

(c − a1)i(b1)i

(c)ii!
yiF29g (a1, a2, b1 + i, b2; c + i;x, y, z) , (3.16)

F29k (a1, a2, b1, b2; c; x, y, z) = (1 − z)−b2

×
∞∑

i=0

(−1)i(c − a2)i(b2)i

(c)ii!

(
z

1 − z

)i

H5 (a1, b1; 1 − b2 − i;x,−y(1 − z)) , (3.17)

(1 − z)−b2 H5 (a1, b1; 1 − b2; x,−y(1 − z))

=

∞∑
i=0

(c − a2)i(b2)i

(c)ii!zi
F29k (a1, a2, b1, b2 + i; c + i; x, y, z) . (3.18)

4 Transformation formulas

The following transformation formulas of the Gaussian hypergeometric func-
tions in three variables (1.1)-(1.8) follow from our main results in pervious
Section.

F26b (a1, a2, a3, b; c1, c2; x, y, z)

= (1 − y)−a1 F26b

(
a1, a2, c1 − a3, b; c1, c2;

x

1 − y
,

y

y − 1
, z

)
, (4.1)

F26c (a1, a2, b1, b2; c; x, y, z)

= (1 − y)−b2 F26c

(
a1, c − a2, b1, b2; c;

x

1 − y
,

y

y − 1
, (1 − y)z

)
, (4.2)

F26d (a1, a2, b1, b2; c; x, y, z)

= (1− y)−a1 F26d

(
a1, c − a2, b1, b2; c;

x

1 − y
,

y

y − 1
, z

)
, (4.3)
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F29b (a1, a2, a3, b; c1, c2; x, y, z)

= (1 − y)−b
F29b

(
c2 − a1, a2, a3, b; c1, c2;

x

(1 − y)2
,

y

y − 1
, (1 − y)z

)
, (4.4)

F29d (a1, a2, a3, b; c1, c2; x, y, z)

= (1 − z)−b
F29d

(
a1, a2, c2 − a3, b; c1, c2; x, y(1− z),

z

z − 1

)
, (4.5)

F29e (a1, a2, a3, b; c1, c2; x, y, z)

= (1 − z)−b
F29e

(
a1, a2, c2 − a3, b; c1, c2; x(1− z), y,

z

z − 1

)
, (4.6)

F29g (a1, a2, b1, b2; c; x, y, z)

= (1 − y)−b
F29g

(
c − a1, a2, b1, b2; c;

x

(1 − y)2
,

y

y − 1
, (1− y)z

)
, (4.7)

F29k (a1, a2, b1, b2; c; x, y, z)

= (1 − z)−b2 F29k

(
a1, c − a2, b1, b2; c; x, y(1− z),

z

z − 1

)
. (4.8)
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[7] A. Erdélyi , W. Magnus, F. Oberhettinger and F.G. Tricomi, “Higher Transcendental
Functions”, Vol. I, McGraw-Hill Book Company, New York, Toronto and London, 1953.

[8] F.I. Frankl, “Selected Works in Gas Dynamics”, Nauka, Moscow, 1973 (in Russian).

[9] A. Hasanov, Fundamental solutions of generalized Helmholtz equation, Reports of
Uzbek Academy of Sciences 1 (2006), 13-15.

[10] A. Hasanov and H.M. Srivastava, Some decomposition formulas associated with the

Lauricella function F
(r)
A and other multiple hypergeometric functions, App. Math.

Lett., 19 (2006), 113-121.

[11] A. Hasanov, Fundamental solutions of generalizedbi-axially symmetric Helmholtz equa-
tion, Complex Variables and Elliptic Equations 52(8) (2007), 673-683.

[12] A. Hasanov and H.M. Srivastava, Decomposition formulas associated with the Lauricella
multivariable hypergeometric functions,, Comput. Math. Appl., 53 (2007), 1119-1128.



140 Decomposition formulas for some Gaussian...

[13] A. Hasanov and E. T. Karimov, Fundamental solutions for a class of three-dimensional
elliptic equations with singular coefficients, Appl. Math. Lett. 22 (2009), 1828-1832.

[14] J. Horn, Ueber die Convergenz der Hypergeometrische Reihen Zweier und Dreier
Veränderlichen, Math. Ann., 34 (1889), 544-600.
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