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Abstract

We study the area-minimizing property of slices in the weighted warped
product manifold (Rt x; R™, e %), assuming that the density function
e~ ¥ and the warping function f satisfy some additional conditions. Based
on a calibration argument, a slice {to} x G™ is proved weighted area-
minimizing in the class of all entire graphs satisfying a volume balance
condition and some Bernstein type theorems in Rt x;G™ and G* x ; G™,
when f is constant, are obtained.

1 Introduction

Recently, the study of weighted minimal submanifolds, and in particular
weighted minimal hypersurfaces had attracted many researchers (see, for in-
stance, [2], [4], [5], [7]). A weighted manifold (also called a manifold with
density) is a Riemannian manifold endowed with a positive function e~%,
called the density, used to weight both volume and perimeter elements. The
weighted area of a hypersurface ¥ in an (n 4 1)-dimensional weighted man-
ifold is Area,(X) = [;e ¥ dA and the weighted volume of a region Q is
Vol, () = [,e ?dV, where dA and dV are the n-dimensional Riemannian
area and (n + 1)-dimensional Riemannian volume elements, respectively. A
typical example of such manifolds is Gauss space G*™1, R*™! with Gaussian
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n 7‘2
density (27r)_%e_7, which is appeared in probability and statistics. The
hypersurface ¥ in R"*? is said to be weighted minimal or p-minimal if

Hy(S) i= H(D) + +(Voo, N) =0,

where H(X) and N are the classical mean curvature and the unit normal vector
field of 3, respectively. H,(X) is called the weighted mean curvature of X.

A theme widely approached in recent years is problems concerning to hy-
persurfaces in a warped product manifold of the type R* x; M, where Rt =
[0, +00), (M, g) is an n-dimensional Riemannian manifold and f is a positive
smooth function defined on R (see [8]). Note that with these ingredients, the
product manifold R* x s M is endowed with the Riemannian metric

g = T (dt?) + f(mes )* i (9),

where 7+ and s denote the projections onto R* and M, respectively.
In R™, let P be a part of a slice, viewed as a graph over a domain D and
let ¥ be a graph of a function u over D. It is clear that

Area(E):/ \/1—|—|Vu|2dAZ/ dA = Area(P).
D D

However, in general, the above inequality doesn’t always hold if the ambient
space is a weighted manifold. For instance, consider R? with radial density
e~ 2@ +¥*) Let R be a positive real number, P = {(z,0) e R?: —R<z <R}
and X be the half circle defined by 22 + y* = R?, y > 0. The weighted length
of P, L,(P), and the weighted length of X, L, (X), are

R 1.2
Lw(P):/ e 2% dx,
-R

and
L,(%) :/ e P Rdt = e 2% R
0
A simple computation shows that /27 (1 — e~ 25%) < Ly(P) < /m(1 — e B7).

When R = 2, we have L,(P) > L, ().
As another example, we consider R? with density e¥. Let

j

} . It’s not hard to

™

3=

IA
Wl ol

P = {(x,—lncosg) eR?: —

and ¥ be the graph of function y = —Incosz,x € [—g,
check that L,(P) > L, (%).
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Hence, the area-minimizing property of slices in weighted warped product
manifolds is not a trivial matter. In this paper, using the same method as in
[2] we prove that if (log f)” () < 0, then the slice is weighted area-minimizing
under a volume balance condition. In particular, when f is constant we get
some Bernstein type theorems in R™ x; G™ and Gt x; G".

2 Preliminaries

Consider the warped product R x y R™ with density e~%, where ¢ = ¢(t, x).
Let u € C?(R"), and ¥ = {(u(z),z) : * € R"} be the entire graph defined by
w. A unit normal vector field of ¥ is

fw) 1
N = y Du )
(x/f(u)2 +[Dul? fu)y/ f(w)? +|Dul? )

where Du is the gradient of u in R", and |Du|? = (Du, Du). The curvature
1

function (relative to N) is H = —trace(A), where A is the shape operator. A
n

direct computation gives (see [8, Section 5])

. Du () | Dul?
nH(u) = div — n— i
= (5 ) e (v o)
Thus,

1 . Du nf'(u) f(w)
nHy(u) = div — t
" T QWWHmQ T+ 1DuE TR+ DuE”
- . (Du, D).

fw)y/ f(u)? + | Dul?

It is easy to see that the mean curvature as well as the weighted mean curvature
of slice are constants

H(to) := H(to, ) = —(log f)'(to),
and
Hap(tO) = Htp(th x) = _(1Og f)/(t()) + (,Ot(t(), x)

Furthermore, if ¢ = p(z), x € R™ (i.e., the weighted function e~% does not
depend on the parameter ¢t € R"), H,(to) = —(log f) (to).

Let 3 and N as above. Consider the smooth extension of IV by the trans-
lation along t-axis, also denoted by N and the n-differential form defined by

o(t, x) = f()"w(z),
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where w(Xq, ..., X,,) = det(Xy, ..., X, N), X;,i = 1,2, ...,n, are smooth vector
fields on X. Tt is clear that f(¢)"|w(X1, ..., X»)| < 1, for all orthonormal vector
fields X;,i = 1,2,...,n and f(t)"|w(X1,..., Xn)| = 1 if and only if X3,..., X,
are tangent to X. Therefore, ¢(t, z) represents the weighted volume element of
Y in (RT x5 R™, e~ ?). We have

e _|Du|2> 7| Duf?
AN = = = D (n 72 ) TPt punE

Note that dw = div(N) dVg+ xgn, thus
d6 = d(f"w) = div(f"N) dVis xpe = FdivN dVis cpn +nf" "1 f (01, N) dVas cpn

/
= leN dVR+><fR" =+ Tlf7<8t, N> dVR+><fR"

J'|Duf? I'|Duf?
=|-nH+ + dVi n.
( PP HIDUP (2 + [Duf)E ) T

Since
d(e=%¢) = d(e”?fMw) = e ? fPdivN dVi+ xgn + (V(e"?f™), N) dVig+
=e ¥dp—e 7"V, N) dVi+xgn

. f'|Duf? f'|Duf?
=e ¥ |-—nH + —(Vp,N)| dVj n
l P D T (P pupE N e
. f'|Duf? f'|Duf?
=e ¥ |-nH,+ dVj ",
l P RVPEIDuR (2 + [Dup)?| " TR
we have
. f'|Duf? f'|Duf?
dyotd =e¥d(e Pp) = —nH, + dV; n.
o ( ) ( ® 7272 + |Dup? (f2—|—|Du|2)% R+ x R

When ¥ is a slice, dy¢p = —nHy, dVr+ ;g

3 The results

3.1 The results on slices

Consider R* x y R™ with density e~ %, ¢ = ¢(t, z). Suppose that D is a domain
in R™ such that D, the closure of D, is compact. Let Pp = {to} x D and ¥p
be the graph of a function ¢t = w(z), x € D, such that Pp and Xp have the
same boundary, i.e., 9Pp = 0Xp. Let 1 = {(t,z) € Rt x D : t < u(x)} and
Ey = {(t,z) € RT x D : t < to}. The following theorem shows that Pp has
least weighted area in the class of hypersurfaces with the same boundary.
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Theorem 3.1. If Vol,(E1) = Vol,(E2) and (log f)"(t) <0, then Area,(Pp) <
Area,(Xp).

Proof. Denote by ¢ the volume form of R™. By Stokes’ Theorem and the suit-
able orientations for objects (see Figure 1), we get

Area, (D) — Area,(Xp) < / e P — e ¥p = e %
D Xp D—-Xp

:/ e ¥d,p = e_“’d@(b—k/ e Ydy9,
Eq El\E2 EiNEsy

Area,(Pp) — Area, (D) S/P e_“’qb—/De_“’(b: Y e %

= —/ e Pdy¢ = —/ e “dyp — e Ydyp.
Es EQ\EQ Ei1NE>

Therefore,
Area,(Pp) — Area,(Xp) < / e Pdy¢ — e ?dy¢
El\E2 EQ\EQ
= —/ e PnH,(t)dV —|—/ e ¥nH,(t)dV.
El\ E2 EQ\EQ

The condition (log f)”(¢) < 0 means that H, is non-decreasing along t-axis.

ENE N\
== ==
E,\E, Pp
> D

Figure 1: A part of slice and graph have the same boundary
Therefore,

H@(to) < H@(t), V(t,x) S \ Fo; H@(t) < H@(to), V(t,x) € Fy \ FE.
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Hence

Area,(Pp) — Area,(Xp) < —nH,(to) (/
El\E2

= —nHy(to)(Voly(F; \ F2) — Vol,(E2 \ Ey)) =0,

e ?dV — e ?dV
EQ\El

because Vol,(E1) = Vol,(E2). Thus, Area,(Pp) < Area,(Xp). O
In the case of R™ is the Gauss space G", consider Rt x; G", i.e., Rt x; R"

. 2
with density e=? = (27)~"/ 2¢='5 In this space, slices are proved to be global
weighted area-minimizing.

Theorem 3.2. If (log f)"(t) < 0, then a slice is weighted area-minimizing in
the class of all entire graphs satisfying Vol,(E1) = Vol,(E2).

Proof. Let P be the slice {to} x G"™ and ¥ be the graph of a function ¢ = u(x)
over G". Let Sj;~ ! be the (n — 1)-sphere with center O and radius R in G" and
Cr =R x S%" be the n-dimensional cylinder. Let E; = {(t,z) € Rt x G" :
t <u(r)} and Fy = {(t,z) € RT x G" : t < to}. Let A= FE1\ F2 U Es\ Ej.
The parts of P, 3, Ey, and E», bounded by Cr, are denoted by Pr, X g, F1,,
and Ejs,, respectively.

Denote by ¢ the volume form of G™. Let R be large enough such that Cr
meets both E; \ Fy and E3 \ E; (see Figure 2). In a similar way to the proof
of Theorem 3.1, we have

Area,(GR) — Area,(XR) + / e ¥y < / e ¥ — e o+ / )
CrNE; G Yr CrNE}

z/e_“’dwqb: e‘“’dwqb—k/ e Ydyo,
E E

1R Eip\B2p 1pNE2p

n
R

Area, (Pgr) — Area,(GY) +/ e ¥ < / e ¥o— e ¥ +/ e ¥
CrNEs Pr G% CrNE2

- _/e—wdw: —/Ee—@dw— e ?d 0.

Eap 25 \E1g E2pNE1g

Therefore,
Area,(Pr) — Areay(Xg) + / e P < / e Pdyp — e ¥Ydy¢
CrNA ElR\EQR EQR\EQR

- / e PnH () dV — [ e nH ()dV. (3.1)
EQR\ElR ElR\ EQR
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Cr

y
e

Figure 2: The slice P, entire graph 3 and G™ in RT x ¢ G"

Since (log f)"(t) <0,
H@(to) < H@(t), V(t,x) S ElR \ EQR and Hw(t) < H@(to), V(t,x) S EQR \ ElR-
Thus,

Areay, (Pr) — Area, (Xg) + / e~ ?¢ < nHy(to) (Voly (B2, \ E1y,) — Voly(E1y, \ Eay,)) -
CrNA
(3.2)

. . . p— . p— 2
Moreover, it is easy to see that limp_ fCRﬁA e P¢ = limp_oo e °F fcRmA =
0.
By the assumption Vol,(E7) = Vol,(E2), we have

Rhm VOLp(ElR\ EQR) = Rhm VOLp(EQR\ ElR)

Hence, taking the limit of both sides of (3.2) as R goes to infinity, we obtain
Area,(P) < Area,(X). O

3.2 Some Bernstein type results
3.2.1 A Bernstein type result in R* x, G®

Consider the weighted warped product manifold Rt x, G™ with density e=% =

(27r)_"/2e_¥, where a is a positive constant. Let P, 3, Ey, FEs, A, Cg, Pg,
YR, B, Eay, be defined as in the proof of Theorem 3.2. If u is bounded, then
Vol (E1), Vol,(Es) and Vol,(A) are finite. Since the weighted mean curvature
of ¥ on the region A, H,, does not change along any vertical line, we get the
following results:

Theorem 3.3. If H,(X) and u are bounded and Vol,(E1) = Vol,(Es), then
1
Area, (X) < Area,(P) + §n(M —m) Vol, (A4),

where m = inf H,(X) and M = sup H,(X).
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Proof. Denote by ¢ the volume form of 3. In this case, d,¢ = —nH, dV. Let
R be large enough such that Cr meets both E; \ Fy and Es \ E; (see Figure
2). By changing X and Pg together in (3.1), we have

Areay(XR) — Areay (Pr) + e ¥p < / e PnH,(X)dV — e PnHy(X)dV
CrNA Ei1p\E2p Exp\E1p
<nMVoly(E1, \ B2y) —nm Voly(Eay \ E1y).

(3.3)
By the assumption Vol,(Eq) = Vol,(Es), taking the limit of both sides of (3.3)

1
as R goes to infinity, we get Area,(X) < Area,(P) + §n(M —m) Vol,(4). O
Corollary 3.4 (Bernstein type theorem in RT x, G*). A bounded entire
constant mean curvature graph must be a slice and therefore, is minimal.

Proof. Assume that ¥ is an entire constant mean curvature graph of a bounded
function u. Since Vol,(E1) is finite, there exists a slice P such that Vol,(E) =
Vol,(E2). Because m = M, by Theorem 3.3, it follows that Area,(X) <
Area, (P). Moreover,

Area,(X) = e ¥va*+ a?|Dul?dA > / e~ ?Vat dA = Area,(P).
Gr Gr

Therefore, Area,(X) = Area,(P) and Du = 0, i.e., u is constant. It is not
hard to see that 3 = P and therefore, is minimal. ]

3.2.2 A Bernstein type result in GT x, G®

Now, consider the weighted warped product manifold GT x, G™ with density

2
e=¥ = (2r)~("*t1/2e=7 and let ¥ be an entire graph of a function u(z) over
G™, since

(Vo(u(z) + At, x), N(u(z) + At, z)) — (Vp(u(z), z), N(u(z), z))
= ((u(z) + At,x) — (u(x),z), N) = ((At,0), N) > 0, for At>0,
the weighted mean curvature of ¥ is increasing along any vertical line. We have
Lemma 3.5.
Area,(G") < Area,(X).

Proof. Denote by ¢ the volume form of G". Replacing C'r by Sg, the n-sphere
with center O and radius R, in Subsection 3.2.1. Let R be large enough such
that Sr meets X (see Figure 3), we get

Area,(G}) — Area,(Xg) + / e ¥y < —/ e ¥nH,(G")dV =0.
SrNE; E

1r

Therefore, Area,(G™) < Area, (). O
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\ g B

Figure 3: An entire graph & and G™ in Gt x, G

Theorem 3.6 (Bernstein type theorem in Gt x, G*). The only entire
weighted minimal graph in GT x, G is G™.

Proof. Denote by ¢ the volume form of 3 (see Figure 3), we have

Area,(XR) — Areay,(G}) —|—/

e %o < / e fnH,(X)dV =0. (3.4)
SrNE; E

1r
Taking the limit of both sides of (3.4) as R goes to infinity, we get
Area, () < Area,(G").
Hence, it follows from Lemma 3.5 that
Area, (X) = Area,(G"). (3.5)

Since Vol,(G* x, G™) is finite, there exists a slice P such that Vol,(E;) =
Vol,(E2). Using the similar arguments as in the proof of Theorem 3.3 (see
Figure 4), we get

Figure 4: The slice P and entire graph ¥ in G x, G®

Areay,(XR) — Areay(Pr) + e ¥p < / e PnHy(X)dV — e PnHy(X)dV =0,
SrNA Ei1p\Ea2p Exp\E1p

because X is a weighted minimal graph. Therefore, Area,(X) < Area, (P). By
Theorem 3.2, it follows that

Area,(X) = Area, (P). (3.6)
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Thus, it follows from (3.5) and (3.6) that

Area, (P) = Area,(G").

Hence, P = G" and Vol,(E1) = Vol,(E2) =0, ie., ¥ =G O
References
[1] F. Fang, X. D. Li, Z. Zhang, Two generalizations of Cheeger-Gromoll splitting theorem

(2]
(3]
(4]

(5]
(6]

(7]

(8]

via Bakry-mery Ricci curvature, Ann. Inst. Fourier. 59 (2009) 563-573.

D. T. Hieu, A weighted volume estimate and its application to Bernstein type theorems
in Gauss space, Colloquium Mathematicum, to appear.

D. T. Hieu, Some calibrated surfaces itn manifolds with density, J. Geom. Phys. 61
(2011) 1625-1629.

D. T. Hieu, T. L. Nam, Bernstein type theorem for entire wetghted minimal graphs in
G™ X R for Gaussian densities, J. Geom. Phys. 81 (2014) 87-91.

F. Morgan, Manifolds with density, Notices Amer. Math. Soc. 52 (2005) 853-858.

B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Academic
Press, London (1983).

C. Rosales, A. Caete, V. Bayle, F. Morgan, On the isoperimetric problem in Euclidean
space with density, Calc. Var. Partial Differential Equations. 31 (2008) 27-46.

J. J. Salamanca, I. M. C. Salavessa, Uniqueness of ¢-minimal hypersurfaces in warped
product manifolds, J. Math. Anal. Appl. 422 (2015) 1376-1389.



