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Abstract

Terms and formulas are expressed in a first-order language which are
used to describe properties of algebraic systems consisting a non-empty
set together with a sequence of operations and a sequence of relations on
this set. In this paper we study on linear terms of type (n) for a natu-
ral number n > 1, this leads to define the definition of linear formulas
of type ((n),(m)) for natural numbers n,m > 1. To construct clone of
linear terms and clone of linear formulas we give a new concept of the
partial superposition operation of linear terms and the partial superpo-
sition operation of linear formulas, respectively. Moreover, we show that
both of them are satisfied the superassociative law and the extension of
a many-sorted mapping, which maps a generating system to clone, is an
endomorphism.

1 Introduction

The concept of clone is one of the principal algebraic concepts especially a
clone can be regarded to category theory. In 1963, Bill Lawvere introduced
the concept of algebraic theory what is nowadays known as a Lawvere theory,
which can be thought of as a category theoretical abstraction of clones (see [12]
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for more details). Nowadays, the clone is widely accepted in this area. Some
basic examples are :

(i) The set O(A) of all (finitary) operations on A together with the usual
composition and projections on A, called the clone of operations.

(ii) Given a topological space (X, 7), all continuous operations on X form a
clone, called the clone of (X, 7). See [14] for a recent information in this
area.

(iii) Given a partially ordered set (A, <), all operations on A monotone in
each variable with respect to < form a clone, called the clone of partial
order.

One of direct research in clone theory is the clone of terms which plays
important role in universal algebra and computer science. To define terms one
needs variables and operation symbols. Let (f;);cr be a sequence of operation

symbols, when f; is ns-ary and n; € Nt := N\ {0} is a natural number.
We denote by X := {z1,...,&n,...} is a countably infinite set of symbols
called variables and for each n > 1 let X,, := {z1,...,2,}. The sequence of

7 := (n;)ier is called a type. Then an n-ary term of type T is defined inductively
as follows:

(i) Every variable z; € X,, is an n-ary term of type 7.

(ii) If ¢q,...,t,, are n-ary terms of type 7 and f; is an n;-ary operation
symbol, then f;(t1,...,t,,) is an n-ary term of type 7.

Let W, (X,,) be the set of all n-ary terms of type 7 which contains 1, ..., z,
and is closed under finite application of (ii) and let W, (X) := J,, e+ Wr(Xn)
be the set of all terms of type 7.

Now, we recall the concept of superposition operation. For each m,n € N+t
the superposition operation S?, : W, (X,,) x W, (X,,)" — W.(X,,) is a many-
sorted mapping defined by

i) SM(xj,t1,...,tn,) :=t;, ifx;, 1 <j<nisa variable from X,.
m\Tj i J J J

(11) Sﬂl(fi(sl,. . ~7Sni)7t17 .. '7t"i) = fi(S:,LL(Sl,tl, e 7t"i)7 . ..,Sﬂl(sn“tl,. . '7t"i))'

Then the many-sorted algebra can be defined by

cloner= ((Wr(Xyn))nen+, (SgL)n,mGN‘*'a (xi)igneN‘*')a
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which is called the clone of all terms of type 7.

Here, we would like to extend all above concepts to algebraic system and
thus we now recall some basic definitions. Let I,J be indexed sets and let
(fi)ier, (75)jes be sequences of operation symbols and relation symbols, re-
spectively. Let 7 := (n;);ecr and 7’ := (n;);es where f; has the arity n; for
every ¢ € I and ; has the arity n; for every j € J. The pair (7,7’) is called
the type of an algebraic system.

Definition 1.1. ([13]) An algebraic system of type (7,7') is a triple

A= (A; (f)ier, (7")jes) consisting of a non-empty set A, a sequence (f7)icr
of operations on A where f{* is ns-ary for i € I and a sequence (vf)je g of
relations on A where 7;4 is nj-ary for j € J.

Not all of the terms in the second-order language will used to express prop-
erties of algebraic system. The one is called formulas, first introduced by A.I.
Mal’cev in 1973 [13]. For approach to formulas see also [13], and we recall the
definition of formula which is defined by K. Denecke and D. Phusanga in 2008.

Definition 1.2. ([6]) Let n € N*. An n-ary quantifier free formula of type
(1,7") (for simply, formula) is defined in the following way:

(i) If t1, to are n-ary terms of type 7, then the equation ¢; ~ ty is an n-ary
quantifier free formula of type (7, 7").

(ii) If j € J and ti1,...,t,, are n-ary terms of type 7 and +; is an nj-ary
relation symbol, then v;(t1,...,t,;) is an n-ary quantifier free formula of
type (7,7').

iii) If F is an n-ary quantifier free formula of type (7, 7’), then —F is an n-ary
y
quantifier free formula of type (7, 7").

(iv) If Fy and F» are n-ary quantifier free formulas of type (7,7), then Fy V Fy
is an n-ary quantifier free formula of type (7, 7').

Let F(77(W- (X)) be the set of all n-ary quantifier free formulas of type (7, 7')
and let Fr - (Wr(X)) := Upen+ Firr)(Wr(Xy)) be the set of all quantifier
free formulas of type (7,77).

In 2012, M. Couceiro and E. Lehtonen [3] introduced the new concept of a
term in which each variable occurs at most once which called a linear term (see
also [2]). A linear term is a generalization of a linear expression over a vector
space (see e.g.[5]). For a definition of n-ary linear terms, they replace (ii) in
the definition of terms by slightly different condition.
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Definition 1.3. ([3]) An n-ary linear term of type 7 is defined in the following
inductive way:

(i) Every z; € X,, is an n-ary linear term of type 7.

(ii) If ¢1,...,t,, are n-ary linear terms of type 7 with var(t;) Nvar(ty) =
() for all 1 <1 < k < n; and f; is an n-ary operation symbol, then
fi(t1,...,ty,) is an n-ary linear term of type 7.

Let W™ (X,,) be the set of all n-ary linear terms of type 7 and let W'"(X) :=
Unen WE™(X,,) be the set of all linear terms of type 7.

Motivated and inspired by the result mentioned above, we restrictly inter-
ested in linear terms of type (n) for a natural number n > 1, i.e., we have only
one n-ary operation symbol. In this paper we consider an algebraic system
of type ((n), (m)), i.e., we have only one n-ary operation symbol and m-ary
relation symbol, say f and ~y, respectively. We define the new definition of
linear formulas of type ((n), (m)) for natural numbers n, m > 1. Our aim, is to
construct the many-sorted algebra in the same situation of cloner, we define
the partial many-sorted superposition S"" P and form the sequence of set of
p-ary linear terms of type (n) for all p € NT together with this operation and
projections. Furthermore, the superposition of linear formulas R"" P is defined
and we construct the clone of linear formulas. To describe some properties
of these clones, the theorem of superassociative law and freely generated by a
generating system are investigated.

2 Linear Terms of Type (n) and Quantifier Free
Linear Formulas of Type ((n), (m))

Let var(t) be the set of all variables occurring in the term ¢ and let var(F') be
the set of all variables occurring in the formula F'.

In this section, we first defined the definition of a linear term and a quantifier
free linear formula of type ((n), (m)) as follows :

Definition 2.1. Let n,p € NT with p > n. A p-ary linear term of type (n) is
defined in the following inductive way:

i) Every x; € X, is a p-ary linear term of type (n).
P

(ii) Ifty,. .., t, are p-ary linear terms of type (n) with var(t;)Nvar(tx) = 0 for
all 1 <1 < k <nand f is an n-ary operation symbol, then f(¢1,...,t,)
is a p-ary linear term of type (n).



160 Clone of Linear Terms and Clone of Linear Formulas

Let Wl (X,) be the set of all p-ary linear terms of type (n) and let Wi (X) :=

Uper+ W (Xp) be the set of all linear terms of type ().

Remark 2.2. Indeed, if we assume that f(t1,...,¢,) € W(lfl’;(Xp) and p < n,
then some variables in X, must occur more than one time in f(t1,...,%,),

which is impossible. Hence, we also set this condition into Definition 2.1.

Example 2.3. Let (n) = (2) be the type with a binary operation symbol f
and Xo = {x1,22}. Then zy, s, f(z1,22), f(x2,21) are examples of binary
linear terms of type (2).

Let X4 = {xl, T2, T3, $4}. Then T1,T2,T3,T4, f(xl, $2), f(xg, xl),
f(xa, f(xs,x2)), f(f(x1,x2), f(x4,23)) are examples of quaternary linear terms
of type (2). The example shows that every p-ary linear term of type (n) is a
pl-ary linear term of type (n) for pr > p.

Definition 2.4. Let m,n,p € NT with p > m. A p-ary quantifier free linear
formula of type ((n), (m)) (for simply, linear formula) is defined as follows :

(i) If s,t are p-ary linear terms of type (n) and var(s) Nwvar(t) = 0, then the
equation s & t is a p-ary quantifier free linear formula of type ((n), (m)).

(ii) Ifty, ..., t;, are p-ary linear terms of type (n) with var(t;)Nvar(t;) = 0 for
all 1 <1<k <m and v is an m-ary relation symbol, then v(¢1,...,t)
is a p-ary quantifier free linear formula of type ((n), (m)).

(iii) If F' is a p-ary quantifier free linear formula of type ((n), (m)), then - F
is a p-ary quantifier free linear formula of type ((n), (m)).

(iv) If Fy and Fy are p-ary quantifier free linear formulas of type ((n), (m))
and var(Fy) Nvar(Fy) = 0, then Fy V F» is a p-ary quantifier free linear
formula of type ((n), (m)).

Let F{() () (W3 (X)) be the set of all p-ary quantifier free linear formulas

be the set of all quantifier free linear formulas of type ((n), (m))

Remark 2.5. The linear formulas defined by (i) and (ii) are called atomic
linear formulas.

Example 2.6. Let ((n), (m)) = ((2),(2)) be a type, i.e., we have one binary
operation symbol f and one binary relation symbol v and let Xy = {z1,z2}.
Then the binary atomic linear formulas of type ((2),(2)) are z1 ~ w9, x2 =
21, y(x1, x2), ¥(22, 21). Moreover, we obtained all other linear formulas of type
((2),(2)) from binary atomic linear formulas of type ((2),(2)) by using the
connectives = and V.
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3 Superposition of Linear Terms of type (n) and
Clone of Linear Terms

In this section, we give the concept of superposition of linear term of type (n),
this leads to form the many-sorted algebra which is called the clone of linear
terms.

Definition 3.1. Let p,q € NT with p < ¢, t € W(l;’;( p) and s1,...,8, €
Wi (Xq) with var(s;) Nvar(s,) = 0 for all 1 <1<k < p. Then we define a
superposition operation of linear terms

St 55 WIR(X,) X (W (X,))P —o— WER(X,)

inductively by the following steps :
(i) If t = x; for 1 <i < p, then S"" f]’(xi, S1y...,Sp) 1= Sj.

(ii) Ifﬁ:f(tl,...,tp), then
Slin vfl’(f(tl,...,tp),sl,...,sp) =
f(Sl“’L f]’(tl,sl,...,sp),...,Slm g(tp,sl,...,sp)).

Example 3.2. Let 7 = (3) be a type, i.e., we have only one ternary operation
symbol, say f. If we consider the superposition

S 3 Wl (X5) x (Wi (X7))? o Wi (Xe).

Then we have
(1) Slin ?(334,331,336,.’137, f($3,$5,.’132),$4) = f($3,$5,332)-

(2) 8" 3(f(we, 4, f(5, 3, 21)), 23, f(27, 25, T6), X1, T4, 22)
= f(Slln ?($2,$3,f($7,x5,x6),$1,334,$2),
Stin 3 (x4, xs, f(27, T5, 06), T1, T4, T2),
Stin ?(f(%,xs,xl),xs,f(337,$5,$6),331,$4,$2))
= f(f(z7,25,26), 24, f(72, 21, 73)).

Remark 3.3. 1. The condition s1,...,s, € W(n)( q) with var(s;)Nvar(s,) =
0 for all 1 <[ < k < p in Definition 3 1 is necessary. Otherwise, the resulting
term is not linear, as an example we let (n) = (2) with a binary operation
symbol f. Then S“" 2(f(z2,x1), 2, f(x1,22)) = f(f(x1,72),72) is not a lin-
ear term, although xo and f(z1,x2) are linear. Therefore, we must put this
necessary condition.

2. According to the condition in Definition 3.1, we must set p < ¢. Because if
p>gqand S1,...,8, € W(l;’;( q), this means that there exist variables occuring
more than once which is a contradiction.
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On the set W(l”)l( X,) of all p-ary linear terms of type (n), we establish
the many-sorted algebra of type (p + 1,...,0,...,0), by using the (p + 1)-
ary superposition operation S"" P as we already defined in Definition 3.1 and
adding the variables z1, ..., z, as nullary operations, say projections. Then we
obtain the many-sorted algebra

LinClone(n) ((W(nT)L( ))p€N+; (Slm ;Z)pﬁq,p,qu‘*'a (xi)igp,ieN+),

which is called the clone of linear terms of type (n).
Next, some properties of LinClone(n) will be presented.

Theorem 3.4. The many sorted algebra LinClone(n) satisfies the following
equations :

(LC1) S b(Sh™ n(t b, ty) 1,0 ens8p)
= SHm (4, S Bty 51,00, 8p), - ST B(E, 51,00, 8p),

(LC2) SYm P(wi by, ... tp) =t; for 1 <i<p,
(LC3) Shm b(t,aq,...,2p) =,

where p,q, 7 € NT withr < p < q, t € W(lfj)l( )yt W(l}:)l( )
var(t;) Nwar(ty) = O for all 1 <1 < k < r and s1,...,8, € WM (X,),

(n)
var(s;) Nwar(sg) =0 for all 1 <1 < k < p.

Proof. (LC1) We give a proof by induction on the complexity of a linear term
t.
If t = x; for all 1 <i <r, then

S“n ;Z(Slln ;(xi,tl, . ..,tr),sl, . ..,Sp)
= Slln fl’(ti,sl,...,sp)
= Slln Z(xi,Slln ;Z(tl,sl, . ..,Sp), . ..,Slln ;Z(tr,sl, . ..,Sp)).

Ift = f(us,...,u,) and assume that (LC1) satisfied for uy, ..., u,. Then
S“n ;Z(Slln ;(f(’u,l, .. .,’U,T), tl, .. .,tr), Slye-y Sp)

= Ghin p(f(S“" plut,te, o t), .., Slin Pty tr)), 81,5000, 8p)
= f(Slln p(Slln p(ul,tl, . ..,tp),sl, . ..,Sp), ceey
glin fl’(Slm Pty ootr), 81,00, 5p))
= f(stn o (w1, stin P(t1, 815+ 8p)s - .., Slin Pltrys1,-038p))s -1,
Shn T (up, S Pty 51, 80y, ST E(E s1,. ., 8p))
Slln T( (’U,l,.. ’U,T) Slln fl’(tl,sl,...,sp),...,S“" fl’(tr,sl,...,sp)).

(LC2) is satisfied by the definition of 5" #.
(LC3) We give a proof by induction on the complexity of a linear term ¢. If
t=x; :1<i<p, then S"" P(wi, w1, xp) = . It = f(t1,..., 1) and we
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inductively assume that S B(t;, x1,...,2p) =t; ; 1 <i < p, then
Slln g(f(tla'-'7tp))xla"'7xp)
= f(Slln g(tlaxla"wxp)a"w‘ghn g(tpaxla'-wxp))

= f(t1,...,tp).

An algebra is said to be free with respect to itself if it has a generating
system and each mapping from the generating system into the universe of the
algebra can be extended to an endomorphism.

We show that the many-sorted algebra LinClone(n) involves this property.
To get our result, let F), = {f(z1,...,zp) | p € NT} of so-called "the set of
fundamental terms” and we need the following lemmas.

Lemma 3.5. The many sorted algebra LinClone(n) is generated by (Fp)pen+ -

Proof. Let 7 = (n) be a fixed type with a natural number n > 1. To show
this, we prove that (W/i¥(X,))pen+ is generated by (F,)pen+ by induction
on the complexity of a linear term ¢. Let p € NT and t = x; € X,,. Since
every variable is the projection containing in the type of LinClone(n), we
may consider a variable z; is an operation symbol and so f(z1,...,zp) =
zi(x1,...,xp) = x; for all i = 1,...,p. Next, let ¢ € NT where ¢ > n, and
assume that t1,...,t, € W(l}'j)l(Xq) are generated and ¢t = f(t1,...,t,). By
assumption, we get var(t;) Nwvar(ty) = @ for all 1 <[ < k < n and thus
St n(f(x1,. .. @) tr, . tn) = f(t1,. .., tn). This shows that f(t1,...,tn)
is generated. Therefore (F,),en+ is a generating system of LinClone(n). O

Let (¢p)pen+ : (Fp)pent+ — (W(l::)l(Xp))peN+, The next aim, is to prove
that this mapping can be extended to an endomorphism of LinClone(n). To
show this, we define (7,)pen+ : (WH(Xp))pent — (W5 (Xp))pen+ as follows:

(1) Pp(wi) ;=2 for 1 <i <p.

(2) aq(f(tla : "7tﬂ)) = Ghin g(‘pﬂ(f(xla : "7xn))a¢q(t1)a : "7@(1@”))'

Lemma 3.6. For each many-sorted mapping ¢, with p € Nt and any linear
term t, we have var(,(t)) C var(t).

Proof. We give a proof on the complexity of a linear term ¢. If ¢ = xz; is
a variable, then var(p,(z:)) = var(v;) = {z;}. Ift = f(t1,...,t,) and we
inductively assume that var(p,(t;)) C var(t;) fori = 1,...,n. Then

var (P, (f(t, ... tn)))
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UST(S“” g(‘pﬂ(f(xla - '7$ﬂ))a¢q(t1)a - 'aaq(tn)))

c U var(,(t:)
1ﬁ1
C U wvar(t)
i=1
= war(f(ty,...,tn))-
O
Lemma 3.7. For any linear term t = f(t1,...,t,) and any many-sorted map-

ping @p with p € Nt we get var(@,(t;)) Nvar(@,(ty)) =0 for all1 <1 < k <n.

Proof. By assumption, we have var(t;) Nvar(ty) =0 forall 1 <1 < k < n, and
by Lemma 3.6 we obtain that var (@, (t)) Nvar (@, (tx)) € var(t;) Nvar(ty) = 0.
This implies that var(?, (1)) Nvar(p,(ty)) = 0 for all 1 <1 < k <n. O

As a result of Lemma 3.5 and 3.7, we obtain the following thorem.

Theorem 3.8. The many-sorted algebra LinClone(n) is free with respect to
itself.

Proof. From Lemma 3.5, (Fp),en+ is a generating system of LinClone(n).
Next, we prove that the many-sorted mapping which maps generating sys-
tems to LinClone(n) can be extended to an endomorphism. That is, we show
by induction on complexity of a linear term ¢ that 7, (S"" Pt tr, .. tp)) =
Shn (@, (8), B, (t1)s - - -, By (tp))- According to the definition of superposition
of linear term, we see that t1,...,1, € W(l;’; (Xq) and var(t;) Nwvar(ty) = 0 for
all 1 <1 <k <p. It follows from Lemma 3.7 that var(@,t;) Nvar(P,tr) = 0
foralll <i<k<p Ift=x;fori=1,...,p, then Eq(S“" Plaite, .. tp)) =
aq(tl) = Slln ;Z(xiaaq(tl)a . 'aaq(tp)) = Slln g(ap(xi))gq(tl)a s 'a@q(tp))' It
t = f(s1,...,5p) and we inductively assume that o, (S"" b(s;, t1,...,t,)) =
St 2(@,(51),@y(t1), - .., @, (tp)) for all i = 1,...,p and thus by the result of
Theorem 3.4 and Lemma 3.7, we have that
Eq(slin g(f(sh~~'~75p)7t17~~~7tp)) )
aq'(f(slzn 5(817 t17 sy tp)7 sy Slzn g(sp7t17 sy tp))) )
S Gon(f(@1,- . n) B (S Gs1,t1,. oo tp), -, B (ST Glsp,ta, .., tp)))
Stin g(gpn(f(rlv B In)), stin g(@;(sl)vﬁq(tl)v s 7¢q(t;ﬂ))7 (RN

S (@ (sp), Bg(ta), - - By(tp))))
Slz'n g(slm Z(@n(f(IL s 7zn))7¢q(51)7 s 7¢q(sp))7¢q(t1)v s 7¢q(t;ﬂ))
Stin g(ap(f(slﬂ ) SP))7¢q(t1)7 s 7¢q(t;ﬂ))~

This shows that the extension of ¢, is an endomorphism. Therefore LinClone(n)

is free with respect to itself. O
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4 Superposition of Linear Formulas of type
((n), (m)) and Clone of Linear Formulas

In this section, we extend the definition of superposition of linear terms of
type (n) to quantifier free linear formulas by substituting variables occurring
in a quantifier free linear formula by linear terms, then we obtain quantifier
free linear formulas. We describe this by the following operations R"" # when

p,q > 1.

Definition 4.1. Let p,q € N* with p > ¢, F € F{) (W (X)) and

S1y...,8p € W(lfl’;(Xq) with var(s;) Nvar(sy) =0 foralll <! <k <p. Then

we define the superposition operation
lin . lin lin lin lin lin
R B F oy imny Wiy (Xp)) X (W (Xg)P —o— FE0y )y Wi (Xq))
by setting,
(i) If F has the form s ~ t, then
Rlin Plsmt,s1,...,8p) = Slin P8, 815001, 8p) = Slin Pty s15. 005 8p)-

(ii) If F has the form ~(t1,...,t,), then
le’t g(V(tl,,.“,tp),sh.“,Sp) ,
= y(Shn P(t1, 8155 8p)s - .., Slin P(tps 81,5 5p))-

(iii) If F € F{y (o)) (Wi (Xp)) and assume that R™ B(F,s1,...,s,) is al-
ready defined, then R'™ P(aF, 81,000, 8p) = —Rlin P(F, 5150, 8p).

(iv) If Fu, Fo € F{y oy (W3 (X)) and supposed that
RI™ B(Fy,s1,...,sp) is already defined for all I € {1,2}, then
R“n g(Fl\/FQ, S1, - - .,Sp) = R“n ;Z(Fla Slyeeey Sp)\/R“n ;Z(FQ, S1, - - .,Sp).

Example 4.2. Let ((n), (m)) = ((3),(2)) be a type with a ternary operation
symbol and a binary relation symbol, say f and -y, respectively. If we consider
the superposition

R G2 () 00 (W) (X)) x (Wi (X))t —o— F(E) ) (W55 (X))-
Then we have

(1) RU™ 5(f(x2, 21, 24) = 23, 21, 23, 06, T2) ,
— Slln %(f(.’]jQ,331,.’134),331,.’133,336;3;2) ~ Slln g(x3;xlax3ax65x2)

= flxs,x1,22) = .

(2) Rlin 461(’)/(333,f(x4,.’131,$2)),$1,$3,f(334,$5,.’136),$2)
= (f(z4, w5, 26), f(z2, 21, 73)).
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(3) R“n 461(_‘(331 % 333),331,333, f(x4ax5ax6)ax2)
= R {(z1 & x3, 21, 33, f(24, 75, T6), T2)
= _‘(xl ~ f(x4) X5, xﬁ))

(4) R“n 461(331 % r3V ’)/(332,334),331,333,336,332) ]
Rlln é(xl ~ I3,%1,T3, T, xQ) \ Rlln 461(7(3:2) x4)) xr1,x3,Te6, xQ)
= 1z~ Vy(rs,z2).

Now, we may consider the many-sorted algebra :

LinFormClone((n), (m)) := (W{5 (X,))perie s (FIR oy (WES (X))

(Slm ;Z)pﬁq,p,qu‘*'a (le ;Z)pﬁq,p,qu‘*'a (xi)igp,ieN+),
which is called the clone of linear formula of type ((n), (m)).

Theorem 4.3. The many sorted algebra LinFormClone((n), (m)) satisfies the
following properties :

(LFCl) R“n ;Z(Rlln ;(ZF; tla .. '7t7’)asla .. '78;D) y
= Rlin G SU Bty 51,000 8p), e, SO B(tr, 51,0, 8p)),

(LFC2) R B(F,ay,...,2,) = F,

where p,q,7 € NT withr < p < q, F € f(léz) (m))(W(lg)L(XT)), ti,... t,. €
W(lg)l(Xp), var(t;) Nwar(ty) = 0 foralll <1 < k < r and s1,...,8, €
W(ZZT)L(X(I), var(s;) Nwvar(sg) =0 foralll1 <l <k <p.

Proof. We can prove similar to the proof of Thorem 3.4 follow on the definition

of a linear formula. O

Our next aim is to prove that LinFormClone((n), (m)) is free with respect
to itself. To do this, we introduce some notations which will be used throughout
this aim, we now let F* = F,> U {y(x1,...,2,) | p € NT}.

Lemma 4.4. (F)),en+ is a generating system of LinFormClone((n), (m)).

Proof. We first prove that (F({1") .y, (W} (Xp)))pen+ is generated by the se-
quence (F;)pen+. To do this, let s,t € Wg;g(Xq), then s,t are generated by
(Fp)pen+. Since the linear formulas of the form s ~ ¢ is the equation of linear
terms s and ¢, this implies that the linear formulas in this form are gener-
ated by (F,?)pen+. Next, we let ¢ € N* where ¢ > m. By Theorm 3.5,
we obtained that ti,...,t, € W(l}g(Xq) are generated. Let y(t1,...,tm) €
fézz)7(m))(W(l;7§(Xq)), then var(t;)) Nwvar(ty) = @ for all 1 <1 < k < m,
and thus RU" g (@1, Tm) t, . tm) = (1, ... t). This shows that
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Y(t1, ..., tm) is generated. Now, we get atomic linear formulas which are gen-
erated by (F))pen+. By Definition 2.4, a linear formula obtained from atomic
linear formula by repeated application of the connectives = and V, so that they
are generated. The result indicates that (F,),en+ is a generating system of
LinFormClone((n), (m)). O

Let (Yp)pent = (Fp)pent = (F(ny. omy) (W3 (Xp)))pen+ be a many-sorted
mapping which maps a generating system to linear formula of type ((m), (n)).
Let p1 : F,> — F, be the first projection and that ¢y, := pi(¢,|F,?) is de-
fined by w;,(f(xl, conxp)) = i (f(xr, ..., xp), f(z1,...,2p))) where D7 :
WER(X,)? — Wiin(X,).

Our next aim is to prove that(¢,),en+ can be extended to an endomorphism
of LinFormClone((n), (m)). Then we define

(p)pent = (Fimy )y W (Xp))pent — (Flimy (myy (W3 (Xp)))pen+

as follows:
(1) Wyls mt) =1 (s) = Pg(t)
(2) Py(v(tr, - tm)) o= R (b (@1, - @), Wy (t1), -, W (Em))-
(3) Yg(=F) 1= =(,(F))
(3) Wg(F1V F2) := g (F1) V 0y (F2).

Lemma 4.5. For each many-sorted mapping v, with p € Nt and any linear
formula F', we have var(EP(F)) Cwvar(F).

Proof. We can prove this lemma by the definition of linear formulas and using

the same arguments as we use in Lemma 3.6. If F' has the form s ~ ¢, then
var(y(s~1)) = wvar(yy(s) = g(t))

var (g (s)) Uvar(iy(t))

C  war(s) Uvar(t)
= var(s ~t).
If F has the form (1, tm), by the result of Lemma 3.6 we have var (i, (t;)) C
var(t;) for alli =1,...,m, and thus
var(Py,(Y(te, .. tm))) = var(R P (dm (Y1, zm)), Y ta), . W (tm))

c G var () (t))

U var(t;)

= va'r’('y(tl, sy tm)).
If linear formula has the form —F, and var(,(F)) is already defined, so that

N
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var (P, (=F)) = var(=($,(F))) = var(,(F)) € var(F) = var(=F).
If linear formula has the form I V Fy and var(¢,(F1)) and var(y,(F2)) are
already defined. Then we get

var(Ep(Fl V Fy)) var Ep(Fl) v EP(FQ))

[l

S

)

3

NN

-
S~—

-

<

)

3
~—~
5
S~—

FiV F).
O

Lemma 4.6. For any many-sorted mapping ¢, with p € N*. Then the follow-
ing statement hold :

(1) If linear formula F := s = t, then var(y,(s)) Nwvar(y,(t)) = 0.

(2) If linear formula F := (t1,...,tm), then var(y,(t)) Nwvar(y,(tk)) = 0
for all for all 1 <1l <k <m.

(3) If linear formula F := Fy V' F, , then var(¥,(F1)) Nvar(i,(F,)) = 0.
Proof. These follow immediately from Lemma 4.5. O
As a result of Lemma 4.4 and 4.6, we obtain the following theorem.

Theorem 4.7. The many-sorted algebra LinFormClone((n), (m)) is free with
respect to itself.

Proof. From Lemma 4.4, (F)),ent+ 1is a generating system of
LinFormClone((n), (m)). Next, we show that the extension of (¢),en+ is an
endomorphism. We show that

Dg(RI B(E by, . ty)) = R B(0,(F), (1), vy ().

According to the definition of superposition of linear formulas, we know that
t1, ..., tp € W(lfl’;(Xq) and var(t;) Nwvar(ty) =0 for all 1 <1 < k < p. Tt follow
from Lemma 3.6 that var (i, (t)) Nwvar(yy(ty)) =0 forall 1 <1 <k <p. If F
has the form s &~ ¢, by Lemma 4.6, we have that
U (R P(s b ty, ..., 1))

Vg (S P(s by, .. tp) & S P(L b, ty)
b Stp)) RS P(L, L)
(W (8), g(ta), - W(tp)) A S By, (1), g (t), - -, by (tp))
s) = (), Yy (ta), - - - g(tp))
sat), Yg(te), .- PVy(tp))-

(I
o I RS

S sz

3 3 wn

QT RV RT T

3

S

—~

o

~

=
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If F has the form ~(s1,...,sp), and by Theorem 3.8, we have
YL(SH™ By, ta, ... L)) = ST fl’(w_;,(sl),w;(tl), consy(tp)) foralll =1,...,p
Then by_Lemma 4.6, we get that ¢, (R™ P(y(s1,...,8p),t1,...,1p))

Py (Y(SU™ G(s1,t1, - itp)s oy SU G (spsta, i tp))

= R s o) (S D51t ) (S Bt )
= R Ry, om), ST G (s1), ¥ (), ¥ (1))
S R (), it -+ Y5(t)
RU™ BRI 2 (o (V@1 o @m)), 0 (1) -3 ¥ (59))s W (82), - ¥ (8p)

Rl 5(%(7(817 . ~7Sp))7¢;(t1)7 o Yg(tp))-
If linear formula has the form —F and we assume that F satisfied already.
By Lemma 4.6, ¢, (R'™ D(=F,t1,...,t,))
= (- (R“" BE .. tp)))
(wq(Rlln_g(F tla ERE] tp)))
ﬁ(Rlln g(ﬂp(F)a w;(tl)a SRR w;(tp)))
R B(=(4,(F)), 0y (tr), - - ¥ (tp)
R B, (2 F), (), - -, 0y (tp))-

If linear formula has the form Fy V Fy and we assume that Fi, F5 satisfied al-
ready. By Lemma 3.7 and 4.6, then we have that
¥, (RI™ B(Fy v FQ,tl, )

Fity, ... tp) VR P(Fy ty, . )
Fl,tl, b)) Vb, (R B(Fat, . tp))
F1), g(ta)s - g(tp)) V R B (0, (F2), ¢y (th), - -, ¥y ()
F1) V4, (F2), vy (t1), - - g (tp))

I
:Q?U
=
3 3
[TV
P
<
=
AA,-\,-\,-\

Rlln p(wp Fl\/FQ) wq(tl) aw;(tp))
This shows that v g forallge N+ is an endomorphism. Now, we can conclude
that LinFormClone((n), (m)) is free with respect to itself. O
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