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Abstract

Clones are sets of operations which are closed under superposition
and contain all projections. The superposition operation maps to each
(n + 1)—tuple of n-ary operations a new n-ary operation and satisfies
the so-called superassociative law. The corresponding algebraic struc-
tures are Menger algebras of rank n, unitary Menger algebras of rank
n and Menger algebras with infinitely many nullary operations. Identities
of clones of term operations of a given algebra correspond to hyperi-
dentities of this algebra, i.e. to identities which are satisfied after any
replacements of fundamental operations by derived operations ([10]). If
any identity of an algebra is satisfied as a hyperidentity, the algebra is
called solid ([3]). Solid algebras correspond to free clones. These con-
nections will be extended to strongly full clones, to generalized clones,
to strong hyperidentities and to strongly solid varieties. We prove that n-
hyperidentities, S F'-hyperidentities and strong hyperidentities correspond
to identities in free unitary Menger algebras of finite rank, in Menger al-
gebras of finite rank or to free unitary Menger algebras with infinitely
many nullary operations, respectively.

1 Superposition of Total and Partial Opera-
tions

Let f: A" — A be an n-ary operation defined on the set A, let O()(A) be the
set of all n-ary operations on A and let O(A) := [J O™ (A) be the set of all
n=1
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180 Menger Algebras and Clones of Terms

(finitary) operations on A. Then an (n+ 1)-ary operation $™4 : O™ (A)"+! —

O™ (A) can be defined by setting

S A(f, 91,5 gn)(@) = f(g1(a), - .-, gn(a)) for a = (a1,...,an).(x)

Together with the projections e?’A, 1 < ¢ < n, this gives an algebra
(O(")(A);S"’A,(e?’A)lgign) of type (n + 1,0,...0). For n = 1 the oper-
ation S»4 is the usual composition of unary operations and the algebra
(OW(A); 14 1) is a monoid. An (n+1)—ary superposition operation §™4
can also be defined on the set P(")(A) of all n-ary partial operations. In this
case we request additionally that in (*) the left hand side is defined whenever
the right hand side is defined and that both sides are equal. It is easy to see

that the algebra (O™ (A); S™4, (en’A)lgign) satisfies the following identities:

K2

(C1) S™(T,S™(Fy,Th,....Tp), ..., 5"(Fy, Th, ..., Ty))

(

S(8™(T, Fy, ..., Fy), T, .., Tn),n € N*.
(C2) §™(T, M1, ..., An) = T,n € N*.

(C3) S"()\i,Tl,...,Tn):Tiforlgign,nGNJr.

(Here S™ is an operation symbol corresponding to the operations S™, \;, 1 <
i <n are nullary operation symbols and T, Tj, F; are variables.)

Indeed,
(Sn7A(Sn7A(fagla"'7gn)a IR n))(@)
= f(gla"'7gn)( 1yeees TL()
= flgr(ha,... Py (@) o gn(has ..o ho)(a))
S"A(f,S’“ (gl,hl,.. ), - AGn, b1y - b)) (@)
and this means that (C1) is satisfied. (C2) and (CS) can be easily checked.

The superposition operation S™# can also be applied to partial operations
defined on A. In this case one has to assume that the right hand side of (C1)
((C2), (C3)) is defined whenever the left hand side is defined and then both
sides are equal.

2 Menger Algebras

Definition 2.1 An algebra M = (M;S™) of type (n+ 1), which satisfies (C1)
is called a Menger algebra of rank n. An algebra M = (M;S™ A1, ..., A,) of
type (n + 1,0,...,0) satisfying (C1), (C2), (C3) is called a unitary Menger
algebra of rank n. (For more background on Menger algebras see e.g [9]).

If (M;S™) is an algebra of type (n + 1), then we introduce a binary operation
* on the cartesian power M™ by

(331, - '7‘1:11) * (yla s 7y") = (Sn(xlayl s 'ayn)a - 'a‘sm(xnayla - 7yn))
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Then it is easy to see that an algebra (M; S™) of type n+1 is a Menger algebra
iff (M™; %) is a semigroup (see e.g. [Sch-T 65]).

We introduce the following generalization of the concept of a unitary Menger
algebra of rank n:

Definition 2.2 An algebra (M;S™, (e;);en+) where S™ is (m + 1)-ary and
ei,i € NT are nullary, is called a Menger algebra with infinitely many nullary
operations if the following axioms (Cgl), (Cg2), (Cg3) and (Cg4) are satisfied:

(Cgl) S’T(T,~§m(F1,T1, . '7Tm)a ) S’m(Fm;Tla . 7Tm))
~ §™(S™(T, F1,...,Fp),Th, ., Tyn), m € N*.

(Cg2) Sm(T Ay Am) =T, m € N*.

(CgS) MmN\, Ty, ..., T) =T; for 1 <i <m,m e NTt.

(Cgd) 8™(N\j,Th,...,Trm) = Aj for j > m,m € NT.

(Here S™ is an (m 4 1)-ary operation symbol corresponding to S™, \;,i € NT
are nullary operation symbols and T, Tj, F; are variables).

The connection between Menger algebras of rank n and semigroups defined on
the cartesian power of its universe can also be generalized.

Menger algebras of rank n, unitary Menger algebras of rank n and unitary
Menger algebras with infinitely many nullary operations form varieties which
we want to denote by Vi, , V,,+ and V;7, respectively. Our next aim is to
determine the free objects with r%spect to these varieties.

3 Sets of Terms and Free Menger Algebras

We will call a type of algebras n-ary if all the operation symbols of the type
are n-ary, for some fixed natural number n. Now we assume that 7, is such a
fixed n-ary type, with operation symbols (f;);c; indexed by some set I.

We begin with some notation. We let X = {z1,22,23,...} be a countably
infinite set of individual variables, and for each n > 1 let X,, = {x1,z2,...2pn}.
We denote by W.. (X,,) the set of all n-ary terms of type 7, built up from the
operation symbols f; of type 7, and the alphabet X,.

On the set W, (X,,) of all n-ary terms of type 7, an algebra of the type 7 =
(n+1,0,...,0) can be defined. Here the (n + 1)-ary superposition operation
S™ is defined inductively by

S™(zj,t1,.. ., ty) =15, forl<j<mn and

S"(flv(sl,...,sn),tl,..., ) f( n(Sl,tl,...,tn),...,Sn(sn,tl,...,tn)).
Selecting the variable terms x1, ..., z, for the nullary operations, we form the
algebra

n—cloner, = (W, (X,); S™, x1,...,%,).
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Of particular interest are the terms of the form f;(x1,...,z,), for each ¢ € I,
which are usually called the fundamental terms of type 7,,. We shall denote by
F. the set of these fundamental terms of type 7,,. We shall make frequent use
of the fact that this set F, generates the algebra n — cloner,.

Proposition 3.1 The algebra n — cloner, is a unitary Menger algebra of rank
n.

Proof (C3) is satisfied by the definition of S™. We prove (C1)
by induction on the complexity of the term which is substituted
for T. If we substitute for T a variable z;, then by (C3) we
have S™(zj, S™(t1,81,---,5n)s -3 S (tn,81,---,8n)) = S"(tj,81,...,8n) =
S™(S™(xj,t1,. .. tn), S1,...,8n). If we substitute for T the term ¢, =
fi(r1,...,r,) and assume inductively that (C1) is satisfied for rq,...,r,, then
S™(fi(r1, oy mn), S™ (1,815 -3 8n)s oy S (s 814445 80))
= fl( (7‘1, (tl,sl,...,sn),...,S"(tn,sl Sn)) ceey

Sn(’/’n,Sn(tl,Sl,.. ) . y "( ny S1 - n)))
= fi(S"(S"(rl,tl,...,tn),sl,...,sn),...,S"(S (Tn,tl,.. t ) 81,..., n))
= Sn(fl'(Sn(’/’l,tl,...,tn),...,S"(’/‘n,tl,..., n)),sl,..., ))

t
= Sn(Sn(fl(’/’l, . .,Tn),tl, .. .,tn), S1y- - .,Sn)
= Sn(Sn(tQ, tl, .. .,tn), Slyeeny Sn)
(C2) is a consequence of (C3) and (C1). O
We consider the free algebra Fy act ({Y; | i € I}) in the variety V), +, generated

by a special alphabet {Y; | i € I } The fact that this alphabet is in bijection
with the set of fundamental operations (f;);cs of type 7, and hence with the
set F, of fundamental terms which generates n — cloner,, will give us an
isomorphism between this free algebra and n — cloner,.

Theorem 3.2 ([4]) The algebra n — cloner,, is isomorphic to Fy it {yilie

1}), and therefore free with respect to the variety of unitary Menger algebms of
rank n, and freely generated by the set F, .

A Menger algebra of terms can be obtained in the following way:
We consider the concept of a term in a restricted setting. Strongly full terms of
n-ary type 7, are inductively defined by the following steps:

(1) fi(z1,...,2zn),1 € I, is a strongly full term,

(ii) If ty,...,t, are strongly full terms, then f;(¢1,...,%,) is strongly full.

The superposition operation S™ is defined on W5 (X,,) as follows:

(1) S™(fi(z1, . s xn),t1y - tn) = filtt, - o tn),

(i) S"(fi(s15---58n),t1, - tn) := fi(S™(s1,t1, -y tn)s ooy S™(Sny b1, .oy tn)).
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The set W2F(X,,) is closed under the application of the (n + 1)-ary super-
position operation and clonespr, = (W2F(X,);S™) is an algebra of type
7= (n+ 1) with F,, as a generating system. The algebra clonespT, is called
the clone of strongly full terms of type 7,. Clearly, clonespT, satisfies the ax-
iom (C1) and therefore it is a Menger algebra of rank n. Let Vs, be the variety
of Menger algebras of rank n and let Fy,, ({Y; | i € I}) be the free algebra
with respect to Vi, , freely generated by a special alphabet {Y; | ¢ € I'}. The
fact that this alphabet is in bijection with the set of fundamental operations
(fi)ier of type 7, and hence with the set F)., of fundamental terms which gen-
erates clonegpT,, will give us an isomorphism between this free algebra and
clonesp .

Theorem 3.3 The algebra clonespt, is isomorphic to Fv,, ({Yi | i € I}),
and therefore free with respect to the variety Vyr, , and freely generated by the
set {fi(x1,...,xpn) | i € I}.

Proof We define a mapping ¢ : W2F(X,,) — Fy,, ({Y; | i € I}) inductively
as follows:

(1) o(fi(x1...xy)) :=Y; for every i € I.

(i) @(filts, ... tn)) = S"(Yi, 0(t1), - .., o(tn)).

Since ¢ maps the generating system of clonesp7, onto the generat-
ing system of Fy,, ({Y; | ¢ € I}) it is surjective. We prove the
homomorphism  property — @(S™(to,t1,..-,tn)) = S™(p(to),--.,¢(tn))
by induction on the complexity of the term 5. If g =
fi('xla"'7'xn)7 then go(Sn(fl(£157xn)atla7tn)) = Qo(f1(t1,,tn)) =

§R(Y;a<p(t1)a7<p(tn)) = Sn(go(fl(xla7xn))a<p(t1)a7<p(tﬂ)) Induc-
tively, assume that to = fi(s1,...,s,) and that ©(S"(sj,t1,...,tn)) =

§”(<p(sj), ooy p(tn)) for all 1 < 5 < mn. Then
O(S™(fi(S1y- vy 8n)st1yvstn))
= (fl( n(Sl,tl,...,tn),Sn(SQ,tl,..., ) S (Sn,tl,...,tn))
= S (Y;,(,O(S (Sl,tl,...,tn)), ( (Sg,tl,... )),...,@(Sn(sn,tl,...,tn)))
S"(K,S"(( 1), @(t1), -5 @(tn))s -, 5™ (@(sn), p(tr), - p(tn)))
5™ (5™ (Y, (1), - ,w(sn)) P(t1), -5 p(tn)))
S (@(filsr,- -8 )),w(h) P n)))
S ((to), p(t1), - p(tn)).

Thus ¢ is a homomorphism. The mapping ¢ is bijective since {Y; | i € I} is a
free independent set and therefore we have

Y;ZYVJ = ’sz = fi(xl,...,xn):fj(xl,...,xn).
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Thus ¢ is a bijection between the generating sets of clonegp7, and
Fva, ({Yi | i € I}), and hence it is bijective on W, (X,). Altogether, ¢ is an
isomorphism. 0

Menger algebras with infinitely many nullary operations occur if we consider

a generalized superposition operation of terms which is inductively defined as

an (m + 1)-ary operation S™,m € Nt := N\ {0} on W, (X) by the following

steps:

Definition 3.4 (i) If t = x;,1 < i < m, then S™(x;,t1,...,t,) := t; for
t1,...,tp € W-,—(X)

(ii) If t = z;, m < i, then S™(z;,t1,...,t,) := x;.
(iii) If t = fi(s1,...,8n;), then
STt b1,y tn) = fi(ST(S1, 81, - s tn)y e oo ST (Snys b1y e o5 )
Then for the type 7, we may consider the algebraic structure
clonegr := (W, (X); S, (i) ien+)

with the universe W, (X), with the (n+1)-ary operation S™ and with infinitely
many nullary operations. Now we prove:

Theorem 3.5 The algebra clone,T,, satisfies the following identities:

(Cgl) S™(T, S™(F1, T, ..., tn), ..., S"(Fu, T, ..., tn))
~ Sn(Sn(T, Fl, . .,Fn),Tl, . ,tn)

(Cg2) S™(T, Ay, ) =T.
(Cg4) gn()‘jaTla---ytn):)\j fOTj>7’L.

(Here 5’",)\1 are operation symbols corresponding to the operations S™ and
zi,i € N, respectively and T, T;, F; are new variables.)

Proof. (Cgl) We give a proof by induction on the complexity of the term ¢.

(i) ft=x;,1<j<n,then
S’”(xj,S"(sl,tl, . ..,tn), - .S"(sn,tl, . .,tn))
= Sn(Sj,tl,...,tn)
= S’”(S"(xj,sl,...,sn),tl,...,tn).

(ii) If t = z;,j > n, then
S"(xj,S"(sl,tl,...,tn),...S"(sn,tl,...,tn))

= S’"(xj,tl,...,tn)

= S’”(S"(xj,sl,...,sn),tl,...,tn).
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(iii) If t = f; (], ..., t,,) and if we assume that our proposition is satisfied for
I5...,th, then

Sn(fl( /1, .« '5t;1)5 S"(sl,tl, .« .,tn), ceey S"(sn,tl, .« ,tn))
= fl(Sn(t/l, S’"(sl,tl .. .,tn), ceey S"(sn,tl, .. .,tn)), ceey
Sn(t;,“ S"(sl,tl, ceey tn), ceey Sn(sn, tl, . .,tn)))
= fl(Sn(Sn( /1, Slyeeey Sn),tl, .. .,tn), ceey S"(Sn(t;,“ Slyeeey Sn),tl, .. .,tn))
= Sn(Sn(fl( /1,...,t;l),sl,...,Sn),tl,...,tn)
= S™(S™(t, 81,y 8n), b1,y tn)-
(Cg2) If ¢ contains variables from the set {z1,...,x,}, then we substitute in
t for these variables the same variables and obtain ¢. If ¢ contains a variable
which does not belong to the set {z1,...,z,}, then this variable will not be
replaced by another term. Therefore the result is t.
(Cg3) and (Cg4) correspond to (i) and (ii), respectively, from the definition of
S™. O

The class of all unitary Menger algebras with infinitely many nullary operations
forms a variety Vy; and the algebra clone,™ belongs to this variety.

Let Fye ({Yi | i € I}) be the free algebra with respect to the variety Vs, freely
generated by {Y; | ¢ € I'}. Then we have:

Theorem 3.6 ([6]) The algebra cloneyT is isomorphic to the free algebra
Fvee({Yi | i € I}) and therefore free with respect to the variety of unitary
Menger algebras with infinitely many nullary operations.

4 Hypersubstitutions, Clone Substitutions and
Endomorphisms of free Menger Algebras

Hypersubstitutions are mappings which take n-ary operation symbols to n-ary
terms.

Definition 4.1 Let 7, be an n-ary type. A hypersubstitution of type 7, is a
mapping from the set {f; | ¢ € I} of operation symbols of type 7, to the
set W, (X,,) of all n-ary terms of type 7,,. Any hypersubstitution induces a
mapping & defined on W, (X,,) by the following steps:

(i) ofzj] :==x;,1<j<m,
(ii) o[fi(tr, ... tn,)] :=S"(a(fi),6t1], - - -, Oltn])-

Hypersubstitutions can be multiplied by o op 03 := 61 o g2 and together
with the identity hypersubstitution ¢;4 which maps for every ¢ € I the oper-
ation symbol f; to the term f;(x1, ..., 2n,) we have a monoid (Hyp(7, ); on, 0id)-

If we map the operation symbols of our n-ary type to strongly full n-ary terms,
we get the subset of all strongly full hypersubstitutions.
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Definition 4.2 A strongly full hypersubstitution of n-ary type 7,, is a mapping
from the set {f; | i € I} of n-ary operation symbols of the type 7, to the set
W;i F(X,,) of all strongly full n-ary terms of type 7,.

Any strongly full hypersubstitution ¢ induces a mapping ¢ defined on the set
WEF(X,,) of all n-ary terms of the type 7,, as follows:

Definition 4.3 Let o be a strongly full hypersubstitution of type 7,,. Then o
induces a mapping 6 : W5 (X,,) — W2F(X,,), by setting

(i) a-[fl(xla e 7'1:”)] = U(fi)f
(i) 6Lfi(tr,- s tn)] i= S™(0(f), 6], - - . 6[tn]).

Let Hyp®¥ (1,,) be the set of all hypersubstitutions of type 7,,. Then the product
o1 op, 02 of two strongly full hypersubstitutions is again strongly full and o4 is
also strongly full. Therefore (Hyp¥ (7,,); on, 04) is a submonoid of the monoid
of all hypersubstitutions of type 7,,. Let M be any submonoid of Hyp(7,,). If A
= (A4; (ffY)ier) is an n-ary algebra, then an identity s ~ t in A is said to be an
M -hyperidentity in A if 6[s] = &[t] is an identity in A for every hypersubstitu-
tion o € M. In the special case that M is all of Hyp®¥'(7,,), an M-hyperidentity
is usually called a strongly full hyperidentity. An identity is an M -hyperidentity
of a variety V if it is an M-hyperidentity of every algebra in V. A variety in
which every identity of the variety holds as an M-hyperidentity is called an
M -solid variety, or a SF-solid variety in the special case M = Hyp®¥(r,). If
the variety is of m-ary type and if the identity s = t is built up of terms of
arity n then s = t is called an n-hyperidentity if 6[s] = &t] is an identity for
every hypersubstitution o and V is called n-solid if every n-ary identity is an
n-hyperidentity. For more detailed information on hyperidentities we refer the
reader to [3].

Hypersubstitutions and strongly full hypersubstitutions preserve arities. A gen-
eralization was defined in [8].

Definition 4.4 A mapping o : {f; | i € I} — W, (X) is called a generalized
hypersubstitution of type 7. Generalized hypersubstitutions can be inductively
extended to mappings ¢ defined on W, (X) by

(i) 6z =2 € X.
(i) ofi(tr, ... tn,)] :=S™ (o (fi),0[t1), - -+, Oltn;])

Here S™ means the generalized superposition introduced in section 3. Let
Hype (1) be the set of all generalized hypersubstitutions of type 7.

In [6] was proved:

Proposition 4.5 The extension of a generalized hypersubstitution is an endo-
morphism of the algebra cloneyT,,.



K. DENECKE 187

The converse is also satisfied, i.e.

Proposition 4.6 ([6]) Every endomorphism of cloney, is the extension of a
generalized hypersubstitution.

It is easy to see that the set Hypg (7, ) together with the binary operation og
defined by 01 0g 09 := 61009 and o4 forms also a monoid (Hypa (74);0¢, Tid)-
Let End(cloneyTy,) be the endomorphism monoid of cloney,. Then we have:

Proposition 4.7 ([6]) The monoid (Hypa(m); o, 0id) of all generalized hy-
persubstitutions is isomorphic with the endomorphism monoid End(clonegy,).

The algebra clone,r, = (W, (X); S™, (;);en+) is generated by the set F,, =
{fi(z1,...,2n,) | ¢ € I'}. Any mapping from F, to W, (X) is called a gener-
alized clone substitution. Since cloneyT, is free, every generalized clone substi-
tution can be uniquely extended to an endomorphism of the algebra cloney,.
Let Substg be the set of all generalized clone substitutions. We introduce a
binary composition operation ® on this set, by setting 77 ® 12 := 71 0 172 where
o denotes the usual composition of functions. Denoting by idp, the identity
mapping on Fr, we see that (Substg; ®,idp,, ) is a monoid. Further we have:

Proposition 4.8 ([6/) The monoids (Substg;®,idr, ) and (Hypc(ta);
oG, 044) are isomorphic. O

For the monoids (Hyp(tn);on, 0ia) and (Hyp®F (1,); 0n, 0ia) we obtain simi-
lar results if we consider the monoids (Subst; ®;id) of all substitutions F,, —
W, (Xn), (Substsp; ®; id) of all substitutions F,, — W2F(X,,) and the endo-
morphism monoids End(n — cloner,) and End(clonespT,), respectively.

Theorem 4.9 Let 7, be an n-ary type, then
(1) (Hyp(mm);0n, 0id) = (Subst; ®;id) = End(n — cloner,,)
(i) (Hyp®F(1n);0n,0:i4) = (Substsp; @;id) = End(clonesr,).

Proof (i) The isomorphism (Hyp(7,); on, 0id) = (Subst; ®; id) was proved in [4]
and the isomorphism (Subst; ®;id) = End(n—cloner,,) is clear since because of
the freeness of End(n—-cloner,) every mapping from the free generating system
F,, to W, (X,) can be uniquely extended to an endomorphism of n — cloner,.
The mapping which maps each substitution to its extension is a bijection.
The inverse mapping takes any endomorphism of n — cloner, to its restric-
tion on F, which is a clone substitution. For two substitutions 7,72 we have
m @ mn(fi(zy,. .. 2n,)) = (mOn)(fizy, ..., 20,)) = M((fi(ze, ... 20))) =
mme(fi(z1, ... 20))) = Mrom2)(fi(z1, ..., z,)) and because of the freeness of
n — cloner,, we getn ® 12 = 71 o 72. This shows that the mapping which takes
any clone substitution to its extension is an isomorphism.
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(ii) We define a mapping 9 : Substsr — Hyp®¥ (1,,) by 1(n) := no g;q. This
gives a well-defined mapping between Substsr and Hyp®F'(r,). The mapping
is surjective, since any strongly full hypersubstitution o can be obtained as
¥(n) for n = o 0 0;;'. The mapping 1 is also injective, since

Y(m) =v(2) = mooia=m00u = m =1n,

since 0,4 is a bijection. To show that 1) is a homomorphism, we first verify the
following additional property:

(mooia)"[t] = mlt, (*)

where 77 is the unique extension of 7. For the fundamental terms
t = fi(x1,...,2,), we have
(m o oia) " [filz1,...,2n)] = (m o 0cid)(fi) = m(filzr,...,20)) =
ﬁl(fi(xla e '7'1:”)))
by (C3) and the definition of the extension of a hypersubstitution. The claimed
property then follows by induction. Now for the homomorphism property for
1) we have
Y(m) on P(n2) = (mooia) on (N200ia)

= (mooia)” o (n200ia)

=7y o (n20054), by property (*) above,

= (1 on2) o 0id, by associativity

=(m ®n2) o 04, by definition of ®,

= Y(m @ n2).
The isomorphism (Substsp;®;id) = End(clonespt,) can be proved
in a similar way as we proved the corresponding isomorphism
n — cloner, = (Subst; ®,id) in (i). O

5 Hyperidentities and Clone Identities

Generalized hypersubstitutions can be used to define strong hyperidentities in
algebras or in varieties ([8]).

Definition 5.1 Let V be a variety of type 7 and let IdV be the set of all
identities satisfied in V. An identity s = t € IdV is called a strong hyperidentity
in V (Lee-D;00]) if 6[s] =~ ¢[t] € IdV for all generalized hypersubstitutions o €
Hype (7). If every identity of a variety V is satisfied as a strong hyperidentity,
the variety is called strongly solid.

An example of a strongly solid variety of semigroups is the variety

Rec := Mod{x1(z273) ~ (x122)T3 ~ x123 H([8]).
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The set IdV of all identities satisfied in a variety V forms a fully invariant
congruence relation of the absolutely free algebra of the given type. But we
have also:

Theorem 5.2 ([6]) Let V be a variety of type 7, and let IdV be the set of all
identities satisfied in V. Then IdV is a congruence relation on cloney,.

Further we have:

Theorem 5.3 ([6]) Let V be a variety of type 7,,. Then V is strongly solid if
and only if IdV is a fully invariant congruence relation on cloneg7,.

Since IdV is a congruence relation on cloney7,, we may form the quotient al-
gebra cloneyV := cloneyt, /IdV. The operations S™ of this algebra are defined
as usual by

S’m([t]jdv, [tl]jdv, RN [tn]jdv) = [Sm(t, t1,.. .,tn)]jdv.

The nullary operations are [z;]rqv, 7 € NT. Since for a strongly solid variety V'
the relation IdV is fully invariant on cloneg7,, it corresponds to a fully invariant
congruence on the absolutely free algebra of the type of unitary Menger algebras
with infinitely many nullary operations (see [1]). Fully invariant congruences
on absolutely free algebras of a given type correspond to equational theories,
i.e. to sets of identities of certain varieties. Therefore we have:

Theorem 5.4 ([6]) Let V be a variety of type 7, and let s =~ ¢ € IdV. Then
s =~ t is a strong hyperidentity in V iff s ~ ¢ is an identity in clone, V.

Finally from this result one obtains a nice characterization of strongly solid
varieties.

Corollary 5.5 Let V' be a wariety of type 7,. Then V is strongly
solid iff clonesV is free with respect to itself, freely generated by the
set {[fi(z1,...,xn)]1av | @ € I}, meaning that every mapping from
{lfilz1, ..., zn;)]1av | © € I} to the universe of clone,V can be extended to
an endomorphism of clonegV .

Let Id,,V be the set of all n-ary identities of a variety V' of n-ary type 7,, i.e.
the set IdV NW,, (X,)2. The variety V is called n-solid if every identity from
1d,V is satisfied as an n-hyperidentity. Then we have ([5]):

Theorem 5.6 Let V' be a variety of type 7,,. Then

(i) The set Id,V of all n-ary identities satisfied in V is a congruence relation
on n — clonet,.

(ii) V is n-solid if and only if Id,V is a fully invariant congruence relation
on n — clonet,.
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(iii) An equation s =~ t is an n-hyperidentity in V iff s = t is an identity in
n — cloneV where n — cloneV is the quotient algebra n — cloner, /Id, V.

(iv) The variety V is n-solid iff n — cloneV is free with respect to itself, freely
generated by the set {[fi(x1,...,2n,)]1av | ¢ € I}, meaning that every
mapping from {[fi(z1,. .., %n,)]|1av | ¢ € I} to the universe of n — cloneV’
can be extended to an endomorphism of n — cloneV .

(For a generalization of this theorem see [2]). For a variety V of n-ary type we
form the set SEF(V) of all n-ary identities consisting of strongly full terms.
An equation s = t € SFF(V) is said to be a SF,-hyperidentity if 6[s] ~ &]t]
for every ¢ € Hyp°F(r,) and V is called SF,-solid if every identity from
SFE(V) is a SF,-hyperdentity. SF),-hyperidentities and SF,-solid varieties
can be characterized as follows:

Theorem 5.7 Let V be a variety of type 7,,. Then
(i) The set SEF (V) is a congruence relation on clonespt,.

(ii) V is SE,-solid if and only if SEF (V) is a fully invariant congruence re-
lation on clonegpT,.

(iii) An equation s =t is a SF,-hyperidentity in V iff s =t is an identity in
clonespV where SF —cloneV is the quotient algebra clonespty,/SF, (V).

(iv) The variety V is SF,-solid iff clonespV is free with respect to itself,
freely generated by the set {[fi(x1,...,2n,)|sp,(v) | 7 € I}, meaning that
every mapping from {[fi(x1,...,2n,)]sF.(v) | © € I} to the universe of
clonespV can be extended to an endomorphism of clonegpV .

Proof (i) Let t; ~ s1,...,t, ~ s, € IdSEF(V). Then we show by induction
on the complexity of the strongly full n-ary term ¢ that S™(¢,t1,...,t,) =
S"(t,81,...,50) € SEE(V). Assume that t = f;(x1,...,7,). Then
S"(fi(xl, .. .,Jjn),tl, .. .,tn)
= filt1,...,tn)
~ fi(sly---73n)
= S’"(fi(xl,...,xn),sl,...,sn)ESF]]\”;(V)
since  fi(t1,...,tn) ~ fi(s1,...,8n) c IdV  and since
filtr, ..o tn), fi(s1,...,8,) are strongly full n-ary terms of type 7,. As-
sume now that ¢ = f;(l1,...,1,) and that for [;, 1 < j < n, we have already
Sn(lj,tl, .. .,tn) ~ Sn(lj, S1y .- .,Sn) S SFAE(V), 1< j <n. Then
Sn(tty, ... tn)
= fi(S"(lhi,t1, - s tn)y ey S"(ny s b1, - o5 tn))
~  fi(S"(l1, 81,y 50)s ey S™(Iny 51, ..., 8n)) € SEE(V),
since IdV is compatible with the operations corresponding to f;,7 € I, in the
absolutely free algebra of type 7, and since S™(l;,t1,...,t,), S™(l;, s1,...,5n)
are n-ary SF-terms.
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The next step consists in showing

trs= S"(t,s1,...,50) ~ S"(s,51,...,50) € SEE(V).

Since IdV is a fully invariant congruence on F.(X) from t =~ s € IdV
we obtain S™(t, s1,...,8,) ~ S™(s,81,...,8,) € IdV by substitution. The

terms S™(t, 81, ..,8,),5™(s,81,-..,8n) are strongly full and n-ary and thus
S"(t, 81,y 8n) A S™(s,81,...,8,) € SEE(V).
Assume now that t =~ s,t1 & s1,...,t, = s, € IdV. Then

St b1y o tn) S (t, 815 - 5 80 )RS™(S, 81, - 5 Sn)R ST (8,1, . o 1p)E SFE(V).

(ii) Let V be SF,-solid, let s ~ t € SFE (V) and let ¢ : clonesrT, — clonespt,
be an endomorphism of clonespt, (p € End(clonesrty,)). Then we have

¢(s) = (¢/Fr, 0 0ia) [s] = (p/Fr, 0 0ia) " [t] = o(t) € SEF(V)

since ¢/ F, o00;q1s a SF- hypersubstitution with ¢ = (¢/F;, 00;q)". Therefore
1dV is fully invariant.

If conversely SFE(V) is fully invariant, s ~ t € SFE(V) and let
o € Hyp°F(r,), then 6[s] ~ 6[t] € SFEF(V) since the extension of a
SF-hypersubstitution is a clone endomorpism. This shows that every identity
s~tc SFF(V) is satisfied as a SF—hyperidentity and then V is SF}-solid.

(iii) We first assume that s &~ t is a SF,,-hyperidentity of V. This means that
for every o € Hyp®F'(7,) we have nat(SEZ(V))(6[s]) = nat(SEE(V))(6]t])),
where nat(SFE(V)) : WS — WSF/SFE(V) is the natural mapping. To
show that s & ¢ holds in clonegp,, we will show that T(s) = T(t) for every
valuation F,, — clonesrV. Since nat(SEF(V)) is surjective, there exists a
clone substitution 7, such that v = nat(SEE(V)) o n,. Then n, o giq is a
hypersubstitution, which we shall denote by ¢, and we have:

U(s)=(at(SF; (V))oT, ) (s)=mat(SE (V))o(n,00:a) ) (s)=nat(SF, (V))(6[s]).

Similarly, we have o(t) = nat(SFE(V))(6,[t]). Since by our assumption we
have nat(SFE(V))(6,[s]) = nat(SFE(V))(6,[t]), we get B(s) = D(t), as re-
quired.

Conversely, let s ~ ¢ € Id(clonespTy,), so that s,t € W2 (X,,) and for every
valuation mapping v we have T(s) = ©(t). Let o be any hypersubstitution.
Then there is a clone substitution 7, such that 7, o 0,0 = 0. We take v to be
the valuation nat(SF(V)) o 7. Then [6(s]|spr () = nat(SEF(V))(6]s]) =
(nat(SF, (V) o (no 0 0ia) " )(s)

= (nat(SFE(V))oT,)(s) = v[s]. Similarly, we have [6[t]]s e () = T[t], and our
assumption that v(s) = v(t) gives the desired equality.

(iv) Using the equivalence from (iii), we will show that clonespV is free iff
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every identity s ~ t € SEF(V) is also an identity in clonesrV. Suppose
first that clonegpV is free with respect to itself, freely generated by the set
{lfi(z1,...,zn)lsFe(vy | i@ € I}. Let s &~ ¢ be any identity in SEF(V). To
show that s ~ ¢ is an identity in clonesrV, we will show that v(s) = v(t)
for any valuation mapping v : F, — clonegpV. Given v, we define a
mapping a, : {[fi(z1,.. ., xn)lsprv) |1 € I} — W, (X,)/SEY(V) by

ay([fi(zy, . ..,xn)]spf(v)) =v(fi(x1,...,2,)). Since
[fi(z1, - xn)lspeqy = [fi(@1, . on)lsppy) = i=]

= filz1,...,xn) = fij(z1,...,20)

=  o(filz1,...,zn)) = v(fi(z1,...,20))

= av([fi(xla---7$n)]SFf) - av([fj(xla"'7$ﬂ)]SFf(V))a

the mapping a,, is well-defined. Since the set {[fi(z1,...,Zn)lspry | 1 € I}
generates the free algebra clonegp V', the mapping v can be uniquely extended
to U on the set WS (X,,)/SFE (V). Then we have

[slspev) = [tlsrev)y = @([slsrev)) = @ ([tlspev)) = 0(s) =0(t),

showing that s ~ t € SEF(V)).
For the converse direction, we show that when V is SF,-solid, any map-
ping a : {[fi(z1,...,zn)]spEvy | T € I} — WEE(X,)/SFE(V) can be
extended to an endomorphism of clonespV. We consider the mapping o =
oo nat(SEF(V)) :+ F,, — WZ2F(X,)/SFF(V), which is a valuation of
terms. Then for any terms s,t € WS (X)), it follows from [s]gpe(y) =
[tlsrev), e nat(SEE(V))(s) = nat(SEF(V))(t) that a(nat(SFE(V))(s)) =
a(nat(SFE(V))(t)) and (@ o (nat(SFE(V)))(s) = (@o (nat(SFF(V))(t)) since
@ onat(SFE (V) is a valuation and every SF,,-identity is a clonegpV-identity.
This shows that @ is well-defined. It is also an endomorphism since
a(smetorestV([slgpe vy, [tlspe s - - [tnlsep(v)))
= (@onat(SFE(V)))(S™(s,t1,...,tn))
= SpetoneseV (@ o nat(SEY (V)))(s), (@ o nat(SEF (V)))(t1), - .-,

(@ o nat(SF; (V)))(tn))
= SpetonesrV(a([s]spevy), @[t sreny)s - W[t srEy);
using the fact that @ o nat(SEFF(V)) is the homomorphism extending the
valuation « o nat(SFF(V)) defined on the generating set of the free alge-
bra clonesrV. Finally, @ extends «a since a([fi(z1,...,%n)]sprv)) = (@ o
nat(SEEWV)) (fi(z1, .., zn)) = a([fi(z1, . . o Tn)|spe(vy) foreach i€ I. O
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