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Abstract
The aim of this paper is to prove the equivalence of a stochastic dif-
ferential equation with linear drift to a stochastic integral equation in an
n-dimensional space. The asymptotic p-stability and asymptotic mean
square satbility of the trivial random solution for the stochastic differ-
ential equation are also investigated by using properties of the Cauchy
operator.

1 Introduction
In this paper, we consider the following stochastic differential equation in an
n-dimensional space

dz(t) = A(t)x(t)dt + f(t, z(t))d B, (1.1)

where (B, t € R") is an n-dimensional Brownian motion, A(t) and f(t, ) are
a n X n-matrix function. We prove the equivalence of the equation (1.1) to the
following stochastic integral equation

(1) = K(t, to)zo + /t K(t, 5)f(s,2(s))dBs, (1.2)

where K (t, s) is the Cauchy operator generated by a homogeneous linear equa-
tion of (1.1). From the equation (1.2), we can consider the problem of asymp-
totic p-stability and asymptotic mean square for the random solution of (1.1) by
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using propeties of the Cauchy operator. In section 2 we give some of the basic
definitions and lemmas needed for studying the stochastic differential equation
(1.1). The section 3 gives main results on the equivalence between equations
(1.1) and (1.2), and to give conditions for the asymptotic p-stability, asymp-
totic mean square stability of the random solution of (1.1). Some examples of
application will be given in section 4.

2 Priliminaries

All stochastic processes in this section are supposed to be considered in a com-
plete probability space (£2, F, P). Firstly we recall some following concepts and
results needed for our main results.

Definition 2.1. A solution z; = 0 of Equation (1.1) is said to be p-stable
(p > 0) if for any € > 0 there exists r > 0 such that ||zg|| < r and t > to

E||z(t, w, to, zo)||P < e.

Definition 2.2. A solution z; = 0 of Equation (1.1) is said to be p-asymtotically
stable if it is p-stable and z( is small enough then

E||lx(t,w, to, xo)||’ — 0 as t— oo.
Definition 2.3. Let £(¢,w) be n-dimensional measuarable random process.
Define
— 1
xole) = xplé(t,)] = T > n B (e, )|

We call x,[¢] the p-Liapunov exponent of process {(t,w) .

Lemma 2.1. For any fized p > 0, denote ¢(p) the set of all p-Liapunov expo-
nent of all non-trivial solutions of the following equation

dx
7 G(t,x,§)
G(t,0,§)=0

x(t()):x(), tZO

where & is a random process.
If supy 4, o(p) < 0, then the solution x = 0 of the above equation is p-
asymptotically stable.

The proof of this lemma can be found in [5].
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Lemma 2.2. Let x,[&] be the p-Liapunov exponent of processes &;(t,w), 0 <
i < n , we have following assertions:

(i)
Xp[ > &] < max xp[&i,
0<i<n ==

(i) if £(w), n(w) are independent random proceses, then

Xp(€m) < xp(&) + xp(n),

(#ii) if ¢ is a positive constant, then

Xp(co = Xp(f)-

The proof of Lemma 2.2 can be seen directly from the above definitions. We
now consider the following ordinary differential equation in an n- dimensional
space

x(t()) = Xy,

where z,z9 € R™,t € [to,0), A(t) = (@i j(t))nxn With a; ;(t) are continuous
functions, for every t € [tg,o0) and 7,5 = 1,2, ..., n.

Lemma 2.3. Consider the matrixz equation

’U,(t()) = I,

where I is a unit matriz. If A(t) is continuous matriz for every t € [to, o0)
then we have the following assertions

(i) there exists a unique solution u(t) of (1.4).

(ii) there exists an inverse operator uw=1(t) and it is a solution of the fol-
lowing matriz equation

’LU(t()) =1

Definition 2.4. We call K(t,5) = u(t)u=!(s),(t > s > tg) the Cauchy op-
erator of the linear equation (1.3), where u(t) and u~!(s) are the solution of
equations (1.4) and (1.5).

We see that, if A is a constant matrix, then u(t) = 4t

Therefore K (t, s) = eA(t=5),
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Lemma 2.4. Assume that K(t,s) is the Cauchy operator of the linear equation
(1.3), we have the following assertions

(i) K(t,t) =1 for every t € [to, 00),
(ii) K(t,s) = K(t,7).K(7,s) for every to < s <1 < t.
This Lemma can be proved directly from Definition 2.4 and Lemma 2.3.

Lemma 2.5. Suppose that all eigenvalues of the constant matriz A have neg-
ative real parts. Then there exist constants o, 3 > 0 such that:

|K(t,s)] = [e2t9)| < Be=*=5)  for every t > tg.

3 Main results

Let (9, F, P) be a complete probability space. Suppose that (F;, t € RT) is a
family of increasing subalgebras of F, i.e. Fs C F, C F for all s < t. Let B
be an n-dimensional standard Brownian motion adapted to F;. Futhermore,
we assume that the Equation (1.1) satisfies the following conditions

(i) A(t) = (ai j(t))nxn is continuous matrix for every ¢ € RT and 4,5 =
1,2,...n, that is a; ;(t) are continuous functions for every t € R™.

(ii) f(t,z) is matrix function defined and continuous for every ¢t € RT and
rz € R".

(iii) 2(0) = zo is Fo — measurable.

Theorem 3.1. With the conditions (i)-(iii), the equation (1.1) is equivalent
to the following sochastic integral equation

(1) = K(t,0)z0 + /0 K(t, 3)f (s, 2(s))dBs, (1.2)

where K (t, s) is the Cauchy operator generated by the homogeneous linear equa-
tion of the equation (1.1).

Proof. Suppose that x(t) satisfies the equation (1.1). Put

y(t) = g(t, x) = K(7, t)2(t).

Then we have N

Yg(t) = galt. () = Y Koi(r. t)ai(t).

=1

An application of multi-dimensional Ito formula yields

dyg(t) = Sgedt+ 37 | 5% du;

= D () dt + ST Ko (7, ) di(t).
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It follows from (1.1) that

dx;(t Za” xi(t dt—|—Zf” (t, z(t dBl.

Thus, we have

dyg(t) =0, T (nydt + 37 Kyi(r, 1)

+( T a0+ S 1 0)a; )
From the definition of K (¢, s), we have
K(7,t) = u(t)u™'(t).

We can see that ox i
T,t u (T
8(t7 ) u(T) (t)

= —u(T)u (t)A(t)

— —K(r,) A1),
and
OKi(7,1) -
q ZK‘U (1,1) aﬂ
Jj=1
Hence
dyq(t) = =320 o Kai(m,)aij Oz () dt + 377 ) Koi(7, t)aij(t)z; (t)dt

30y Yy Kyi(m,t) fij (t, 2(t)dBY

= 30 Yy Koi(m, ) fij (t, () d B,
which implies that

Ya(t) = yg(0) + 31y S0y [ Kyi(r, 9) fij (s, 2(5))dBY,

y(t)  =y(0)+ [y K(r,5)f(s,2(s))dBs.
So \
K(r, Da(t) = K(r,0)z0 + /0 K(r,5)f(s,2(s))dBs.

Multiplying K (¢, 7) to the above equality, we obtain

K(t,7)K(r,t)x(t) = K(t,7)K(T,0)zq —|—/0 K(t,7)K(7,s)f(s,2(s))dBs.
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By using the assertion (i) of Lemma 2.5, we have

(1) = K(t,0)z0 + /0 K(t, 3)f (s, 2(s))dBs.

Thus, z(t) is a solution of the equation (1.2).

It is easily to prove the sufficient condition of Theorem by using properties
of the Cauchy operator K(t¢,s) and the multi-dimensional Ito formula. The
proof is now complete.

Corollary 3.1. A solution of the following stochastic differential equation
dz(t) = A(t)x(t)dt + f(t)dBy,

can be expressed in the form

z(t) = K(t,0)xq —|—/0 K(t,s)f(s)dBs.

Theorem 3.2. Consider the stochastic differential equation (1.1). Assume
that:
(i) there exist constants o, 5 > 0 such that

1K (L, 5)]] < Be= (=),
(i) the matriz function f(t,x) satisfies Lipschitz condition
1£(t2) — £t )] < ]zl
and ||f(t,2)|| < h(t)||z||, where h(t) is a positive function.
(iii) Ty o3 [ h2(s)ds < 2.

Then the trivial solution x(t,w) = 0 of the equation (1.1) is asymptotically
stable in mean square.

Proof. As an application of Theorem (3.1), we can write

z(t) = K(¢,0)xzg —|—/O K(t,s)f(s,z(s))dBs.

Therefore

@2 = Kt 0)zo+ [ K(t ) (s, a(s))dBa
< 2(||K<t, )12 woll2 + 1| i K (¢, 5) s x(s))stll2>,

Ellz(t)|* < 2K (¢, 0)|1Ellwol 2 +2 [ || K (2, 5)|[2.E|| £ (s, 2(5))||ds.
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From (i) and (ii), we have
Bllx(t)|]* < 26%e 7. B |zo||* + 257 /Ot e 22U B3 (5) ||z (s)) | *ds,
which implies that
Bz (1) < 26°.E||xo||* + 267 /Ot e W2 (s)E||z(s)||ds.

If we put
o) = e Eljz(t)]%,
C = 20.El|xl2 >0,

then we can see that

t
$(t) < C + 252/ K2(5)(s)ds.
0
An application of Gronwall lemma yields
B(t) < .02 Jo P2 (s)ds

Hence 5 e
€28 Jo W (s)ds

3
€2at

Bllz®)]* < C.

t
In E||z(t)]]> < InC + 262/ h%(s)ds — 2at.
0
By using the assertion (iii) of Lemma 2.2 we get
. 1 2 o1 ',
lim In—FE||z(¢)||* <267 lim — [ h*(s)ds — 2a.
t—00 t t—oo t 0
Then it follows from the condition (iii) that
—0 1
Jim 1nEE||x(t)||2 < 0.
Thus, the trivial solution of the equation(1.1) is asymptotically stable in mean

square.

Corollary 3.2. Consider the equation (1.1). Assume that A is a constant
matriz whose all eigenvalues have negative real parts, the matriz function f(t, x)
satisfies condition (i) of Theorem 3.2, and

1 rt

lim — [ h%(s)ds = 0.

t—oo t 0
Then the trivial solution of the equation (1.1) is asymptotically stable in mean
square.
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Proof. By Lemma 2.5, there exist constants «, 8 > 0 such that

1K (¢, )] < pe ).

Because .
— 1
lim — [ h%(s)ds < 0.
t—oo t 0
Therefore
mt [ h2(s)ds < —
m — S)as - .
t—oot 0 62

Thus, the trivial solution of the equation (1.1) is asymptotically stable in mean
square.

Theorem 3.3. Consider the stochastic differential equation (1.1). Assume
that
(i) there exist constants o, 5> 0 such that

1K (¢, )] < pe2).

(ii) the matriz function f(t,z) satisfies Lipschitz condition and ||f(t, x)|| <
h(t)||x||, where h(t) is a positive function.

SNt i
(iti) imy oo 7 [y 2P (s)sP " ds < M% for every p €N,

Then the solution x(t,w) = 0 of the equation (1,1) is asymptotically stable in
order 2p.

Proof. As an application of Theorem 3.1, we can write

t
z(t) = K(t,0)Xo + / K(t,s)f(s,x(s))dBs,
0
which implies that

i
|z < 22P7H|K (8, 0[PP |aol [P + 22”_1“/ K (t,5)f(s, x(s))dBs][*",
0

i

E||lz ()| < 2% Y| K (t, O)IIQ”-EI|~”Uo||2”+22”_1E||/ K (t,5) f(s,2(s))dBs][*".
0

Therefore, we have (refer to [2])

Ellz(@)||? < 227 YK (t, 0)[|*.El|xol P
+2207 1 [p(2p — D]t [T K (1, 9)|PPE||f (5, (s))||*ds.

From the conditions (i) and (ii), we get

Ellz()][? < 22P71p%em 2P Bl|xo||*
+22071 320 [p(2p — 1)] P! [ €20 E[a(5))||*Ph?P(s)ds.
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Now, we can consider t on [tg, o0],to > 0. If we put

2at 2

plt) =z,

o = 22r=132P || 20 2P.

D =212 [p(2p — 1))P,

then we see that
C t
o) < o+ D [ () o).

0 to

An application of Gronwall lemma yields
C' Dt n2(s)sPd:
(1) < P T IOIT
0
Hence

C —2at t .9 1
e i
0

which implies that

1 1 1 D [t
7 In E||z(t)]]? < 7 In(C/th™") + (p — 1)nTt + ?/ h*(s)sP~tds — 2a,
to

By applying Lemma 2.2, we obtain

—1 —1 [
tlim 7 In E||z(t)||?P < 22P~1 3% [p(2p — 1)]p.tlim — | h?(s)sP"ds — 2a.
—00 — 00 0

The condition (iii) implies that
1 )
lim — In E||z(¢)||*? < 0.
t—o0 t
Thus, the trivial solution of the equation (1.1) is asymptotically stable in order

2p.

Corollary 3.3. Consider the equation (1.1). Assume that A is a constant ma-
triz whose all eigenvalues have negative real part, the function f(t,z) satisfies
the condition (i) of Theorem (3.3), and

—1
lim - [ h?(s)s"P"'ds=0 for every peN.

t—o0 t 0

Then the trivial solution of the equation (1.1) is asymptotically stable in order
2p.
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Theorem 3.4. Consider the stochastic differential equation (1.1). Asume that,
(i) there exist constants o, 5 > 0 such that

1K (t,)]] < pe2).

(i) the matriz function f(t,x) is continuous with respect to t, x, and satisfies
Lipschitz condition

1t 2) = fE Il < Uz —yl|-
(iii)

—1
lim 7 28| f(s,0)||%ds < 2a.
0

t—o00

(i)

a > 202

Then the trivial solution x(t,w) = 0 of the equation (1,1) is asymptotically
stable in mean square.

Proof. Applying the Theorem 3.1, we can write

t
z(t) = K(t,0) X0 + / K(t,s)f(s,z(s))dBs,
0
which implies that

Bllz(®)[]* < 2/|K (¢, 0)||%.El|aol |* + 2/0 1K (¢, 9)I1°. Bl f(s, 2(s))| |*ds.

We have
Lt )2 = |[f(t, ) — f(t,0) + f(¢,0)[|?
<2l f(t,x) — f(t,0)[* + 2] (£, 0)[|?
< 20([x|* + 2| | £ (2, 0)][>.
Hence

Ellzt)|]> < 2672 Bl|xo||? + 412 [} e722=9) B||x(s)||%ds
4 [} e7220=9)]| f(s,0|[2ds.

If we put
p(t) = e Ellz(t)]?

3

U(t) = 2E|| Xol[* +4 [y €| f (s, 0] *ds.

then we can see that

() < (t) + A2 / o(s)ds.
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By the Gronwall lemma, it yields
o(t) < (t) + 412 [ e oy (s)ds
< 2B||zo[? + 4 [ 25| f(s,0|[2ds + SI2E||xo||? [ e**ds

1612 [ X5 ([ €27 || f(7, 0)|[2dr)ds.
Therefore

Ella(t)|* < 2B||zol[?e=2* + 8I2E||ao||2e~2" (Fze™ — 1)
+e20t [1e20%|| £(s,0|[2ds
—2at (1 2s( 5 2ar
+1612e=29 [Tt ([ e[| f(7,0)|]2dT)ds.

Put ) )
T 2.2 —2at 41%t
M, = thm i In (81 x5e (Ee - 1)),
—1 —2at ‘ 2as 2
My = hmgln(éle e***|| f(s,0]|%ds),
0

1 t 5 S
My = T I (160% > / (il / || £ (7, 0)|[2dr) ) ds.
0 0

t—o00

In taking account of conditions (iii) and (iv) of the theorem and lemma 2.2, we
get

—1
tlim 7 In E||z(t)||* < max(—2a, My, Mo, Ms),

and M; < 412 —2a < 0, M, < 0. The negativity of M; and M, implies that of
Ms. Therefore

1
Jim E1mE||a;(t)||2 < 0.

Thus, the trivial solution of the equation (1,1) is asymptotically stable in mean
square.

4 Examples

Example 1. We consider the following equation
dzy _ 1 -1 xr1 dt + e_txl LitTs dB;
dzo B 3 =2 To % €_t$2 dBs ’

we have
1 -1
(1)

:

w

3
:
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We see that Re(aq, as) = —1 < 0, where a1, as are eigenvalues of the matrix A.
1) = e ol + — 2ol = (e + — ) o
Vi1 Vi1
Therefore 9
RA(t) = e 2 + :
®) N

which implies that

fg h2(s)ds = f(f (6_28 + \/92-|-_1)d5 = ( —te ¥+ 45+ 1) b
= —%6_28 +4vs+1— %,
and
—1 st
lim — [ h*(s)ds = 0.

t—oo t 0

Thus, the solution z(¢,w) = 0 of the above equation is asymptotically stable in
mean square.

Example 2. We consider the following equation

()03 )T B ()

dzs 2 -3 \C/‘er_a(xl —x9) e % (x1 +12) dBs
(o> 0).
Put

1 -5
(1),
Let A1, Ao be eigenvalues of the matrix A. We have

Re(A1, A2) <0,

1

3
¢ 2 o (2,-2at 2
IFE DI < (G + =)lal
Therefore
h(t) = By 1
2 t+1°
We see that
t t
3 1 3 3
h2 d —_ Y —2at d _ _° —2at 1 t 1 e
, 7 (e)ds /0(2e R Yl L G ¢
hence
1 t

t—oo t 0
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which implies the asymptotical stability in mean square of the solution z (¢, w) =
0.

Example 3.

ekt sin |z | In | lzateal 4 g
dz; 0 —3\(z ' VT dB,
- dt+
dJ?Q 1 -2 xro o1 —ws] . ki dBQ
In| U5 +1 sin (|zz|e™)

(k>0,n>1),
we have

_ . . _ - + 2|
t,z)||?=e ¥ sin? |z, Hsin? (|z2]e ) +1n? M—H +1n? L—H
1t )] [aafrsin® (Jozle™) — —

_ 4
£t )] < (6 2y m)lxIQ-

Hence
4

h2t:—2kt+ .
(t)=e ol

Because n > 1, we see that

o0 o0 o0 1
/ h2(s)ds = / e 2ksds + 4/ ds < o0,

which implies that

1 [t
lim — [ h*(s)ds = 0.
t—oo t 0
So, the z(t,w) = 0 of the above equation is asymptotically stable in mean

square.
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