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Abstract

The paper studies the cohomology of Lie algebras and quadratic Lie
algebras. Firstly, we propose to describe the cohomology of M D(n,1)-
class which was introduced in [5]. This class contains Heisenberg Lie
algebras. In 1983, L. J. Santharoubane [11] computed the cohomology
of Heisenberg Lie algebras. In this paper, we will completely describe
the cohomology of the other ones of M D(n,1)-class. Finally, we will
be concerned about the cohomology of quadratic Lie algebras. In 1985,
A. Medina and P. Revoy [6] computed the second Betti number of the
generalized real diamond Lie algebras. We will compute in this paper the
second Betti number of the generalized complex diamond Lie algebras by
using the super-Poisson bracket.

Introduction

Cohomology of Lie algebra is a special case of cohomology of algebras which is
inspired by de Rham cohomology on the corresponding Lie group and has both
algebraic and geometric flavor. We restricted ourselves to finite dimensional
Lie algebras. The cohomology of finite-dimensional reductive (in particular,
semi-simple) Lie algebras over a field of characteristic 0 has been investigated
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completely. But, up to now, only a few general assertions are known about the
cohomology of solvable Lie algebras.

In 1983, L. J. Santharoubane computed explicitly the cohomology of Heisen-
berg Lie algebras (see [11]). In 2005, H. Pouseele calculated the cohomology
of one-dimensional central extension of Heisenberg Lie algebras including the
diamond Lie algebras (see [9]). For some other results about Lie algebras co-
homology we refer the reader to the references [1] or[10].

For the quadratic Lie algebras the description of their cohomology could
be done in particular ways by using the skew-symmetric derivations or the
super-Poisson bracket (see [6], [7], [3] and [4]).

In this paper, we will be concerned about the cohomology of some families
of Lie algebras and quadratic Lie algebras. The paper will be organized as
follows: Section 1 is devoted to some preliminary concepts and results. Section
2 will describe the cohomology of all M D (n, 1) —algebras (n > 2) which were
completely classified in [5]. Finally, Section 3 will compute the second Betti
numbers of the generalized complex diamond Lie algebras by using the super-
Poisson bracket.

1 Preliminaries

In this section, we recall some usual notations, basic concepts and well-known
results which will be used later. For details we refer the reader to [8], [5], [3]
and [6].

Notations
Throughout this paper, we will use the usual notations as follows.

e Let k,n be two integer numbers, 0 < k < n. The classical notation (})
means the number of combinations of size k£ from n. When k is negative,
it is assumed in accordance with the general conventions that (}) := 0.

e The notation K will mean a field of characteristic zero. In this paper, K
is always R or C.

e For a Lie algebra g, we always denote by g* the dual space of g. Unless
otherwise stated, for any basis {X,Y,...} in g, by {X*,Y™*, ...} we mean
the dual basis of the first one in g*.

e Let g be an n-dimensional Lie algebra over a field K. By A% (g*) we always
mean the space of all skew-symmetric k-linear forms (with K-values) on
g (0 < k < n). The notation Ag(g*) will mean the algebra of external
forms on g. Moreover, A will mean the external product on Ag(g*) and
tx 1s the interior product on A(g*) associated to one fixed element X € g.
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1.1 Cohomology of Lie algebras

Let g be a finite-dimensional Lie algebra over a field K of characteristic zero,
and let V' be a module over g having, as a vector space over K, a finite dimension
(in other words, V is a space of some finite-dimensional representation p of g).

Definition 1.1.1 ([8]). A function w = w(Xo, X1, ..., Xk_1) of k independent
variables X, X1,...,X;_1 € g (k € N\ {0}), which takes on values in the
module V| is said a k-cochain of the Lie algebra g over V if w is skew-symmetric
k-linear. All k-cochains constitute in an obvious way a vector space C*(g, V).

By definiton, C'(g,V) = Homg(g, V). It is assumed, in accordance with
the general conventions, that C%(g, V) =V.
For any cochain w € C*(g, V) and Xg, X1,..., X} € g, we set

5(.4)(X0,X1,...,Xk) = Z (—1)1p(X1)w(X0,X1,,E,,Xk)—k
0<i<k

+ Z (_1)i+jw([Xian]aX0;Xla"'aj(\ia"'ana"'an)a
0<i<j<k

where the symbol ™ over the independent variable means that the latter must
be omitted. It is clear that dw is a (k + 1)-cochain for any w € C*(g, V).

Definition 1.1.2 ([8]). The mapping
§:C*g, V) — CF (g, V);w— dw
is obviously linear and it is called the (k-th) coboundary operator.

The basic property of the mapping  is that if twice repeated it is zero:
0060 =0. A cochain w for which dw = 0 is called a cocycle and a cochain w of
the form ¢ is a coboundary. All cocycles form a subspace Z* (g, V') of C*(g, V).
All coboundaries (for k£ > 0) also form a subspace B*(g, V) of C*(g,V). The
relation 0 o § = 0 means that

B*(g, V) c Z¥(g,V): k > 0.
So that we have the following definition.
Definition 1.1.3 ([8]). The vector space
H*(g,V) =2"(g.V)/B"(g,V)

is called k—th cohomology space (or k—th cohomology, for brevity) of g with
coefficients in V. For any cocycle w € Z¥(g,V), we will denote by [w] the
cohomology class of w in H*(g, V).
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When k = 0 we agree to assume that H%(g,V) = Z%(g, V) so that H%(g, V)
is nothing than a subspace of the module V' consisting of the invariant elements
of V, i.e. of elements v € V such that p(X)(v) =0 for any X € g.

In fact, computing cohomology of Lie algebras, one often considers some
special cases of vector space V and representation p of g in V. In particular,
when V' = g and p = ad is the adjoint representation of g, we get the assertion
that H'(g, g) is commonly used to describe the space of the outer derivations
of g.

The special case V' = K is one of the most remarkable cases of cohomology
of Lie algebras and H*(g, K) said to be (k-th) cohomology space of g with trivial
coefficients. In this case, C%(g,K) = K and C*(g,K) = AL (g*). Moreover, the
coboundary operator § is given as follows:

onf(Xo,..., X)) = R

= > (D)X, X)), X0y s Xy

0<i<j<k
Definition 1.1.4 ([6]). The dimensional number of the cohomology H* (g, K)
of the Lie algebra g is called the k-th Betti number of g and denoted by bk (g).

Note that vector spaces are isomorphic if they have the same dimension.
Therefore, the description of the cohomology with trivial coefficients (in K) of
Lie algebras, in essence, is just calculating their Betti numbers. Moreover, the
dimension of the cohomology can be calculated via the dimension of (g, V).
Namely, we have the following result.

-~

X, ..., Xp).

3

Proposition 1.1.5 (see, for example, [6]). For any Lie algebra g and g-
module V', we have

(i) dim H*(g,V) = dim Z*(g,V) + dim Z*~ (g, V) — (,”,) dim V.
(i) dim H*(g,V) = (}) dimV — dim B*(g, V) — dim B***(g, V). O

When V = K, as an immediate consequence of Proposition 1.1.5 we get
following corollary which is very useful for us later.

Corollary 1.1.6. For any Lie algebra g, we have

(i) br(g) = dim Z* (g, K) + dim Z* (g, K) — (,",).

(ii) bi(g) = (}) — dim B*(g,K) — dim B**! (g, K). O

It is to be noticed that for the decomposable Lie algebras, i.e. the Lie
algebras of the form g&h, the computation of their cohomology can be reduced
to that of g and b by using the Kinneth formula (see [12]). Namely, we have
the following proposition.

Proposition 1.1.7 ([12], Proposition 2.8). Let g,h be finite-dimensional
Lie algebras over a field K. Then
[
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1.2 MD(n,m)-algebras and M D(n,m)-class

Definition 1.2.1 ([5]). Let n,m be natural numbers (0 < m < n) and K =
R. Assume that g is an n-dimensional solvable real Lie algebra such that
the first derived ideal g' := [g, g] is m-dimensional one. Denote by G the
connected, simply connected Lie group associated to g. Then, g is called an
M D(n,m)-algebra if all coadjoint orbits of G (i. e. the orbits in the coadjoint
representation of G) are the ones of zero or maximal dimension. The class of
all M D(n,m)-algebras is called the M D(n,m)-class.

1.3 Quadratic Lie algebras

Definition 1.3.1 ([6]). Let K = C and g be a complex Lie algebra. Then g is
called a quadratic Lie algebra if it is endowed with a non-degenerate invariant
symmetric bilinear form (with complex values) B, i.e. B satisfies the following
conditions:
(i) B(X,Y)=B(Y,X) forall X, Y € g,

(i) if B(X,g) = 0 then X = 0,

(iii) B([X,Y],Z) = B(X,[Y,Z]) forall X, Y, Z € g.
Definition 1.3.2 ([7]). Let (g, B) be a quadratic Lie algebra over C. We
choose in g one basis { X1, ..., X,,} with the dual basis {X7,..., X}. Assume

that {Y1,...,Y,} is the basis of g which is given by B(Y;,.) = X*, 1 <i<n.
Then, the super-Poisson bracket on Ac(g*) is defined by

{Q’ Q/} = (_1)k+1 Z B(Y;a YVJ’)”Q (Q) A LX; (Q/)a

1<ij<n
for all Q€ Ak(g*), Q' € Ac(g").
Definition 1.3.3 (see [7] or [3]). The 3-form I on g which is defined by
I(X,Y,Z) = B([X,Y),Z);V¥X, Y, Z € g
is called the 3-form associated to (g, B).
Proposition 1.3.4 ([3]). Via the 3-form I associated to (g, B), the coboundary

operator 6 of (g, B) is exactly represented as follows —{I,.}. That means
0= —{I,Q}, for all Q@ € A(g*). O
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2 Cohomology of M D(n,1)-algebras

In this section, we will describe explicitly the cohomology of M D (n, 1)-class
(n > 2). This class was completely classified in [5]. We emphasize that,
throughout this section, the basic field K is always R and we only consider the
cohomology with real (trivial) coefficients. Before coming to the computations,
we introduce this classification.

2.1 The classification of all M D(n,1)-algebras

The M D (n, 1)-class includes only the Lie algebra of the group of affine trans-
formations of the real straight line, the real Heisenberg Lie algebras and their
trivial extensions by the real commutative Lie algebras. Namely, we have the
following classification.

Proposition 2.1.1 ([5]). MD(n,1)-class coincides with the class of all real
solvable Lie algebras whose the first derived ideal is 1—dimensional, moreover
MD(n,1) includes only the Lie algebra of the group of affine transformations of
the real straight line, the real Heisenberg Lie algebras and their direct extensions
by the real commutative Lie algebras. In other words, if g is a n-dimensional
real solvable Lie algebra whose the first ideal g* := [g, g] is 1-dimensional (2 <
n € N) then g is an M D(n, 1)-algebra and g is isomorphic to one and only one
of the following Lie algebras.

(i) The Lie algebra aff(R) of the group of all affine transformations on R;
n=2.

(ii) aff(R) ® R"2; n > 2.
(#ii) The real Heisenberg Lie algebra hopmy1; 3 <n=2m+ 1.
(iv) bomir @ RP2M=1 3 <2m 4+ 1 < n. O

2.2 Cohomology of all M D(n,1)-algebras

First of all, we recall the definition of the Lie algebra aff(R) and the real
Heisenberg Lie algebra homi1 (3 <n=2m + 1). Namely, we have

o aff(R) := span {X,Y} with [X,Y] =Y.

L] b2m+1 = span{Z, Xl, ceey Xm, Xm+1, ey Xgm}, [X“ Xm+1] = Z for all
i=1,2,...,m. The other Lie brackets are trivial.

The following theorem give the Betti number of all M D(n, 1)-algebras. In
fact, the cohomology of the Heisenberg Lie algebras was described by L. J.
Santharoubane in 1983 (see [11]). However, for the sake of completeness, we
will reintroduce here without the proof.
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Theorem 2.2.1. Notations being as above, the Betti numbers of all M D(n, 1)-
algebras are described as follows.

(i) bi(aff(R)) =1, by(aff(R)) = 0.
(ii) by, (aff(R) @ R"2) = (" 1); 0< Kk <n.
(iti) b (h2m+1) = bui (homr1) = (37) = (Z7); 0 < k <m.
(iv) b (hs @R 3) = (" + (772);n>3,0<k<n.
bic (21 @ R"7270) = by (homss OR™HM) =
=" -G 3)in>2m+1>3 0<k<m.

b (h2mt1 @R 2M71) = b,y (homyr @ RPT2MT1) =
min{k,2m+1}

- gjo ((1—2;” 1]) - (¢+3[i+2]_2)) ("

=
n>2m+1> 3, m—|—1§k‘§[%].

The Proof of Theorem 2.2.1
The proof of Part (i) is straight-forward by an elementary computation.
Moreover, Part (7ii) has proved in [11]. So we need only prove Parts (ii) and

(iv).

e Proof (ii): For aff(R) & R"~2 (n > 2). It is clear that this algebra ac-
cepts the basis {X,Y, Z1, Za, ..., Zpn_2} with only one non-trivial bracket

[X,Y]=Y.

Direct computation by using the representation the coboundary operator
shows that

ZENZE N NZE)=0,0(X"NZ; N...NZf ) =0,

S(XTAYIANZL A NZ L) =0,

Tk—2

Tk—1 Te—1"

S(Y NZL N NZL ) ==X AYTNZE N AT
where 1 <) < ... <ip <n-—2.

Therefore, we obtain

B* (aff(R) @ R*2) =

ZSPCW{X*/\Y*/\Zjl/\.../\Z;;_Q;
1<y <...<ik_2STL—2}.
ZF (aff (R) @ R"2) =

= span {Z;, N N2 XTNZE N N7

Ue—1"
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XOAY ANZL A NZ 1S < <ip<n-2}.

Te_a
HF (aff(R) & R"72) =
=span { [Z;, A ANZL) (XA ZE N2
1<iy <. <ip<n-2}.
Therefore, we get
b (aff(R) & R"?) = (" %) + (121) = (", ):0< b <.

e Proof (iw): Note that if g is the Heisenberg algebra or its trivial extention
then g and, by the Poincare duality, H*(g) = H" *(g), where n = dim g.
That means bg(g) = b,_x(g). Therefore, it needs only to study H*(g)

n
ith k < H
wi < |3
By virtue of Propositon 1.1.7, we get
Hk(b2m+1 o) Rn—Qm—l, R) —

k . .
_ Gjo (Hl(me—i-l; R) ®Rr Hk—l(Rn—Qm—l, R)) .

Therefore, we obtain

k

bk(me—i—l D Rn_Qm_l) - Zbi(me—i—l)-bk_i(Rn_Qm_l),
i=0

(a) Form=1,3 <k <n—1, we see at once that

-3 n—3 n—3 n—3
b RP3y = (" 2 2 :
wore )= (") w200 w2 (0 5) + (32)
It follows immediately that bg(hs @ R"=3) = (") + (123).
It is easy to check that this formula is accurate for £ =0, 1, 2.
1. Form > 1,0 <k <m, we get
b (h2m1 @R = (") = (12,)-
2. Form+1<k< [g}, we obtain
bk(b2m+1 @ Rn—Qm—l) —
= 2m 2m n—2m—1
= 120 (( i ) - (1‘—1)) ( k—i )"’
min{k,2m+1} 2m 2m n—2m—1
+ ii;:“ ((2m+1—i) - (2m+1—i—2)) ( k—i )

Direct computation shows that
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bi(hami1 & RP=2m—1) =
min{k,2m+1}

= 2m _ 2m n—2m—1\,

= 2 () Gy ) ()
n>2m+1>3, m+1<k< [%]

The proof of Theorem 2.2.1 is complete. U

3 Cohomology of a special family
of quadratic Lie algebras

In this section, we will apply the super-Poisson bracket (see [7] for more details)
to compute the second cohomology of a special family of quadratic Lie algebras
which is called the family of generalized diamond Lie algebras.

3.1 The generalized diamond Lie algebras

Recall that the diamond Lie algebra ®, is the 4-dimensional one which is given
as follows:

:(34 = Span{XO;XI;YE);Ylh [%)Xl] - Xl) [%)}/1] - _}/1) [Xlan] - XO

and the other Lie brackets are trivial.

Generalizing this algebra, for any A := (A1, \2,...,\,) € K" (0 < n € N),
we consider the (2n 4 2)-dimensional Lie algebras ®a,12(A) over K which is
defined as follows:

Dont2(A) := span{Xo, ..., Xn, Yo, ..., Yo}
with non-trivial Lie brackets are given by
Y0, Xi] = A\ X5, [Y0,Yi] = —AY5L (X Y = M Xp; 1 <i <nm.
We obtain one infinite family of the (2n + 2)—dimensional Lie algebras
[Dansa(A); A € K"}

which is numbered by A € K". Note that when n = 1,A = A\; # 0 then
Do12(\1) is exactly isomorphic to the diamond Lie algebra .

Moreover, Do, +2(A) can be endowed with a non-degenerate invariant sym-
metric bilinear 2-form B which is defined as follows:

B(X;,Y;) =1, B(X;,X;)=B(X;,Y;) =B(Y,,Y;) =0;0<i#j <n.

It is easy to verify that (Ds,12(A), B) is a quadratic Lie algebra over K. Mo-
tivated by this fact, we introduce the following notion.
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Definition 3.1.1. The quadratic Lie algebra (Da,,4+2(A), B) is called the gen-
eralized diamond Lie algebra (over K). When K = R (or K = C, respectively)
then it is called the generalized real (or complex, respectively) diamond Lie
algebra.

We emphasize that, the generalized real diamond Lie algebras (K = R)
were mentioned by A. Medina and P. Revoy (see [6]) in 1985 with the re-
stricted condition that A € R%, ie. 0 < Ay € R, i = 1,2,...,n. In fact,
the authors have calculated the second cohomology with real (trivial) coeffi-
cients of (Da,42(A), B) for A € R via the description of the skew-symmetric
derivations.

In the next subsection, we will compute the second Betti number of the
generalized complex diamond Lie algebras (K = C) with complex (trivial)
coefficients for A € C™ by using the super-Poison bracket. We emphasize that
the method used here is not only new, but also more effective than the method
of A. Medina and P. Revoy in [6] because it makes the computations become
simpler and briefer.

Remark 3.1.2. We have some remarks as follows.

(i) Let o be a permutation of the set {1,2,...,n}. We set
o(A) = (Ao(1)s - - Ao(n))-
Assume that & is the map induced by o as follows
& : Dant2(A) — Dapga(0(A)); 6(Xi) = Xo(i), 5(Yi) 1= Yo(),

where 1 < 4 < n. It is obvious that & is an Lie algebra isomorphism.
Moreover, B is invariant for ¢, then & is also a quadratic Lie algebra
isomorphism.

(ii) Now we consider some A = (\y,...,\,) € K®. Assume that \; = 0 for
ieIC{l,2,...,n}. In view of Part (i), we can assume, without loss of
generality, that

A= (Ap,0,0,...,0),

where A, = (A1,...,A\m) € (K\{0})™; 0 < m < n. It is easy to check
that (Da,12(A), B) is decomposable. Namely, we have
(Dant2(A), B) = (Damia(Am), Bm) & KX,

where B,, is the restriction of B on ®g,,492 C Daopq2. Therefore, the
computation of cohomology of (Ds,+2(A), B) can be reduced to that of
(Da2m+2(Am), Bi) by applying the Kinneth formula in Proposition 1.1.7.
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3.2 The second cohomology of the generalized complex
diamond Lie algebras

Consider some algebras from the family of (Da,12(A), B) over C in which one
fixed A = (A1, A2, ..., A\n) € C™ has been selected. For the sake of convenience,
will write Doy, 42 for (Do,42(A), B) when no confusion can arise.

Taking Remark 3.1.2 into account, we need only consider the case A =
(A1, A2y . A) € (C\{O})",ie. N\; 0 foralli=1,2,...,n.

Note that, in the given A, the non-zero complex numbers A1, Ao, ..., A, are
not necessarily different. Now, we define the subset {a1, ag, ..., ar} of C\{0}
by the following conditions:

(i) Yied{l,...,n},3'j € {1,...k}, such that a; = \; or a; = —\;.
(i) Vje{l,...,k}, Fi € {l,...n}, such that a; = \; or a; = —\;.
For each ¢ € {1,...,k}, we denote by p; (respectively, ¢;) the number of
times that the value a; (respectively, —a;) is repeated in A = (A1, Ao, ..., An).
Now we set n; := p; + ¢; for every i = 1,...k. Note that Zk: n; = n.

1=1
It is clear that, for any given A = (A1, A2, ..., \,) € (C\{0})", the numbers
n; ...,ng are well-defined and it is not difficulty to calculate them.

The following theorem is the main result of this subsection.

Theorem 3.2.1. Notations being as above, if A = (A1, A2, ..., \n) € (C\{0})",
then the second Betti number of (Dant2(N), B) is given by the following for-

mula:
k

b2(Dant2) = Zn? —1.

=1

The Proof of Theorem 3.2.1
In this proof, for simplicity of notation, we will denote by

{aaala"'aanaﬁaﬁla"'aﬁn}

the dual basis in @3, 5 of {Xo,..., Xy, Yo,...,Y,} in D2, 19. Moreover, we
set
Vi=span{a;: 1 <i<n},W:=span{f;:1<i<n}.

It can easily be checked that the 3-form I associated to 42 is given by:

Izﬁ/\i)\ioﬁ/\ﬁi-

=1
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n
By setting Q, := Y A\ia; A B, we have
i=1

B?(Dan42) = {tx(1) : X € gonyo}
= span{BAa;, BN B, Qp 1 <i<n}.

e For n =1, by an easy computation we get H?(D4) = {0}.
e For n > 1, direct computation by using Proposition 1.3.4 shows that

AL aNa} =a; ANQy — Nia A B A ay,
AL aNBi} =06 AN+ NaABA S,
ALanp} =1,

AL ANaj= (N FN)B A Ay,

AL BiNBi = —(Ni +Xj)BA B A By,
AL AB Y= (Ni —Nj)B Ao AP

Therefore, Z2?(Da,2) is spanned by the union of the following sets:
{BAai, BA B, Qs 1 <0< j<n},
{Ozl'/\()tj; )\¢+)\j=0, 1 S’L<]STL},
{Bi NBjs Mi+X; =0,1<i<j<n},
{ai/\ﬁj; )\1—)\J=O,1S’LS7L,1S]S7L}
It follows that the second cohomology H?(®3,,12) is spanned by the union of
the set of the cohomology classes in Z?(®s,,12) modulo B%(Da,, 12) as follows:
{[Ozl'/\()éj]:)\l'—F)\j:O, 1§z<]§n},
{[ﬁl/\ﬁj])\1—|—)\J=O,1§z<]§n},
{[ai/\ﬁj]:)\i—)\jzo, 1 S’LSTL, 1 S] Sn}\{[al/\ﬁl]}
Now, to compute the multiple number, we construct an relation ~ on the
set {(A1,1), (A2,2), ..., (An,m)} as follows:

SOt e W N

()\1,1) ~ ()\J,]) — \; = ﬂ:)\j.

It is very easy to check that ~ is one equivalence relation. We obtain the
quotient set as follows:

{Nl,NQ, .. .,Nk} = {()\1, 1), ()\2,2), ceey ()\n,n)}/ ~ .,

By renumbering, if necessary, we get that the cardinality of N; is exactly n;, i =
1,...k. Then, p; (respectively, ¢;) is exactly the number of elements in A =

k
(A1, A2, ..., A\,) which are equal to a; (respectively, —a;). Recall that Y n; =n
i=1
and p; + ¢; = n;. Therefore we obtain

b2(©2n+2) = dim Z2(©2n+2) — dim BQ(©2n+2)
k

k k
=23 pii+ Y P+ ¢ -1
=1 =1 =1
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x>

k
=Y (pi+q)iP-1=3Yni-1
=1

[ [

The proof is complete. U

Concluding remark. We conclude the paper with some comments as follows:

e Applying Theorem 3.2.1, we can consider some particular cases. For
example, if all A; = £ ¢ for some non-zero constant ¢ € C, then we obtain

b2(©2n+2) = n2 —1.

e Similarly, in the case when A1, ..., Ay, —A1, ..., =\, are different from
each other then we get

b2(©2n+2) =n-—1.

e We note that in 2014, the second author M. T. Duong [4] have computed
explicitly not only be(Da,42) but also bg(Dapi2) forall k =0, ...2n+ 2.
But he made this in a restricted condition that \; =1,i=1,2,...n.

e In the general case, the problem of computation of bg(Da,42) for all
k=0,1,3,...2n+ 2 (n > 2) is still open. We will consider this problem
in the next paper.
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