East-West J. of Mathematics: Vol. 6, No 2 (2004) pp. 139-151

ON A BOUNDARY VALUE PROBLEM FOR
A SYSTEM OF ORDINARY DIFFERENTIAL
EQUATIONS

B. Puza and Nguyen Anh Tuan

Department of Mathematics
. Masaryk University.
JandCkovo ndm. 2a, 662950 Brno, Czech Republic.

Department of Mathematics

University of Education
280 An Duong Vuong, Ho Chi Minh City, Viet Nam.

Abstract

New sufficient conditions of the existence and uniqueness of the so-
lution of a boundary problem for a system of ordinary differential equa-
tions with certain functional boundary conditions are constructed by the
method of a priori estimates.

Introduction

In this paper we give new sufficient conditions for the existence and the unique-
ness of the solution of the problem

oi(t) = filt,z1,...,zn) (i=1,...,n) (1)

Doi(zi) = pi(x1, ... ,xn) (E=1,...,n) (2)

where for each i € {1,...,n} fi:(a,b) x R" — R satisfies the Carathéodory
conditions, ®g; - the linear nondecreasing continuous functional on C'({a, b)) is
concentrated on (a;, b;) C (a, b) (i.e. the value of ®y; depends only on functions
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140 On a boundary problem for a system of ODE’s

restricted to (a;, b;) and the segment can be degenerated to a point) and ¢; is
a continuous functional on Cy,({(a,b)). In general ®o;(1) =C; (i =1,...,n).
Without loss of generality we can suppose ®o; = 1 (i = 1,...,n), which
simplifies the notation.

Special cases of the conditions (2) are presented by the series of formerly
investigated problems e.g.

xi(ti):goi(xl,... ,Jin) (i:l,...,n) (3)

Qol(xl) =C; (Ci S R) (’L = 1, A ,n) (4)
and more specialised - Cauchy-Nicoletti problem
xi(ti)zci (Ci ER) (’LZI, ,n) (5)

or periodical problem

zi(a) =x;(b) (i=1,...,n) (6)

Problems (1), (5) and (1), (6) were studied in the papers [4], [5]. Problem
(1), (3) was studied in [5], [6], [8] and [9], problem (1), (4) in [2], [3], similar
results are also published in [1].

Main result

We adopt the following notation:
(a,b) - a segment, —0o < a < a; <b; <b< 400 (i=1,...,n), R" the

n
n-dimensional real space with points z = (x;)"_; normed by ||z| = >_ |z,
i=1

Ri:{xeR":xizo,i=1,.--,n};

Cr({a,b)) and AC,({a,b)) are, respectively, the spaces of continuous and ab-
solutely continuous n-dimensional vector-valued functions on (a,b) with the
norm

2l (apy) = max { > |ai(t)] s a < t < b},
=1

C*t({a,b)) = {z € C({a,b)) : z(t) > 0,a < t < b}

L?({a, b)) is space of functions integrable on (a, b) in p-th power with the norm

b
[ [ u(t)pdt] "/ for 1 < p < oo

vrai max{|u(t)|:a <t <b} forp=+oc0

l[ullze =
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If 2 = (2:(t))i=y € Cul(a,b)) and y = (yi(t))iL; € Cnl{a,b)), then z <y
if and only if z;(t) < y;(t) for all t € {a,b) and i = 1,... ,n. K({(a,b)) is the
set of functions g : (a,b) x R™ — R satisfying local Carathédory conditions,
ie. if g € K({a,b)), g(.,x) is measurable on (a,b) for each x € R™, g(¢,.) is
continuous in R™ for almost all ¢ € (a, b), and

sup{|g(.,z)| : [[z]| < o} € L({a, b)) for ¢ € (0, +00)

Let us consider the problem (1), (2). Under the solution we understand abso-
lutely continuous n-dimensional vector-valued function on {a, b), which satisfies
the equation (1) for almost all ¢ € (a,b) and fulfils the boundary conditions

(2).

Definition Let G = (gi)j=, : C{a,b) — R*, H = (hyj)}';=; ¢ (a,b) — R
and ¥ = (¢4)i, : Cn((a,b)) — R is a positively homogeneous nondecreasing
operator. We say that

(G, H,¥) € Nico({a,b); a1, ... ,an,br, ..., by) (7)

if the system of differential inequalities
|2i(t) = gi(®)xi(D)] < Y hig(t)]a;(t) fora<t<b (i=1,....n) (8)
j=1

with boundary conditions
min{|z;(t)] : a; <t < b;} < Yi(|x1(t)],...,|zn(t)]) GE=1,...,n) (9)
has only trivial solution

Theorem 1. Let the inequalities

[fit, 1, .. xn) — gi(t)zs] sign x; < Z hij(t)|@;] + wi (¢, Z |z;])
j=1 j=1 (101)

ift e (a;,b),zeR” (1=1,...,n)

it @1, xn) — gi(8)ws] sign @ > =Y hij(t)|z;] — wilt, Y |a])
j=1 j=1

(102)
ifte(a,b),zeR” (1=1,...,n)
ilars s ma)l < il feal) +ri( D lasl)
= (1)

forall x = (z;)i—y € Cph({a,b)) (i=1,...,n).
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hold, where G = (g:)f—y, H = (hij);' ;=1 and ¥V = ()}, satisfy the condition
(7), the functions w; : {a,b) x Ry — Ry (i =1,2,...,n) are measurable with
regard to the first and nondecreasing to the second argument, r; : Ry — Ry
are nondecreasing and
b
.1 1 )
lim — [ wi(t,0)dt=0= lim —-ri(0) (i=1,...,n) (12)

e—+oo 0 o0—+o0 0
a

then the problem (1), (2) has at least one solution.

For the proof of the Theorem 1 we need two following assertions and the
first is similar to lemma 4.1 from [4] about differential inequality with boundary
conditions of Cauchy type.

Lemma 1. Let g (t,y1,...,yn) € K({a,b)), g5 (t,y1,...,yn)sign(t — t;) be
nondecreasing to arguments Y1, Y2, --- , Yi—1, Yit+1, - - - Yn and each solution
of the problem

Yi=9i(ty,.oyn)  (i=1,...,n) (13)
vi(ti) = ¢ (i=1,...,n) (14)
where t; € {(a,b), c; € R (i =1,...,n) can be extended in the whole segment

(a,b). Then for each solution (z;(t))’_, € ACy({a,b)) of the problem (15),
(16)

(>) (15)

x sign(t —t;) fora<t<b (i=1,...,n)

xl(tl)gcl (i=1,...,n)
(=)

there exists a solution (y;)7—, defined in the segment {(a,b) of the problem (13),
(14) such that

(16)

zi(t) <yi(t) fora<t<b (i=1,...,n)
(=)

Lemma 2. Let the condition (7) be satisfied. Then there exists a constant
o > 0 such that the estimate

(17)

b
lzllc, ((aby) < Q[To + /wo(t)dt} (18)
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holds for each constant ro > 0, wg € L({a,b),Ry) and for each solution x €
AC,({a, b)) of the differential inequalities

[2;(t) — gi ()4 (t)] sign z;(t) <

<3 hi )y O] £ wolt) Fai<t<b (i=1,....m)

Jj=1

[25(t) — gi(t)2:(t)] sign @:(t) =

(192)

Z— hij(t)|xj(t)|—w0(t) zfagtgbl (’Lzl, ,n)

M-

Il
-

J
with boundary conditions
min{|z;(t)] : a; <t < b} <
<Yi(ler ()], |en@®)])+1r0 GE=1,...,n)

Proof. By contradiction let rp € Ry, wy € L({a,b),Ry) and z = (x)1, €
AC,, ({a, b)) exist for any natural k, such that

(20)

b
lzkllc, (aby) = k[m +/wk(t)dt}

[ (1) = gi(t)wan (1)) sign @in(t) < D haj(8)]aju(t)] + wi(t)

= (211)
ifa; <t<b (i=1, ,n)
[2].(t) — gi(Dzak(t)] sign za(t) > = ()] 2(t)] — wi(t)
j=1 (212)
ifa<t<b;, (i=1, ,n)
and
min{|x¢k(t)| ra; <t < bl} < ¢¢(|x1k|, RN |xnk|) =+ rE (’L =1,... ,n) (22)
We denote
jlk(t):L(t) (izla"'7n)a
=k llc. ()
- t 1
oult) = ) (1)

klre + fwk(t)dt]
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we get

- - 1
IZxllcn(qapyy =1 and f[anllLan) < ¢ (23)
On the other hand according to (21), (22)

(25 () — s ()T (t)] sign @ix(t) <

- 24
Z (6)|& ()] + () ifa; <t <b (i=1,...n) (241)
[i5,(t) — gi()Zar ()] sign Zx(t) >
- 24
> = hyO)Ewt)] —or(t) ifa<t<b (i=1,...,n) (242)
Jj=1
and
mln{|£1k(t)| L a; S t S bl} S
_ - 1. (25)
S i(|Zaly o5 | Tnkl) + % (i=1,...,n)
Now for any ¢ € {1,...,n} and a natural k& we choose a point t;;; € (a;, b;)
such that
|k (tir)| = min{| ()] - a; <t < bi} (26)

then from (24), (25) and (26), we have

[#5(t) — 9i(£)Zik (t)] sign [(t — tin)Tir(t)] <

IA

Jj=1
fora<t<b (i=1,...,n)
and
N N N 1 .
|£C¢k(t¢k)| §¢1(|x1k|, ,|xnk|)+ E (’LZ 1,... ,n) (28)

Let (yir)i~, be the solution of the Cauchy-Nicoletti problem

() = 9Oy (1) + | 3 by (O)[Fux(0)

Jj=

+a)k(t)} sign (t—ti) (i=1,...,n)

—_
—
[\)
e
~
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yir(tin) = [Zae(tar)| (i =1,...,mn)
then according to Lemma 1 and to the condition (27)
|Zik(®)] < yir(t) fora<t<b (i=1,...,n)

Formulae (29), (30) and (31) yield

t

uintt) < e ([ 0i(s) ds) ntta)] +

tik
t n
—|—’/e-f:gi(s)ds Zh )&k (T |—|—1.Dk(7')}d7"
tik J=l1

and

t

uinlt) < exp ([ gi(s)ds (e +

tik

—|—’ tefgi(s)ds[zn:h” T)Yik (T +L:)k(7')}d7"

tik
According to (23), (29) and (32), we obtain
lyic() <rfora<t<b, (i=1,...,n) (k=1,2,...)
and
i ()] < g(t) +@p(t) fora<t<b (i=1,...,n), (k=1,...,n)

where

n b b
+3 /hij(t)dt) max{exp/|g¢(t)|dt:i: 1. .. n}
=17 a

and

n

g(t) =Y hij(t) + rmax{|gi(t)| :i =1,... ,n}

ij=1
Formulae (23), (28), (30) and (31) imply, that

| (Wir)icillen(@ey =1, (k=1,2,...)

(32)

(33)
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1

|yik(tik)|Swi(yik,--wynk)"‘g (i=1,...,n), (k=1,2,...) (37)

From (34) and (35), it follows that the sequences {yix}3e, (¢ =1,...,n)
are uniformly bounded and uniformly continuous. According to the Lemma
of Arzela-Ascoli, we can suppose without the loss of generality that these se-

quences uniformly converge. The sequences of points {tix}32, (i=1,...,n)
can be taken convergent as well. Denoting

kgrilootm =to (i=1,...,n) (38)
and

kgrf Yie(t) = yio(t) (i=1,...,n)

Clearly
tio € <a¢,b¢> (’LZI, ,n) (39)
Passing to the limit in the inequalities (33) and (37), using (23) we obtain

t

wio(®) < exp ([ gi(5)ds)oftio) +

tio

. (40)
[ gi(s)ds [ ,
—|—’ er [Zh T)Yio (T ] ’ (i=1,...,n)
tio J=1
yio(tio) < Vi(y1o,--- 5 Yno) (E=1,...,n) (41)
Let us introduce the functions
t
() = exp [ g:(5)ds) o) +
tio
[ Lot
gi(s)ds )
A S o] -1
tio J=1
then
vi(tio) = yio(tio) (i=1,...,n) (42)
and
B0 = g:(e®) + [ D hig O] x
=1 (43)

xsign(t—tw) (z:l,,n)
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From (39) - (43) it follows that (y;(t))?_, is a solution of the problem (8), (9).
Therefore according to the condition (7)

vi (1)

On the other hand, (36) and (40) imply

0 i=1,...,n)

(i (®)iz1llen (any = 1,
which is a contradiction and the lemma is proved. O

Proof of Theorem 1. Let o be a constant from Lemma 1. Firstly, we want to
show that there exists a constant gy > 0 such that

b
ofrtzen) + [ wit.200t] < o (14)

where for any 7 € (0, +00)
r(n) =max{ry(n) :i=1,...,n}

w(t,n) = max{w(t,n) ;i =1,...,n}
Suppose (44) is not valid, then for any 7 € (0, +00)

b
n < Q[T(QU) + /w(t, 277)6”]

a

On the other hand, (12) implies that for any k > o there exists a constant

no > k such that
b

Q[r(Zn) + /w(t, 277)dt} < %.77 <n

for all n > 7o, which is a contradiction and (44) is valid.
Now we put

1 if  |s] < oo
S .
o =4 2= 2 < <2m
0
0 if |s| > 200

fi(taxla s 7'1:11) = X(Hxn)[f(taxla s 7'1:71) -

. (45)
—gi(t)z;] for x = (x;)f_; €R™, (i=1,...,n)
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Gi(x1, .., xn) = x(zlle, ((apy)) @i (@1, - o T0)

46
for x = (z;)j=1 € Cn({a, b)), (i=1,...,n) (46)

We consider the problem
vi= g0y + fityr, - yn), (i=1,...,n) (47)

From (45) and (46), it follows immediately that f; : (a,b) x R* — R (i

1,...,n) satisfy the local Carathéodory conditions, @; : Cy,({a,b)) - R (i =
1,...,n) are continuous functionals,
foi(t) = suf{|fi(t, 1, wn)| 2 (22)foy €R"} € (49)
€ L({a,b)) (i=1,...,n)
and

r; = sup{|@i(z1,...,zn)| : x € Cr({a, b))} < +oo (i=1,...,n) (50)
We want to show that the homogeneous problem

vi=git)y;  (i=1,...,n) (470)

Doi(y;) =0 (i=1,...,n) (48)
has only trivial solution. Let § = (g;)I.; be an arbitrary solution of this
problem. Then g;(t) = ¢; exp (fgi(T)dT), where ¢; = const (i =1,...,n).
According to (48p) ’

t

ci@gi(exp/gi(T)dT) =0 (i=1,...,n)

a

However, if ®g; (i = 1,...,n) are nondecreasing functionals and ®¢;(1) =
1 (i=1,...,n), we have
¢ b

¢0¢(exp/g¢(7')d7') > exp ( — / |g¢(t)|dt)<1>0¢(1) >0 (i=1,...,n)

a

Consequently
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Using Lemma 2.1 from [3], we obtain that the conditions (49) and (50) and the
unicity of trivial solution of the problem (47y), (48p) guarantee the existence
of solutions of the problem (47), (48). Let (y:(t))",; be the solution of the
problem (47), (48), then

[Wi(t) — gi(@)ya(1)] sign wi(t) = fi(t.y1(2), .., yn(t)) sign yi()
(E]% Ut s 0, ) = g0 (0] sign vi(t)
fora<t<b, (i=1,...,n)

and

min{|y;(¢)] : a; <t <bi} <[ Poi(yi(t))] = [@i(yr, - -+, yn)]
= xXUlylle,ap)leiyn, - un)|  (GE=1,...,n)

From here taking into consideration (10;2) and (11), we obtain inequalities
(191 2) and (20), where

~ (D)o o) < ot 200

and

M—-chmw)(EJM ) <7200

Therefore by Lemma 2 and the inequality (44) we get

b
Hwa«wnédﬂ%w+/@@ﬂmwﬂ§m

a

Consequently x(> |yi(t)]) =1 when a <t < b and
i=1

Xyl (b)) =1

Putting these equalities into (45) - (48), we obtain that (y;)_, is a solution of
the problem (1), (2). The Theorem 1 is proved. O

Theorem 2. Let the inequalities

{[fl'(t, 11y - - - .131”) — f(t T21y - - - ,Jign)] —

. 51
—gi(t)[x1i — w24} sign [z1; — 225] < Z (t)|z1; — 24l (511)
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ifai <t< b, T = (5[311')?21, To = (5[321')?:1 € R"™ (’L = 1, A ,n),

{[fi(t,xn, e ,.131”) — fl'(t,xgl, e ,Jign)] —

. ” 51
—gi(®)[w1i — w2} sign [1i — wai] > =Y hij(t)|w1j — wa] (512)
j=1
ifa <t< bi, T = (5[311')?21, To = (5[321')?:1 c R" (’L = 1, e ,n)
|<,01'($11, s ,Jiln) - %’(le, . ,$2n)| < ¢¢(|$11 - $12|, ceey |$1n - $2n|) (52)

for all z1 = (x14)7—1, x2 = (x2:)j=1 € Cr({a, b)) (i=1,...,n)

hold, where G = (g:)i—y, H = (hij)}' ;=1 and ¥V = ()}, satisfy the condition
(7). Then the problem (1), (2) has unique solution.

Proof. From (51; 2) and (52) the conditions (10;2) and (11) follow, where
wi(t,0) = |fi(t,0,...,0)] and r;(0) = |p:(0,...,0)] (i = 1,...,n). There-
fore, by Theorem 1 the problem (1), (2) has a solution. We shall prove its
uniqueness.

Let (214)"; and (x2;)", be arbitrary solutions of the problem (1), (2). Let
us put
yi(t) = z14(t) —x2s(t) (i=1,...,n)

The assumptions (511 o) guarantee that vector function (y;)?_; is a solution of
the system of the differential inequalities (8) satisfying the conditions

[Poi(ya)| < illynl,- s lwnl) (E=1,...,m)
However
[D0i(yi)| = Poi(1) min{|y(t)] : @i ST < bi} =
=min{|y;(¢)| 1 a; <t <b;} (i=1,...,n)
Consequently the inequalities (9) are satisfied and according to the condition

(7) the equalities
y(t)=0 (i=1,...,n)

hold, i.e (z1;)7; = (22:)"_;. Theorem is proved. O
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