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Abstract

In this paper the notion of the semidirect product of a monoid and
a ['-semigroup has been introduced and studied. Necessary and suffi-
cient conditions for this semidirect product to be right (left) orthodox
I-semigroup and right (left) inverse I'-semigroup has been obtained.

1. Introduction

The notion of I'-semigroup has been introduced by Sen and Saha [5] in the yaer
1986. Many classical notions of semigroup has been extended to I'-semigroup.
In [3]and [4] we have introduced the notions of right inverse I'-semigroup and
right orthodox I'-semigroup. In the present paper we have introduced the
notions of semidirect product of a monoid and a I'-semigroup which may be
considered as a generalization of the semidirect product of a monoid and a
semigroup introduced by T. Saito [2]. We obtain necessary and sufficient con-
ditions for the semidirect product of the monoid and a I'-semigroup to be right
(left) orthodox T'-semigroup and right (left) inverse I'-semigroup.
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2. Preliminaries

Definition 2.1 [5] Let M = {a,b,¢,...} and T = {«,3,7,...} be two non-
empty sets. M is called a I'-semigroup if aab € M for o € " and a,b € M and
(aad)fBc = aa(bfc) for all a,b,c € M and for all o, 5 € T

Definition 2.2 [5] Let M be a I-semigroup. An element a of M is said to
be regular if a € aI'MT'a where al'MTa = {aabfa : b € M,a,3 € T}. If all
elements of M are regular then M is called a regular I'-semigroup.

Definition 2.3 [5] let M be a I'-semigroup. An element e € M is said to be
an a-idempotent if ece = e for some o € I

Definition 2.4 [7] Let a € M and o, 8 € I'. An element b € M is called (a, §)-
inverse of a if a = aabfa and b = bBaab. In this case we write b € V.2(a).

Definition 2.5 [4] A regular I'-semigroup M is called a right ( left) orthodoz
D-semigroup if for any a-idempotent e and S-idempotent f, eaf (resp. fae) is
a [-idempotent.

Theorem 2.6 [4] A regular I'-semigroup M is a right orthodox T'-semigroup if
and only if for a,b € M, Vfl (@) NVE(b) # ¢ for some o, a,, B € T implies that
Vofl (a) = VI(b) for all § €T.

Definition 2.7 [3] A regular I'-semigroup is called a right ( left) inverse I'-
semigroup if for any a-idempotent e and for any -idempotent f, eaffe = ffe
(eBfae = epf).

Definition 2.8 [9] A regular I'-semigroup S is said to be an orthodox semigroup
if E(S), the set of all idempotents of S’ forms a subsemigroup of S.

Definition 2.9[8] A regular semigroup S is said to be a right (left) inverse
semigroup if for any e, f € E(S), efe = fe(efe = ef).

3. Semidirect product of a monoid and a TI'-

semigroup

Definition 3.1 Let S be a monoid and T be a I'-semigroup. Let End(T') denote
the set of all endomorphisms on T i.e., the set of all mappings f : T — T
satisfying (aad)f = afabf for all a,b € T, a € T'. Again let ¢ : S — End(T)
be a given 1-preserving homomorphism. If s € S and t € T, we write t° for
(t)p(s). Let S xg T = {(s,t) : s € S,t € T}. We define a multiplication on
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S xy T by (s,,t,)als,,t,) = (s,5,,t." at,). Then S x4 T is a -semigroup.
This I'-semigroup S x4 1" is called the semidirect product of the monoid S and

the I'-semigroup 7.

Lemma 3.2 Let S be a monoid and T be a T'-semigroup, ¢ : S — End(T) be
a given 1-preserving homomorphism. Then if the semideirect product is

(i) right (left) orthodox T-semigroup then S is an orthodox semigroup and
T is a right (left) orthodox T'-semigroup.

(ii) right (left) inverse T-semigroup then S is a right (left) inverse semi-
group and T is a right (left) inverse T'-semigroup.

Proof (i) Suppose that S x4 T is a right orthodox I'-semigroup. Since it is
regular, for (s,t) € S x4 T, there exists (s',¢') € S x4 T and «, 3 € T such that

(s,t) = (s, t)a(s, t)B(s,t) = (ss's, t* Sa(t')®Bt)

and
(s, 1) = (s, 1)B(s, )a(s' ') = (s'ss', (t')* Bt~ at’).
This implies s’ € V(s). Again if we take s = 1 then s’ = 1 and we get
t' € VP(t). Thus S is a regular semigroup and T is a regular I'-semigroup.
Let ¢, be an a-idempotent and ¢, be a S-idempotent in T and e, g € E(S).
Then (1,t)a(1,t,) = (1,t,at,) = (1,¢,). Hence (1,t,) is an a-idempotent in
SxT. Similarly (1,¢,) is a S-idempotent in Sx47T". Now (1, (t,at,)B(t, oztg))

(15t1at2)6(1)t1at2) = ((15tl)a(:l’tQ))ﬁ((:l’tl)a(l’tQ)) = (15t1)a(15t2) =
(1,t,at,). Thust,at, is a f-idempotent. So, T is a right orthodox I'-semigroup.

Again (e, t¢) is an a-idempotent since (t¢)¢ = ¢ and (g, t7) is a f-idempotent.
Now (eg, t9atg) = (e, t)a(g, ) = ((e, ), ) ) B((e. t9)alg, 1)) = (eg, t:%at?)
Bleg, t9atd) = ((69)2, (te9 oztg)ﬁ(tfgatg)). Hence (eg)? = eg. So, S is an or-
thodox semigroup.

(ii) Let S xg T is a right inverse I'-semigroup. Then by (i) S is a regular
semigroup and 7' is a regular I'-semigroup. Let ¢, be an a-idempotent and
t, is a f-idempotent in T. Let e,g € E(S). Since S x4 T is a right in-
verse I'-semigroup, (1,t,) is an a-idempotent and (1,¢,) be a S-idempotent, we
have (1’tlat26tl) = (1’t1)a(1’t2)6(1’t1) = (1’t2)6(1at1) - (lat26t1) which
shows that ¢, at,5t, = t,Bt,. So T is a right inverse I'-semigroup. Again,
(ge, t9°ptS) = (g,t9)B(e,1¢) = (e, t9) alg, t)B(e, t%) = (ege, t9¢atI®Bt¢) shows
ge = ege for e, g € E(S). Thus S is a right inverse semigroup.

Lemma 3.3 Let S x4 T be the semidirect product of a monoid S and a I'-
semigroup T corresponding to a given 1-preserving homomorphism ¢ : S —
End(T) and let (s,t) € S x4 T, then
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(i) if (s',t) € VP ((s,t)) then (s',t') € Vf((s,tsls)). In particular if
s € E(S), then (s, (t’)sﬁtslsozt’) € Vf((s, ts/s)).
(i) if t* is an a-idempotent and s’ € V (s), then (s, t5') € ng‘((s, ts)).

Proof (i) Since (s',t') € Vf((s,t)) we have,

(') = (5, )B(s, (s’ ) = (s, () Bt at')

and

(5,6) = (s, )a(s', )85, 1) = (585, £ a(t') ).

This shows that s’ € V(s) and

ta) =t ...(1)

) Bt at =t ...(2)
From (1) we have, (tS'Sa(t’)Sﬁt)SIS = ()% ie., t%a(t') 5" = t'5 and
from (2), ((t/)ss’ﬁts’at/)s — (t')* ice., (#)°Bta(t')” = (')°. Now we have
(s, t)B(s,t5%)a(s, t') = (sss (t/)ss’ﬁts’ss’at/) = (s/,t) [by (2)] and hence
(5,8 Yas" £)5(s, £94) = (SSS g ()" &sa@) _ (S s t)e &sa@) (59,
Thus we have (s',t') € V((5,17%)). Again if s € B(S), ((t’)sﬁts/sozt’)s -
Eyoea®)y = @) and  (st%)a(s, (¢) 5 et )Bs, ) =

(sss,tslsoz((t’)sﬁtslsozt’)sﬁts/s> = (s,tslsa(t’)sﬁtsls) = (s,t*%) and

(s,(t’)sﬁts/sat’)ﬁ (s, tS’S)a(s, (t’)86t8'8at’)=<s, ((t’)sﬁtslsozt’) SﬁtS'SSa(t’)SﬁtS'Sat’)

(s, (") Bt *a(t')® mS'Sat’) = (s (t')® 6t8'8at’). Hence (s (t’)SﬁtS'Sat’) €
VB(s,t5'%).

(i) (s, %) (s, 5 V(s t°) = (s5's, 55 5at*"5at®) = (s,t°) since t* is an a-
idempotent and (¢/,t%° )a(s, t%)a(s,t%%) = (s'ss, 159 at®S at®®) =

(s, t55 at*s at*™") = (s’, (tsoztsozts)s/) = (s, t°) Le., (s, 155) € V2 (s, 1%).

Lemma 3.4 Let S be a monoid and T be a I'-semigroup and S x4 T be the
semidirect product corresponding to a given I-preserving homomorphism ¢ :
S — End(T). Moreover, let t € t°TT for every e € E(S) and every t € T.
Then
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(i) (e,t) is an a-idempotent if and only if e € E(S) and t° is an a-
idempotent.

(ii) if (e, t) is an a-idempotent, then (e, t¢) € Va"‘((e, t))
Proof (i) If (e, t) is an a-idempotent, then
(e,t) = (e, t)ale, t) = (€%, t°t) i.e., e = €? and t°at =t (3)

So, t¢ = (t°at)® = t°at® which implies that ¢¢ is an a-idempotent. Conversely,
let e € E(S) and t° be an a-idempotent. Since ¢t € t°T'T, ¢t = t°ft, for some
B €T, t, €T and hence t¢at = t¢at¢ft, = t. Thus (e, t)a(e, t) = (e, t¢at) =
(e,t) i.e., (e,t) is an a-idempotent.

(i1) If (e, t) is an a-idempotent, from (i) e € E(S) and t° is an a-idempotent.
Now (e, t)ale, t%)ale,t) = (e, tcatat) = (e, t°at) = (e,t) [from (3)] and
(e, t)ale, t)a (e,t) = (e, teat®at®) = (e,t¢). Thus (e, t¢) € V(;"((e,t)).

Theorem 3.5 Let S be a monoid and T be a T'-semigroup. Let ¢ : S — End(T)
be a given I1-preserving homomorphism. Then the semidirect product S x4 T is
a right (left) orthodox T-semigroup if and only if

(i) S is an orthodox semigroup and T is a right (left) orthodox T -semigroup

(ii) for every e € E(S) and every t € T, t € t°TT

(iii) if t¢ is an a-idempotent, then t9¢ is an a-idempotent for every g €
E(S), where e € E(S),t € T.

Proof Suppose S x4 T is a right orthodox I'-semigroup. Then by Lemma
3.2 S is an orthodox semigroup and 7 is a right orthodox I'-semigroup. For

(ii), let (e,t) € S x¢ T with e € E(S) and let (¢/,t') € Vf((e,t)) for some
a, € T. Then by Lemma 3.3 (¢/,t), (e’, (t’)eﬁte/eozt’) € Vf((e, te/e)). Thus
Vf((e, t)) nvp ((e, te/e)) # ¢ and hence we have Vf((e, t)) = Vf((e, te/e))
by Theorem 2.6. So (e, (t’)eﬁte/eozt’) evp ((e, t)) Thus

(e,) = (e, hale, (#)° Bt “at’ ) Ble, 1) = (e, t°alt)) 5 “alt') Bt

and hence t = t°a(t') Bt a(t')¢ Bt € t°TT.

For (iii) we shall first show that for an a-idempotent t¢ of T'if e € E(S), t¢" is
an a-idempotent for any ¢’ € V(e). If e € E(S) and t¢ is an a-idempoetnt, then
by Lemma 3.4, (e, t) is an a-idempotent in S x, T and (e,t¢) € V& ((e,t)).
Again since t¢ is an a-idempotent (e,t¢) is also an a-idempotent and thus

(e,1¢) € V(;"((e,te)) ie., Va"‘((e,t")) N vg((e,t)) # ¢ and so Va"‘((e,t")) -
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Ve ((e, t)) and by Lemma 3.3 (¢/, 1°°') € V. ((e, t@)) Le., (¢, 1) € Vo ((e, t)) :

Thus (e,t) = (e, t)ale,t°ale,t) = (ec'e, tcatecat) = (e, te/eoz/teozt) =
(e,t®°at) [since t = t°Pu for some B € T', u € T,t°at = t]. So t = t°°at and

o
hence t¢ = (te/eozt) = t¢at®. Thus ¢ is an a-idempotent. Let e, g € E(S)
and suppose that ¢¢ ia an a-idempotent for ¢t € T, then t9at® = (t°at®)9 = t°9
i.e, t%9 is an a-idempotent and we have eg € E(S) and ge € V(eg) since S is
right orthodox. Then by the above fact t9¢ is an a-idempotent.

Conversely, suppose that S and T satisfy (i), (ii), (iii). Let (s,t) € S x4 T
be given. Since S is regular, there exists s’ € S such that s = ss’s and
s = §'ss’. Then Ss’ = Ss. We take e = §'s, then e € FE(S). By (ii) t €
tI'T which implies ¢ = ¢°fu for some 3 € ', w € T. Let ¢ = v* where
v E Vj(t) where 7,8 € . Now t5~(t')56t = t*'5yv3" 56t fu = (tyvdt)¢Pu =
tie, (s,t) = (ss's,t55y(t'))*6t) = (s,8)y(s',t')0(s,t). Again (¢')5' 6t~/ =
(03 )55 5t s = v 5t s = 08 =t e, (1) = (s'ss, ()% 65 4t =
(s',t)0(s,t)y(s',t"). Thus we have (s',t') € Vj(s,t) which yields S x4 T is a
regular I'-semigroup.

Now let (e,t) be an a-idempotent and (g, u) be a S-idempotent. Then by
Lemma 3.4 e, g € E(S5), t¢ is an a-idempotent and w9 is a S-idempotent. By (iii)
t9¢ is an a-idempotent, u®9 is a S-idempotent and t9°9ait9¢9 = (t9°at9¢)9 = t9°9
i.e., t9%9 is an a-idempotent. By our assumption e, g € E(S) and (t9au)®? =
t9°9qu®9 is a (-idempotent. Thus by Lemma 3.4 (e, t)a(g,u) = (eg, t9au) is a
B-idempotent which shows that S x4 T is a right orthodox I'-semigroup.

Theorem 3.6 Let S be a monoid, T be a I'-semigroup and ¢ : S — End(T)
be a given I1-preserving homomorphism. Then the semidirect product S x4 T is
a right inverse I'-semigroup if and only if
(i) S is a right inverse semigroup and T is a right inverse T'-semigroup
(ii) for every e € E(S) and everyt € T, t € t°T'T .

Proof Let S x4 T be a right inverse I'-semigroup. Then by Lemma 3.2 S is
a right inverse semigroup and 7' is a right inverse I'-semigroup. Again since
every right inverse I'-semigroup is a right orthodox I'-semigroup from the above
theorem, condition (ii) holds.

Conversely, suppose that S and T satisfy (i) and (ii). Then S x4 T is a
regular I-semigroup by Lemma 3.2. Let (e,t) be an a-idempotent and (g, u)
be a B-idempotent in S x4 T. Then by Lemma 3.4 ¢,g € E(S), t° is an a-
idempotent, u9 is a (-idempotent. From (ii) ¢t = t®yv for some y € T, v € T
and thus t¢at = t and similarly u98u = u. So u9¢ = (u9fu)%¢ = u9¢Bu?® and
t9¢ = (t°at)9° = t°9°at9® = t9°at9° since S is a right inverse semigroup. Now
by (ii) we have vt = (u¢Bt)9¢dv, for some 6 € ', v, € T and hence u¢ft =
ut9eft9¢ov, = u9¢Ft%0v,. Thus we have (e, t)a(g,u)B(e, t) = (ege, t9¢auBt)
= (ge, t9¢udcBtI%v,) = (ge,u9¢Bt9v,) = (ge,uft) = (g,u)B(e,t) which
implies S x4 T' is a right inverse I'-semigroup.
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Theorem 3.7 Let S be a monoid, T be a I'-semigroup and ¢ : S — End(T)
be a given I1-preserving homomorphism. Then the semidirect product S x4 T is
a left inverse I'-semigroup if and only if

(i) S is a left inverse semigroup and T is a left inverse T'-semigroup

(ii) for every e € E(S) and every t € T, t = t¢ .

Proof Let S x4 T be a left inverse I'-semigroup. Then by Lemma 3.1 S is
a left inverse semigroup and T is a left inverse I'-semigroup. For (ii) let (e, u)
be an a-idempotent in S x4 T. Then (e,u) = (e,u)a(e,u) = (e,uau) i.e.,
ufau = u. Again (e,u®)a(e, u®) = (e, u*®au®) = (e,u®) which yields (e, u®) is

an a-idempotent and we have (e, u®)a(e, u) = (e, u®au) = (e, u). Since S x4 T
is a left inverse I'-semigroup, (e,u) = (e,u®)a(e,u) = (e,u®)a(e, u)a(e, us)
= (e,uauau’) = (e,uau)®au®) = (e,u®au’) = (e,u°) ie., u = us.

Thus if (e,u) is an a-idempotent then v = u®. Now (e,t) € S x4 T with
e € E(S) and let (¢/,t') € Vf((e, t)) for some 7,0 € T'. Then we get ¢’ € V(e),
te'eq(t')e6t = t i, t¢Cy(t')° 0t = ¢’ which implies ¢’ cy(t')¢6t<'c = t<'°.
Since (e’e, (t’)ezst) = (¢/,t')0(e, t) and S x4 T is left orthodox (since it is left

inverse), (e’e, (t’)ezst) is a y-idempotent and hence (¢')¢0t = ((t’)ezst)‘ =
(t')eote’e. Thus t'¢ = t'ey(¢')°5t'e = t<'y(')*6t = t and hence ¢ = (t°¢)¢ =
te'e =t.

Conversely suppose that S and T satisfy (i) and (ii). Then S x4 T is
regular. Now let (e, t) be an a-idempotent and (g, u) be a 8-idempotent. Then
e? = e and t = tat = tat [by (ii)] and similarly ¢> = g and ufu = u
ie., e,g € E(S) and t is an a-idempotent, u is a S-idempotent. Thus we
have (¢, 1)3(g, w)ale, ) = (ege, 19° Bucat) = (ege, tGuat) [by (il)] =(eg, tu) =
(eg,t90u) = (e, t)B(g,w). Thus S x4 T is a left inverse I'-semigroup.

References

[1] W.R. Nico, On the regularity of semidirect products, J. Algebra, 80 (1983),
29-36.

[2] Tatsuhiko Saito, Orthodox semidirect products and Wreath products of
monoids, Semigroup Forum, 38 (1989), 347-354.

[3] S. Chattopadhyay, Right inverse I'-semigroup, Bull. Cal. Math. Soc., 93
(2001), 435-442.

[4] S. Chattopadhyay, Right orthodoz T'-semigroup, Accepted for publication
in - Southeast Asian Bull. Mathematics.

[5] M. K. Sen and N. K. Saha, On I'-semigroup I, Bull. Cal. Math. Soc., 78
(1986), 180-186.

[6] N. K. Saha, On I'-semigroup II, Bull. Cal. Math. Soc., 79 (1987), 331-335.



138 Semidirect Product of a Monoid and a I'-Semigroup

[7] N. K. Saha and A. Seth, Inverse I'-semigroup, J. Pure Math., 6 (1987-88),
1-8.

[8] P.S. Venkatesan, Right (left) inverse semigroup, J. of Algebra, 31 (1974),
209-217.

[9] J. M. Howie, “An introduction to semigroup theory”, Academic Press
(1976).



