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Abstract

Denote by Py the graded polynomial algebra Fa[z1,z2,. .., zk], with
the degree of each generator x; being 1, and let GLj, be the general linear
group over the prime field F2 of two elements which acts naturally on Py
by matrix substitution.

We study the Peterson hit problem of determining a minimal set of
generators for Py, as a module over the mod-2 Steenrod algebra, A. In this
paper, we study the hit problem in terms of the admissible monomials
at the degree (k — 1)(2% — 1). These results are used to verify Singer’s
conjecture for the algebraic transfer, which is a homomorphism from
the homology of the mod-2 Steenrod algebra, Torﬁk+n(IF27IF2), to the
subspace of Fo® 4 P, consisting of all the G Li-invariant classes of degree
n. More precisely, using the results on the hit problem, we prove that
Singer’s conjecture for the algebraic transfer is true in the case k = 5 and
the degree 4(2¢ — 1) with d an arbitrary positive integer.

1 Introduction

Denote by Py := Fa[x1, 29, ..., 2] the polynomial algebra over the prime field
of two elements, Fo, in k variables xy,xs,...,x, each of degree 1. This
algebra arises as the cohomology with coefficients in Fo of an elementary
abelian 2-group of rank k. Hence, P, is a module over the mod-2 Steen-
rod algebra, A. The action of A on Py is determined by the elementary
properties of the Steenrod squares S¢' and subject to the Cartan formula
Sq™(fg) = >y Sq'(f)Sq"“(g), for f,g € Py (see Steenrod and Epstein [30]).
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A polynomial g in Py is called hit if it belongs to A* Py, where AT is
the augmentation ideal of A. That means g can be written as a finite sum
g= Zu>0 Sq*" (g,) for suitable polynomials g, € Pj.

We are interested in the hit problem, set up by F. Peterson, of determining
a minimal set of generators for the polynomial algebra Pj as a module over
the Steenrod algebra. In other words, we want to determine a basis of the Fo-
vector space QP := Py /AT P, = Fo ® 4 Py. The problem is an interesting and
important one. It was first studied by Peterson [21], Wood [41], Singer [28], and
Priddy [24], who showed its relation to several classical problems respectively in
cobordism theory, modular representation theory, the Adams spectral sequence
for the stable homotopy of spheres, and stable homotopy type of classifying
spaces of finite groups. Then, this problem was investigated by Carlisle and
Wood [3], Crabb and Hubbuck [4], Hung and Nam [11], Janfada and Wood [13],
Kameko [14, 15], Mothebe [18], Nam [19], Repka and Selick [25], Phuc and
Sum [22, 23], Silverman [26], Silverman and Singer [27], Singer [29], Walker
and Wood [39, 40], Wood [42] and others.

The vector space Q Py, was explicitly calculated by Peterson [21] for k = 1,2,
by Kameko [14] for k = 3, and recently by the present author [31, 33] for k& = 4.

Let GLj be the general linear group over the field Fo. This group acts
naturally on Py by matrix substitution. Since the two actions of A and G Ly
upon P, commute with each other, there is an inherited action of GLj on QP;.

Denote by (Pg), the subspace of Py consisting of all the homogeneous poly-
nomials of degree n in Py and by (QFy), the subspace of QP consisting of
all the classes represented by the elements in (Py),. In [28], Singer defined the
algebraic transfer, which is a homomorphism

(Vo) " Torﬁk+n(IF2,F2) — (QPk)TCL;Lk

from the homology of the Steenrod algebra to the subspace of (Q Py ),, consisting
of all the G Ly-invariant classes. It is a useful tool in describing the homology
groups of the Steenrod algebra, Tor“,i jtn(F2,F2). This transfer was studied by
Boardman [1], Bruner, Ha and Hung [2], Ha [9], Hung [10], Chon-Ha [6, 7, 8],
Minami [17], Nam [20], Hung and Quynh [12], Tin and Sum [38], the present
author [32, 34, 35] and others.

It was shown that the transfer is an isomorphism for £ = 1,2 by Singer in
[28] and for k = 3 by Boardman in [1] . However, for any k > 4, ¢y is not a
monomorphism in infinitely many degrees (see Singer [28], Hung [10].) Singer
made the following conjecture.

Conjecture 1.1 (Singer [28]). The algebraic transfer ¢y, is an epimorphism
for any k > 0.

The conjecture is true for k < 3. We are studying this conjecture for k = 4
by using the results in [31, 33]. We hope that it is also true in this case.
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From the results of Wood [41] and Kameko [14], the hit problem is reduced
to the case of degree n of the form

n=s(2%—1) +2%m, (1.1)

where s,d, m are non-negative integers and 1 < s < k, (see [33]). For s =k —1
and m > 0, the problem was studied by Crabb and Hubbuck [4], Nam [19],
Repka and Selick [25] and the present author [31, 33, 35].

In the present paper, we study the hit problem in degree n of the form (1.1)
with s = kK — 1 and m = 0. This result is used to verify Singer’s conjecture
for algebraic transfer. More precisely, using this result we prove that Singer’s
conjecture is true in the case k = 5 and the degree 4(2¢ —1) with d an arbitrary
positive integer.

From the result of Carlisle and Wood [3] on the boundedness conjecture,
we can see that for d big enough, the dimension of (QFPy),, does not depend on
d; it depends only on k. One of the main results of the paper is the following.

Theorem 1.2. Let n = (k—1)(2% — 1) with d a positive integer. If d >k > 3,
then

dim(QPy), > ((k —3) (;“) + 1) (2F —1). (1.2)

For either k = 3 or k = 4, the results of Kameko [14] and the present author
[31, 33] imply that the inequality (1.2) is an equality. Note that this theorem
has been proved in [22] for d > k. However, for the case d = k, the theorem is
new and the proof of it is more complicated.

Using Theorem 1.2 for k = 5 and the results in [23], we obtain the following.

Theorem 1.3. If n = 4(2% — 1) with d a positive integer, then (QPs)S*s = 0.

By a simple computatuion using the results in Tangora [37], Lin [16] and
d+2

Chen [5], we see that Exti{Q . TRy, Fy) = (hoh?), where hy denote the Adams

element in Ext’?" (Fy, Fy). Since hi = 0 for d > 0, we get Ext’>" *1(Fy, Fy) =
0. Hence, T0r52d+2+1(1[?2, F3) = 0. By Theorem 1.3, the homomorphism

Vs Toré24+z+1(F2,F2) — (QP5)A?(§371)

is a trivial isomorphism. So, we get the following.

Corollary 1.4. Singer’s conjecture is true for k =5 and the degree 4(2¢ — 1)
with d an arbitrary positive integer.

This paper is organized as follows. In Section 2, we recall some needed
information on the weight vectors of monomials, the admissible monomials in
P, and Singer’s criterion on the hit monomials. Theorems 1.2 and 1.3 are
respectively proved in Sections 3 and 4.
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2 Preliminaries

In this section, we recall some needed information from Kameko [14] and Singer
[29], which will be used in the next section.

2.1 The weight vectors of monomials
Notation 2.1.1. We denote N, = {1,2,...,k} and

XJ:X{jl,jg ..... Jst — H Zj, JZ{jlan?"'7js}CNka
JENE\J

In particular, Xy, =1, Xy =x122... 2%, X; =21...35...2%, 1 < j <k,
and X := Xy € Py_,.

Let «;(a) denote the i-th coefficient in dyadic expansion of a non-negative
integer a. That means a = a(a)2° + a1 (a)2! + az(a)2? +. .., for a;(a) = 0 or
1 with ¢ > 0.

Let = 27" 25* ... 2}F € Py. Denote v;(z) = aj,1 < j < k. Set

Ji(z) = {j € Ny : ay(vj(x)) = 0},
for t > 0. Then, we have x = Ht>0 XJ?:(I).

Definition 2.1.2. For a monomial x in P, define two sequences associated
with x by

w(z) = (w1(x),ws(x),...,wi(x),...),

o(x) = (11 (x),va(x),. .., v (x)),

where w;(z) = 32, ¢;p @i-1(vj(2)) = deg Xy,_,(2), i = 1. The sequences
w(z) and o(z) is respectively called the weight vector and the exponent vector
of x.

Let w = (wy,ws,...,w;,...) be a sequence of non-negative integers. The
sequence w are called the weight vector if w; = 0 for ¢ > 0.

The sets of all the weight vectors and the exponent vectors are given the
left lexicographical order.

For a weight vector w, we define degw = Y, (2" 'w;. If there are iz =
O,il,i27 A ,ir > 0 such that i1 +is+ ... + 14, = My Wiyt dig_ 14+t = bs, 1<t
15,1 < s < r,and w; = 0 for all ¢ > m, then we write w = (bgil), bgé), el bsfr)).
Denote ") = b,. For example, w = (3,3,2,2,2,1,0,...) = (32,23 1).

Denote by Py (w) the subspace of Py spanned by all monomials y such that
degy = degw, w(y) < w, and by P, (w) the subspace of P} spanned by all
monomials y € Py(w) such that w(y) < w.
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Definition 2.1.3. Let w be a weight vector and f, g two polynomials of the
same degree in Pj.

i) f=gifand only if f —g € AT P,. If f =0 then f is called hit.

ii) f =, gifand only if f —g € ATP, + P, (w).

Obviously, the relations = and =, are equivalence ones. Denote by Q Py (w)
the quotient of Py(w) by the equivalence relation =,,. Then, we have

QP (w) = Pe(w)/((AT P N Pe(w)) + Py (w))-

For a polynomial f € Py, we denote by [f] the class in QP represented
by f. If w is a weight vector and f € Py(w), then denote by [f]. the class in
Q Py (w) represented by f. Denote by |S| the cardinal of a set S.

It is easy to see that

QPy(w) = QP = ({[z] € QP : x is admissible and w(z) = w}).

So, we get

QPn= P QPr= P QPiw).

deg w=n degw=n
Hence, we can identify the vector space QP (w) with QP C QPx.

For 1 < i < k, define the A-homomorphism p; : P, — Pk, which is deter-
mined by p;(7i) = Tit1, pi(Tit1) = 4, pi(w;) = x; for j #i,i+1, 1 <i <k,
and pp(x1) = 1 + 22, pr(z;) = x; for j > 1.

It is easy to see that the general linear group GLj is generated by the ma-
trices associated with p;, 1 <1 < k, and the symmetric group Y, is generated
by the ones associated with p;, 1 <14 < k. So, a class [f],, represented by a ho-
mogeneous polynomial f € Py(w) is an G Lg-invariant if and only if p;(f) =, f
for 1 < i< k. [f]w is an Xg-invariant if and only if p;(f) = f for 1 <i < k.

We note that the weight vector of a monomial is invariant under the per-
mutation of the generators x;, hence QPy(w) has an action of the symmetric
group Xj. Furthermore, we have the following.

Lemma 2.1.4. Let w be a weight vector. Then, QPx(w) is an GLj-module.

Proof. We prove the lemma by showing that if x is a monomial in Py, then
gk (x) € Px(w(x)).

If v1(z) = 0, then = = gi(z) and w(gr(x)) = w(x). Suppose v1(x) > 0 and
vi(r) =28 + ...+ 2% where 0 <ty <...<tp, b= 1.

Since = = Ht>0 X f:(m) € P and gj is a homomorphism of algebras,

b
gk(l‘) = H(gk(X‘]]t(z)))? = <H <($1+$2)thu (z)U1>2 “) ( H XJ?:(M) :
u=1

t>0 t#£t1,t2,...,tp
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Then, g (x) is a sum of monomials of the form

y= <H (szJtuj (:E)Ul)Q u) < H XQ:(x)>,
j=1 by st

Ue

where 0 < ¢ < b. If ¢ =0, then § = 2 and w(§) = w(x). Suppose ¢ > 0.

If2 e, (x) for all j, 1 < j < ¢, then w(§) = w(z) and § € Py(w(x)).
Suppose there is an index j such that 2 ¢ Jtuj (z). Let jo be the smallest index
such that 2 & Jtum (z). Then, we have

_ wi(z), if i <ty ,
wi(y) = e
wi(r) =2, ifi=t, +1.
Hence w(y) < w(z) and § € Py(w(x)). The lemma is proved. O

2.2 The admissible monomials

Definition 2.2.1. Let x,y be monomials of the same degree in P,. We say
that x < y if and only if one of the following holds:

i) w(e) < wiy);

ii) w(z) = w(y) and o(x) < o(y).

Definition 2.2.2. A monomial z is said to be inadmissible if there exist mono-
mials y1,¥2,...,Ym such that y; < x for t = 1,2,...,m and = — Zilyt €
At P,.

A monomial x is said to be admissible if it is not inadmissible.

Obviously, the set of all the admissible monomials of degree n in Py is a
minimal set of A-generators for Py in degree n.

Theorem 2.2.3 (See Kameko [14]). Let x,y,w be monomials in Py, such that
wi(z) =0 fori>r >0, ws(w) #0 and w;(w) =0 fori>s>0.

i) If w is inadmissible, then xw?" is also inadmissible.

it) If w is strictly inadmissible, then wy? is also strictly inadmissible.

Now, we recall a result of Singer [29] on the hit monomials in Pj.

Definition 2.2.4. A monomial z in Py is called a spike if v;(z) = 2% — 1 for
d; a non-negative integer and j = 1,2,...,k. If 2 is a spike with d; > do >
...>dr_1 > d, >0and d; =0 for j > r, then it is called the minimal spike.

For a positive integer n, by p(n) one means the smallest number r for which
it is possible to write n = Zlgigr(zdi —1), where d; > 0. Singer showed in [29]
that if u(n) < k, then there exists uniquely a minimal spike of degree n in Pj.
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Lemma 2.2.5 (See [22]). All the spikes in Py, are admissible and their weight
vectors are weakly decreasing. Furthermore, if a weight vector w is weakly
decreasing and wy < k, then there is a spike z in Py such that w(z) = w.

The following is a criterion for the hit monomials in P.

Theorem 2.2.6 (See Singer [29]). Suppose © € Py, is a monomial of degree n,
where p(n) < k. Let z be the minimal spike of degree n. If w(x) < w(z), then
x 1s hit.

This result implies a result of Wood, which originally is a conjecture of
Peterson [21].

Theorem 2.2.7 (See Wood [41)). If pu(n) > k, then (QPy)n = 0.

We end this section by recalling some notations which will be used in the
next sections. We set

P)={z=a{23 ... 2% : araz...a; =0}),
P =({z =225 .. .2%* : ajay...a; > 0}).

It is easy to see that P and P,j are the A-submodules of P;. Furthermore,
we have the following.

Proposition 2.2.8. We have a direct summand decomposition of the Fy-vector
spaces QP = QPP ® QP;. Here QP) =F2 ®4 P and QP =Fy @4 Py

3 On the generators of P, in degree (k—1)(29—1)

First of all, we recall some notations and definitions in [33], which will be used
in the next sections.

3.1 Construction for the generators

Denote NV, = {(i;1); I = (i1,dn,...,0r), 1 <i<iy <...<i, <k, 0<r <k}

Definition 3.1.1. Let (¢; 1) € Ny, let r = £(I) be the length of I, and let u be
an integer with 1 < v < r. A monomial x € P,_; is said to be u-compatible
with (i; ) if all of the following hold:

1) Vi1,1($) = 1/1-2,1(96) =...= l/i(u,l)fl(x) =2"— ].,

11) I/iu_l(l’) > 2" — 1,

iil) ap_t(vi,—1(x)) =1, Vt, 1 <t < u,

iv) apt(Vg,—1(x)) =1, Vt, u <t <r.
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Clearly, a monomial z can be u-compatible with a given (i; ) € N}, for at
most one value of u. By convention, x is 1-compatible with (i;0).
For 1 < ¢ < k, define the homomorphism f; : Pr._; — P of algebras by

substituting
x, if1<j<i,
fizj)=1"" e
Tjp1, ifi<j<k.
Definition 3.1.2. Let (i;I) € Ny, z(1u) = x?:w“'“rﬂ [Tocicr xifﬁ for
r = () >0, @) = 1. For a monomial z in P,_;, we define the monomial
¢i;r)(x) in Py by setting
(xfrilfi(x))/a:([’u), if there exists « such that
b (x) = x is u-compatible with (i, I),
0, otherwise.
Then we have an Fa-linear map ¢,y : Pr—1 — Px. In particular, ¢(;,g) = fi.

For a subset B C Py, we denote [B] = {[f] : f € B}. If B C Pi(w), then
we set [Bl, = {[f]w : f € B}.

We denote
®'B)= |J ¢wn(B) = |J £f(B).
1<i<k 1<i<k
7 (B) = U $in (B) \ Py.

(1) ENE,0<L(I)<hk—1
o(B) =3°(B)| Jo"(B).

It is easy to see that if B is a minimal set of generators for A-module Py_1
in degree n, then ®°(B) is a minimal set of generators for A-module P? in
degree n and ®+(B) C P;.

For a positive integer b, denote

wiewy = (k= 1)), @gpy = (k- 1) k= 3,1).
Lemma 3.1.3 (See [33]). Let b be a positive integer and let jo,j1,-..,jb—1 €
Ni. We set i = min{jo,...,jp—1} and I = (i1,...,4r) with {i1,... 4} =
{Jo,-- -, Jo—1} \ {i}. Then, we have
t b
H ijt =wn ) ¢(i;1)(X2 1)~
0<t<b
Definition 3.1.4. For any (i;1) € Ny, we define the homomorphism p;,y) :
P, — Py of algebras by substituting
Tj, if1<yj<i,
Pasn (25) = 4 Yger Tso1, i j =1,
Tj—1, le<j<k‘
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Then, p(;r) is a homomorphism of A-modules. In particular, for I = 0,
Py (i) = 0 and pei;r) (fi(y)) =y for any y € Py_y.

Lemma 3.1.5 (See [22]). If x is a monomial in Py, then pg,py(x) € Pr_1(w(x)).

Lemma 3.1.5 implies that if w is a weight vector and =z € Py(w), then
pisn () € Pr—1(w). Moreover, p(; ) passes to a homomorphism from QP (w)
to QPx_1(w). In particular, we have

Lemma 3.1.6 (See [33]). Let b be a positive integer and let (j;J), (i;1) € Ny
with 0(I) < b.

1) If (171) - (.]7 '])7 then p(j;J)¢(i;I) (XQb_l) = X2b_1 mOd(P]g_fl(w(k:,b)))'
.. . . b_ _
i) If (i:1) ¢ (5:J), then pispyéun (X2 1) € P (W)

3.2 Proof of Theorem 1.2

For 0 < h <k, set Njop = {(i;1) € N : £(I) < h}. Then, [Nin] = S0, (%).

Proposition 3.2.1 (See [22]). Let d be a positive integer and let p = min{k, d}.
Then, the set

B(d) = {[p@n(X* )], @G 1) €Ny}

Wk, d)
is a basis of the Fy-vector space QPy(w(k,q)). Consequently
[k
dlmQPk(w(hd)) = Z (t)
t=1
Set Cy :{lesz...x]—k_sx? I< 1 <je<... <3<k, j1<5< k} C
Py._;. It is easy to see that |Cy| = (k — 3)(’;)

Lemma 3.2.2 (See [22]). Cj is the set of the admissible monomials in Pj_1
such that their weight vectors are @, 1y = (k — 3,1). Consequently,

. _ k
dim QPy—1 (k1)) = (k — 3) (2)
Corollary 3.2.3. Let d be a positive integer. Then,
D(k,d) = {X2d71_1z2d71 1z E Ck}

is the set of the admissible monomials in Px_1 such that their weight vectors
are Wy,qy. Consequently, dim QPy_1(@(x,q)) = (k — 3) (g)
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Proposition 3.2.4. Let d be an integer such that d > k > 4. Then, the set

B(d) := U {[¢(i;1)(X2d71_122d71)]

zeCy,

o (i1) € Ny}

WO (k,d)

is a basis of QP (@ (k.ay). Consequently dim QPy (@, ) = (k — 3)(5) (2% - 1).

This proposition has been proved in [22] for d > k. We prove the proposition
for d = k in the end of this section.

Proof of Theorem 1.2. For k = 3, the theorem follows from the results of
Kameko [14]. For k = 4, it follows from the results in [31, 33].

Suppose k > 5 and d > k. Since deg(w(x,qa)) = deg(@(x,q)) = (k—1)(2¢—1) =
n and (QPx)n = @B gegwern @Pr(w). Hence, using Propositions 3.2.1 and 3.2.4,
we get

dim(QPy), = Z dim Q Py (w)

deg w=n

> dim QP;, (w(k,d)) + dim QPk(‘D(k,d))

= ((k —3) (g) + 1) (28 - 1).

The theorem is proved. (I
Note that if k£ > 5, then the sequence W, qy = ((k — D@2k -3k —
4,2) is weakly decreasing and deg@j ) = (k — 1)(2 — 1). By Lemma 2.2.5,

QP (W(k,a)) # 0. Hence, the inequality (1.2) is not an equality.
The following is a modification of a results in [33].

Lemma 3.2.5. Let d be a positive integer and let yo be a monomial in (Py)g—a2,
y; = yoxj for 1 < j <k, and (i;1) € Ny.

) If r=4I)<d—1, then

2d—1

d—1_
¢(i;1) (X2 1)3/@ =@k,
d—1__ d—1 d—1__ d—1
Z ¢(]71) (X2 1)yj2 + Z ¢(tj;1<j))(X2 1)y]2 )
1<j<i i<j<k
where t; = min(j, I), and IV = (1 U j)\ {t;} for j > 1.
i) If r<d—2, then

2d7 1

d—1_
¢(i;])(X2 1)y1 Ew(hd)
d—1_ d—1
Y GG (X T+ D by (X°

1<j<i i<j<k

d—1_1, od—1

)yj
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Proof. Applying the Cartan formula, we have

S¢'(Xy ) = > XN (3.1)

1<j<k

where c is a positive integer. If » = 0, then ¢; = j and IU) = for j > i. Then,
the the first part of the lemma follows from the relation (3.1) with ¢ = d.

2d—1

If0 < r < d—1, then ¢,y (X2 12" = i, inan) (X2 (X 127,
withc=d—7r—1>0and ¢ =min/l. It is easy to see that

¢(i1;1\i1)(thl)(Sql(ch_lygc))T =64 0-

Hence, using the relation (3.1), we get

d__ d r_ c_ c or
Sy (X2 Y Zapn D bannin (X7 X Ty )?
1<j5<i
+ Z éf)(il;l\il)(qul)(XfC_ly?C)2r~

i<j<k

A simple computation shows ¢;,.r\s,) (XQT_l)(X?C’lyJQ.C)T = ¢ (XQd_l)y?d,
for j < i. By computing from Lemma 3.2.2 in [33], we have

. e 1 oe or a_ d L
¢(i1;1\i1)(X2 1)(X]2 1yj2 )2 =@, ¢(tj;1(j))(X2 1)?»/]2 ) fOI'] > 1.

Hence, the first part of the lemma follows.
I£0 < r < d—2, then ¢y (X2 ~1)y2" " = iy (X2 1) (XZ 122,
with ¢ = d—r—2 > 0. Hence, by a direct computation from the relation (3.1),

we get

d—1_ d—1 r+1_ 9¢_1 ge\grtl
S (X T e, YL ban(XFT THXT T
1<j<i
r+1_ c_ c or+1
+ 37 bn (XTI (XF )P
i<j<k

We have ¢, (X2 “H(X7 1) = gaun (X2 Ty for j < i
Applying Lemma 3.2.2 in [33], we obtain

or+1

r4+1_ c__ c
(rb(i;f) (X2 1)(X]2 1y32 ) E@'(k,d) ¢(i;IUj) (X2

So, the second part of the lemma is proved. O

d_lfl)yjz-d_1 for j > 1.

Denote by Iy = (t+ 1,t +2,...,k) for 1 <t < k. Set

9d—=1_1, gd—1

e, ,dZzk—t+2.
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Lemma 3.2.6. Let yo € (Py)k—2, 1 <t <k, and y; = yoxj, 1 < j < k. Then,

d—1_ d—1
Yr(uk,d)yg =@ @ (k,d) Z (b(j J X2 1)y2 )
(4;7)

where the sum runs over all (§;J) € Ny with 1 < j<t, JC i1, J#LI;_1.
Proof. By Lemma 3.6 in [33], we have

d—1 _
}/(t,k,d) Z ¢ ],J) X2 1 ? + Z‘Sq gu mOd(Pk (w))v (32)

(3;J)

where the sum runs over all (j;J) € Ny with 1 < j<t, JC L1, J # L1,
w=((k—=1)Y 1) and g, are suitable polynomlals in Py.
Observe that if y is a monomial in P, (w), then there is an index i, 1 <@ <

X

d — 1 such that w;(y) < k — 1 (see the proof of Proposition 2.5 in [33]), hence

3" € Py (@) Since k—t < d—1, S¢* (g.)i8" = S¢* (9" ) for
all 0 <u < k: —t.

The lemma now follows from the above equalities and the relation (3.2). O
We set

Dy, = (X212 e Chui(2) =0, i < §, vi(2) >0}, 1< < 3.

It is easy to see that D q) = Dgi)d) U Dgz)d) U Dgi)d).

The following is a modification of Lemma 3.7 in [33].

Lemma 3.2.7. Let d be a positive integer, let y € Dy, q) and let (i; 1), (j;J) €
Ny with €(J) < 0(I).

i) If either d > k or d=k and I # I, then

s ) ,J = -;Iv
PG (G0 (Y) Za {g Z 8 J; + 21;

ii) Ify € DY and d = k, then

(k.d)
Y, if (i;1) = (1 1),
P (S1:1) () Sy § 0 mod(DRy UDR ), if (1) = (2 Ia),
0, otherwise .

iil) If y € DEk @ ond d =k, then

Y, Zf (7’71) = (1;‘[1)7(1;12)7(2;-[2)7
P (P1:1)(Y) S gy 10 mod(DEk)d)> if (i3 1) = (3;13),
0, otherwise .
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iv) Ify € Dg,?;)d) and d = k, then
_ y fIscCl,
P;n (b)) (Y) =g {

0, otherwise.

Proof of Proposition 3.2.4. Set D?k,d) = D(i,q) U {X2d*1}. Denote by Px,a
the subspace of Pj spanned by the set

{06 (W) sy € Dy gy (i51) € Ny}

Let x be a monomial of degree n = (k — 1)(2¢ — 1) in P, and )50y # O
Then, we have w;(z) = k—1for 1 < ¢ < d — 1. Hence, we obtain z =
(H0<t<d—1 Xj:)ZQdfl, for suitable monomial z € (Py)r—1.

By a simple computation using Lemmas 3.1.3, we see that there is (i; 1) €
N} such that

t d—1
= ( H XJQt >Z2 Eu—l(k,d) ¢(i;[)(X2
0<t<d—1

where r =¢(I) < d—1.

We need to prove [z]s, ,» € [P(k,d))og.- The proof of this fact is based
on Lemmas 3.2.5 and 3.2.6. It is divided into many cases, which are similar to
the ones of Proposition 3.3 in [33]. However, the relation is used in the
proof instead of =.

Suppose x € Py(W(k,q))- Since [Tloy, o € [Pk,d))og.q) s We have

d_
T =0y > VunSan @+ > dunéan(XF T,
(y,(51))ED (1, ay X N (11)ENg

d=1_7, gd—1

)Z ’

=d,a)

where (y,(i;1)),0(i;1) € F2. Since [z]u, 0 = [@@n(Y)]wp., = 0 for all y €
D k,q), from the last equality, one gets

d_
Z 5(i;I)¢(i;I)(X2 1) Ew(k,d) 0.
(1) ENg

Now using Proposition 3.2.1, we obtain d¢;;;) = 0 for all (4;1) € Nj. So, the
space QP (W(k,q)) is spanned by the set B(d).

To prove the set B(d) is linearly independent in QP (@x,q)), We assume
that there is a linear relation

S= Z 7y¢(i;[)(y) =@k, 0,

YED (k. a)

where v, € Fy for all y € D4 q). By Lemma 3.1.5, p(;.7)(S) =g, 0 for all
(j;J) € Ni. Based on Lemma 3.2.7, we explicitly compute p(;,)(S) in terms of
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the monomials in Dy, 4. Using Corollary 3.2.3 and the relations p(;, 7)(S)
0 for all (j;J) € N, we will obtain ~, = 0 for all y € D 4.

Note that the argument in this proof is similar to the one as given in the
proof of Proposition 3.3 in [33]. We refer the reader to [33] for the similar
details of the proof. O

=a k)

4 An application to the fifth Singer algebraic
transfer

In this section, we prove Theorem 1.3 by a direct computation. Note that the
computations are very complicated, so present here some main results. We
refer the readers to the online version [36] for intermediate calculations.

From now on, we denote by Bj(n) the set of all admissible monomials of
degree n in P,

Bp(n) = Bx(n) N Py, Bjf(n) = Bi(n) NP
For a weight vector w of degree n, we set
By (w) = B(n) N Pi(w), BR(w) = BR(n)N Py(w), B (w) =B (n)N Py(w).

Then, [By(w)], and [B; (w)]w, are respectively the basses of the Fa-vector
spaces QP (w) and QP (w) := QPyx(w) N QP .
For any monomials z, z1, 22, . .., Zm in Pg(w) with m > 1, we denote
Yk(z1,20,. .. 2m) ={02zt 10 € X, 1 <t <m} C Pr(w),
([Zk(z1, 225 -+ 2m)]w) = Span([Zk (21, 22, - - - 2m)]w),
[B(z1, 22, -+ 2m)]w = [Br(w)]w N ([Zk(21, 22, - -5 2m)]w)

p(z) = y.
yEBk(n)NZy(2)

Obviously, ([Xk(21, 22 - - -, 2m)]w) I8 an Xg-submodule of Q Py (w). By Theorem
2.2.6, if w is the weight vector of the minimal spike of degree n, then [B],, = [B].
So, we write [B(z1, 22, -, 2m)]w = [B(21, 22, - - -, 2m)]-

4.1 Computation of QPk(w(k,d))GLk

Denote Ud,j = ¢(1;1k+17j)(X2d71)

the following.

, j < min{k,d}. In this subsection we prove

Proposition 4.1.1. Let d be a positive integer. Then

0, if d < k,

p GLy _
Whulna) {<[qd]w(k,@>7 gz
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a_ k
Here qa = Y. pyen, $6.0)(X2 1) = 3202 p(ua ).

From the results in Section 3, we have the direct summand decomposition
of the ¥;-modules:

min{k,d}

QPk(w(k,d)) = @ <[Ek(ud7j)]w(k,d)>'

j=1
By a direct computation, we easily obtain the following.
Lemma 4.1.2. For any j < min{k,d}, <[Zk(ud,j)]w5,d)>2’“ = <[p(ud7j)}w(k,d)>'

Proof of Proposition 4.1.1. Let a polynomial f € Py(w(x,a)) such that [fl,, , €
QPs5(w(k,a))“"*. Then, [flog.a € QPy(w(k,a))>*. Using Lemma 4.1.2, we have

min{k,d}

f =w(k,a) Z 'Yjp(ud,j)a

Jj=1

with v; € Fo. By computing gx(f) + f in terms of the admissible monomials
and using Lemma 2.1.4 we see that if d < k, then

d
9x(f) + [ Zwpa 7d¢(1;1k+1,d)(X2 )

d_
+ Z(*yj + 7j+1)¢(1;1k+1_j)(X2 1) + other terms =0 -
j<d

The last equality implies y; =0 for 1 < j < d. If d > £k, then

96+ F Zopny D (’Yt+’Yt+1)< > ¢(1;1)(X2d1)> =wga 0-

1<t<k ICI,e(I)=t

From this we obtain v; = v, for 2 < j < k. The proposition follows. O

4.2 Computation of (QPs(&s,q)“

Note that for any d > 0, we have the direct summand decomposition of the
Ys5-modules:

QP5(@(s5,0) = QP (@5,0) D QP (@5,0))-

From the results in [23], QP (&(5,4)) has a basis [Bs(ta,1)] U [Bs(ia,2)],
where

247 tq 9d-l_q 9d_g odtl_y  _ 9d-l_j 9d 3 9d_j odygd-l_j
Uq,1 = T 5 T3 Ty , Udg2 = Ty Ty, T3 Ty .
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Using the results in [23], we see that dim([X5(4q,1)]) = 60, ([Xs5(tq,2)]) = 40
and there is a direct summand decompositions of the ¥5-modules:

QP (@5,0)) = ([E5(t1a,1)]) P[5 (11a,2)))-
By a direct computation, we get
Lemma 4.2.1. ([Ss(a))™ = ([p(aa)), (Ss(aaz))™ = 0.
For d =1, QP5(w(s,1)) = QP (&(5,1y). So, one gets the following.
Corollary 4.2.2. QP5((I)(511))E5 = ([p(u1.1]).

For d > 3, we set

_ 2d=1_9 9d=1_7 9d_7 od+tl_7 _ 24=1_9 od_71 9d_7 odigd=1_j
Ud,3 = T1X5 T3 Ty T , Uda = T1T5 T3 Ty T .

B computing from the results in [23], we have
dim([X5(dq,3)]) = 60, dim([X5(dg.4)]) = 20.
Lemma 4.2.3. For anyd > 3, ([Z5(ta;3)])™ = ([p(@4,3)]), ([Z5(ta,a)])™ = 0.
For d > 4, we set
Ug5 = x%x%d_lf‘o’xgd_l72xzd71x§d+171, Uge = xlxgd_l71x§d_171xid72x§d+171,
Ug,7 = x‘i’x%d_lﬁx?’d_l71xid72m§d+171, Ugg = x{x%d_175x§d_l73xid72x§d+171.
Lemma 4.2.4. For any integer d > 4,
([B5(tia,5)))™ = ([p(aa,5)]), ([Ss(tiae, a7 Gas))™ = ([pa1l)-
Here the polynomial pg, is determined as in Section 5 of the online version
[36].
4.2.1 The case d =2

For d = 2, by a direct computation using the results in [23], we have the direct
summand decomposition of the ¥5-modules:

QP (®5,2)) = ([Z5(t2,3)]) P[5 (u2,4)],

where 3 = xlxgxgxixg, Uy 4 = xlmgxgximg. By a direct computation, we
have

Lemma 4.2.5. ([5(ti23)])™ = 0 and ([X5(ti2,4)])>® = ([p2.1]), where the
polynomial pa 1 is determined as in Section 5 of the online version [36].

From Lemmas 4.2.1 and 4.2.5, we obtain the following.

Proposition 4.2.6. QPs(&(s2))™ = ([p(uz,1], [p2.1])-
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4.2.2 The case d =3

For d = 3, by a direct computation using the results of [23], we get the direct
summand decompositions of the Y5-modules:

5
+ . — — _ _
QP ( = @ [Xs5(us,;)] @([25(U3,67U3,77U3,8,U3,9)]>,
j=
where
3.3 615 3.3 7 14 — 3.3.5 611
U35 = T1705252575° ) U3 6 = miasaiziest, usr = virsxdalalt,

3,.6,..7,.11 3 5,.7,..10
U3 8 = X1ToT3Ty Ty , Ug 9 = 1‘15€2$31‘4IE5 .

We have
d1m<[25 (’17,3’5)” =55, d1m<[25 (’EL3’6, us,7, U3 8, ﬂg’g)] = 220.
By a direct computation, we obtain the following.

Lemma 4.2.7. ([S5(ts5)])™ = 0, ([S5(ts6, Us,7, Us,s. Us9)]) ™ = ([ps,1], [ps,2]),
where the polynomials p3 1 and ps 2 are determines as in Section 5 of the online
version [36].

Combining this lemma and Lemmas 4.2.1, 4.2.3, we get the following result.
Proposition 4.2.8. QPs(&(s3))™ = ([p(us1)], [p(ds,3)], [ps1], [ps.2])-
4.2.3 The case d=14

By a direct computation using the results in [23], we have the direct summand
decomposition of the ¥X5-modules:

5
QP;(@@A)) = @<[25(ﬂ4,j)}> @([25(ﬂ4767ﬂ4777ﬂ4,8)]>
j=3
@([&3(134797 sy Ua15)]),
where
Uy = T1000525° 730, Uy 10 = madeitei®add) dy 0 = 2iedaelePal,

3,.5..14 15 23 3,.7,.7,.13_.30 3,.7,.13,,15, .22
U4 12 — £1$2$3 $4 $5 5 u4 13 — 321332.7331‘4 325 5 U4 14 — $1$2$3 x4 $5 5

77,11 13 22
U415 = T XT3 T4 X5 .

Furthermore, we have dim([3s5 (4,9, - - -, %4,15)]) = 335.
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Lemma 4.2.9. ([S5(ta, .. .,Us,15)])>* = ([pa,2], [pa,3], [pa,a]), where the poly-
nomials pay,t = 2,3,4, are defined as in Section 5 of the online version [36].

The proof of this lemma is straightforward.
Combining this lemma and Lemmas 4.2.1-4.2.4, we obtain the following.

Proposition 4.2.10. We have
QP5(@(5,4))25 = ([p(u4,1)], [p(ua,3)], [P(ua5)], [Pa]s [Pa,2], [Pa,3], [Paal])-
4.2.4 The case d>5

For d > 5, by a direct computation using the results in [23], we have the direct
summand decomposition of the ¥5-modules:

5

QP (@(s5.0)) = ED([Z5(ta,))]) ([T (Wa6, U7, Uas)])

@<[E5(ﬁd,9> <y Tg,20)])s

where the monomials 44,9 < ¢t < 20 are determined as in Section 4 of the
online version [36].
We also have
d1m<[25 (ad79, . ,ﬂd,QO)D = 335.

Lemma 4.2.11. ([S5(tqy,..-,%4,20)])”* = ([paz2]; [Pas]: [Pa4l; [Pas]), where
the polynomials pg j,j = 2,3,4,5, are determined as in Section 5 of the online
version [36].

The proof of this lemma is very complicated. It is proved by a direct
computation.
Combining this result and Lemmas 4.2.1-4.2.4, we have the following.

Proposition 4.2.12. For any d > 5, we have

C»?Ps(@(s),d))25 = ([p(ta,1)]; [P(va,3)]; [P(ua5)]; [Panl, [Pa2]s [Pa3]; [Pa.als Pas])-
4.3 Proof of Theorem 1.3

Let f € (Ps)a2¢—1) such that [f] € (QP5)f(g§_1). Then, we have [f] €
QPs(w(s,a) "
The case d < 5. By Proposition 4.1.1, [fy, ,, = 0, hence [f] € QPs(w(5,q)) %"
For d = 1, using Corollary 4.2.2, we have f = yp(41,1) with v € Fo. By
computing g5(f) + f in terms of the admissible monomials, we obtain

g5(f) + f = yr1x3 + other terms = 0.
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This relation implies v = 0. The theorem is true for d = 1.

For d = 2, from Proposition 4.2.6, we have f = yp(ug,1) + dp2,1 with
v, 0 € Fy. By computing g5(f) + f in terms of the admissible monomials, we
get

g5(f) + f = yrowszizl + (v + 0)zixdwzaiad + other terms = 0.

This relation implies v = § = 0. The theorem is proved for d = 2.
For d = 3, using Proposition 4.2.8, we have f = yi1p(ts1) + y2p(us3) +
VaP3,1 + Yaps,2 With v; € Fa,5 =1,2,3,4. A direct computation shows

_ _ .7.3.3.15 3.2 715 337,14
g5(f) + f = nraz30525° + Yr105237475° + V3110525747

+ (71 4 v2 + 93 + )T zhasaieit + other terms = 0.

This relation implies v; =0, j =1,2,3,4. The theorem holds for d = 3.
For d = 4, Proposition 4.2.10 implies that f = yp(@a1) + Y2p(ta3) +

)

7317(714,5)4-2?:1 Y3+5P4,j With y; € Fa,j = 1,2,...,7. By computing g5(f)+ f
in terms of the admissible monomials, we get

15,3177 7,715 30 3,15 13,722
g5(f) + [ = ma°ay 133 + Yor1 25230 05" + Y3270y w3 w40

3.7 5 14 31 157 15 23 7 15, .23 14
1222375 w5 + (V5 + 76) T2 T34 5" + V6T Ty T3TY" T

+ yrryad’atei®z2? + other terms = 0.

+ Yax

From this relation we obtain v; =0, j =1,2,...,7. The theorem is proved for
d=4.

The case d > 5. According to Proposition 4.1.1, [flu, » = V[dalwes 4, With
v € Fy. Hence, f = vqa + h, with h € QP5(@(5,4y). By a direct computation
from the relations g;(f) + f =0, i = 1,2,3, we get v = 0. So, [f] = [h] €
QP (&)(S’d))GLS. Using Proposition 4.2.12, we obtain

5
f=mp(ta) + vep(ta3) + vap(tas) + Z V3+4+5Pd, 5
j=1

where v; € Fp,j = 1,2,...,8. By a direct computation, we have

_ 2d-1_1 92d_71 92d-1_q 9dtl_3
g5(f) + f=mmxy Ty Ty Ty

3,201 _924-1_3 9d-1_7 odtl_o 7,2¢-1_24-1_5 2dtl_3 9d-1_o
t7eriz; T3 Ty Ty t 32123 "X Ty Ts
0 od_ d—1_ d_ d+1_od—1_ d4+1_ d—1_ d—1_ d_
+'y4:17‘fas§ 1:5% 13:3 3x§ 2 2+75z?xg 1z§ 3:EZ 1m§ 2
24=1_1 2d_9 od_j7 odtl_od=1_, 7,201 _2¢-1_p5 9dtl_gd=1_3 od_o
+ Y6175 T3 Txy Iy + yrriry X Ty Ty

+(m+ys+7+ fyg)a:‘;’xgd_l71x§d73xid72x§d+172d471 + other terms = 0.

The last equality implies that v; = 0, j = 1,2,...,8. The theorem is com-
pletely proved.
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