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Abstract

We consider 3-Jordan algebras, i.e., the nonassociative commutative
algebras satisfying (z3y)z = z3(yz). The variety of 3-Jordan algebras
contains all Jordan algebras and all pseudo-composition algebras. We
prove that a simple 3-Jordan algebra with idempotent is either a Jordan
algebra or a pseudo-composition algebra.

1 Introduction

All algebras considered in this paper are nonassociative algebras over a
commutative associative ring R containing scalars % and % If R is a field, we
denote it by K. By our assumptions on scalars K is of characteristic not 2 and
3.

As usual, if a,b,c are elements of an algebra, we denote the associator
(ab)e — a(be) by (a,b,c¢). If B,C and D are subsets of an algebra, we denote
by (B, C, D) the set of all (b, ¢,d) with b € B,c€ C and d € D.

We say that an algebra A over K with idempotent e is of e-quadratic type if
there are a linear form v : A — K and a symmetric bilinear form ¢ : AxA — K
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such that 22 + y(x)z + ¢(x,r)e = 0 for all z € A. When A has an identity
element 1 and A is of 1-quadratic type, we say that A is a quadratic algebra.

An algebra is called alternative if it satisfies the alternative identities (x, x,y) =
0 and (y,z,x) = 0. A Jordan algebra is a commutative algebra satisfying the
Jordan identity (z2,y,x) = 0. For a classification of alternative and Jordan
algebras see Kuz’min and Shestakov [7].

A commutative algebra A over K is said to be a pseudo-composition alge-
bra if there is a nonzero symmetric bilinear form ¢ : A x A — K such that
23 = ¢(x,z)x for all x € A. When K is algebraically closed, such an al-
gebra necessarily has an idempotent element e. In [9] Meyberg and Osborn
characterized pseudo-composition algebras with idempotent: the algebra is of
e-quadratic type, or modulo the radical of its bilinear form is of e-quadratic
type, or can be constructed starting with an alternative quadratic algebra.
Any proper ideal of a pseudo-composition algebra is contained in the radi-
cal of its bilinear form. Therefore, if this bilinear form is nondegenerate then
the pseudo-composition algebra is simple. More results on pseudo-composition
algebras can be found in the papers by Elduque and Okubo [4, 5].

When studying a variety determined by a class of algebras, one often asks
if the variety is finitely based. An effective way to start looking for the basis is
to construct the polynomial identities in the variety of smallest degree. For the
variety determined by pseudo-composition algebras, the identities of smallest
degree were determined by Giuliani and Peresi [6]. These authors showed that
(x3,y,2) = 0 is an identity that holds in all pseudo-composition algebras.
They also showed that all polynomial identities of degree five or less of pseudo-
composition algebras are consequences of commutativity and (23, y, x) = 0.

We call the identity (z3,y,7) = 0 the 3-Jordan identity. We say that a
commutative algebra satisfying (23, y,z) = 0 is a 3-Jordan algebra.

The variety of 3-Jordan algebras contains all Jordan algebras and all pseudo-
composition algebras. Since the variety of 3-Jordan algebras arises naturally as
a generalization of both Jordan and pseudo-composition algebras, the variety
of 3-Jordan algebras deserves to be studied.

The structure of the simple algebras is one of the main questions in the
theory of algebras. In this paper, we prove that a simple 3-Jordan algebra with
idempotent is either a Jordan algebra or a pseudo-composition algebra.

2 Peirce Decomposition

We denote by f(a,b,c,y,d) =0, the complete linearization of (x3,y, z) = 0.
Let A be a 3-Jordan algebra and assume that A has an idempotent e.
Let L. denote the left multiplication operator: L.(a) = ea (Va € A). From
fla,e e, e, e) =0 we obtain (2L% — L2 — 2L% + L.)(a) = 0 for any a € A. This
means that L, satisfies the polynomial 2t* —¢* —2t? +t and L, has eigenvalues
0,1, -1, % Therefore A has the Peirce decomposition A = Ay @A% PA_1D A
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with Ay = {z € A | ez = Az}. We indicate the unique decomposition of x € A
by @ = [z]1+[z]1 +[z]-1 +[z]o. We denote by ax, by, cx, dx arbitrary elements
of Ay (A =1,1,-1,0).

We now derive the relations among the subspaces Ajy.

Let a € A;. For b € A; we obtain from f(a,e,e,b,e) = 0 that [ab]% +
4[ab]_1 + 2[ablo = 0. Therefore ab = [ab];, and we have that A2 C A;. If
b € Ay then we get from f(a,b,e,e,e) = 0 that [ab]; + 3[ab]—1 + [ab]o = 0
and thus AlA% C A%. Ifbe A4, f(a,e,e,b,e) = 0 gives 4[ad]; + S[ab]% +
2[ablp = 0. Therefore AyA_y C A_;. If b € Ao, f(a,b,e,e,e) = 0 gives
4[ab]1 + 3[ab]1 + 4[ab]—1 + 4[ab]o = 0. Therefore A1 A4 = 0.

Now, let a € A%. For b € A% we obtain from f(a,b,e,e,e) = 0 that
[ab]% = 0; it follows that AQ% C A+ A1+ Ay. If b € A_; the identity
f(a,b,e,e,e) = 0 yields [ab]_1 = 0 and we get A%A_l c A +A% + Ag. If
b € Ag the identity f(a,b, e, e, e) = 0 gives [a, b]; —3[ab] 1 +[ab]o = 0. Therefore
A%AO C A%

Next, let a € A_;. Forb e A_q, f(a,b,e,e,e) =0 gives [ab]% — 16[ab]_1 =
0. Therefore A2, C Ay + Ag. If b € Ag, using f(a,b,e,e,e) = 0 we get
4[a_1b0]1 + 3[a_1b0]% + 36[a_1b0]_1 + 4[a_1b0]0 = 0. Therefore A_1Aqg = 0.

Finally, for a,b € Ay we use f(a,e,e,b,e) = 0 to obtain 2[ab]; + [ad]
2[ab]_1 = 0 and then A2 C Ao.

We summarize these results in the following proposition.

1
2

Proposition 1 Let A be a 3-Jordan algebra. If A contains an idempotent e,
then A has the Peirce decomposition

A:Al@A%@A—l @ Ap.
Furthermore,
AT C Ar, AAy C Ay, AtALL C A, Ay =0,
AQ% CA+ A+ Ag, ALA C AL+ AL+ A, AgAg C Ay,

A2_1 C A1 + A(), A_1A0 = O,
A(Q] C Ayp.

3 Examples and First Results

An algebra A is called power-associative if each x € A generates an
associative subalgebra. Any alternative algebra and any Jordan algebra is
power-associative.

Example 1 Any commutative algebra A; which is nilpotent of index five is
a 3-Jordan algebra which has no idempotent. The algebra A; need not be
power-associative or Jordan.
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Bernstein algebras. A commutative algebra A over K is called a Bernstein
algebra if there is a nonzero algebra homomorphism w : A — K such that
2222 = w(z)?x? for any = € A. Bernstein algebras always have idempotents (for
example, a? with w(a) = 1). An idempotent e with w(e) = 1 of A determines

the Peirce decomposition A = A; ® A1 Ao, and A; = Ke, AQ% C Ao, ALAg C
Ay, A} C Ay and A3 A3 = 0. The Bernstein algebra A is a Jordan algebra if
and only if 2% = w(z)z?, or equivalently A3 = 0 and (uz)z = 0 (Vu € Ay, z €
Ap). See Lyubich [§], Alcalde, Baeza and Burgueno [1], and Walcher [11].

Proposition 2 Let A be a Bernstein algebra. Then A is a Jordan algebra if
and only if it is a 3-Jordan algebra.

Proof If A is a Jordan algebra then A is a 3-Jordan algebra. Conversely,
assume that A is a 3-Jordan algebra. By Proposition 1 A2 C Ag. But we
have also that A7 C Ai. Hence A3 = 0. For all u € Ay,z € Ao, from
fle,u, z,z,e) =0 we obtain (uz)z = 0. It follows that A is a Jordan algebra.

From the classification of Bernstein-Jordan algebras of dimension 5 over the
real field given by Correa and Peresi [2], we take the following example.

Example 2 Let A5 be the commutative algebra over the real field R with basis
{e, €1, €2, e3,e4} and nonzero products e? = e, ee; = %61,664 = %64,6% = e3
and ejes = e4. This algebra has Peirce decomposition Ay = Re @ A% @ Ao,
where A% =< ej,eq > and Ag =< eg,e3 >. For any x € Ay, 2% = w(x)z?,
where w : Ay — R is the algebra homomorphism defined by w(e) =1, w(e;) =
0(1<i<4).

Train algebras of rank three. A commutative algebra A over K with a
nonzero algebra homomorphism w : A — K is a train algebra of rank three if it
satisfies an identity 23 = (14+6)w(x)2? —dw(z)?r (for some § € K). When § #
%, such an algebra A always has an idempotent e and a Peirce decomposition
A= Ke@A%@Ag, where ker(w) = A%@Ag andAQ% C Ag, A%Ag C A%, Ag =0

(see Costa [3]). There are train algebras of rank three with § = 1 which have
no idempotent.

Proposition 3 Let A be a train algebra of rank three. Then A is a 3-Jordan
algebra if and only if it is a Jordan algebra or a pseudo-composition algebra.
Furthermore, if 6 £ 1,—1 and A is a 8-Jordan algebra then A is a Bernstein-
Jordan algebra.

Proof Assume that A is a 3-Jordan algebra. If § = —1 then 23 = w(x)?x and
A is a pseudo-composition algebra. Assume that 6 # —1. Given any x and y
in 4, 0 = (23,y,2) = (1 + §)w(z)(2?,y,x). Therefore w(x)(x?,y,x) = 0. If
w(x) # 0 then (22,y,2) = 0. Since w is nonzero there is an a € A such that
w(a) # 0. If w(xz) = 0 then, for any A € K, since w(a+Az) = w(a) # 0, we have
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((a + Ax)?%,y,a+ A\x) = 0. By characteristic not 2 and 3 we get (z2,y,z) = 0.
In both cases we get (z2,y,7) = 0. Therefore A is a Jordan algebra. The
converse implication is clear.

Assume now that 0 # 1,—1 and A is a 3-Jordan algebra. We know that
A is Jordan and so z?z? = z3z. We will prove that A is a Bernstein algebra.
By linearization of z3 = (1 + §)w(x)z? — dw(x)?x we get 3zt = (3 + 40 +
262 w(x)?2? 4+ (=46 —26)w(z)32. By multiplying 22 = (1+§)w(x)2? —dw(z)?2
by z we obtain z? = (62 +J+ 1)w(x)?2? — (6 +6%)w(x)3z. Adding (1+ ) times
the first equation to —(4 + 24) times the second equation gives (§ — 1)z? =
(6 — Dw(z)?z?. Since § # 1, 222? = w(x)?z%

Costa [3] classified the train algebras of rank three having dimension 5.
From this classification we take the following class of examples.

Example 3 Let A3 be the commutative algebra with basis {e, ey, e2, e3, €4} and
nonzero products e? = e, ee; = Se1, e = —e, 63 = —€3,€€4 = 3€4,€7 = €3
and ejeq = key (kK € K,k # 0). The Peirce decomposition is A3 = Ke ®
A% @® A_q, where A% =< e1,eq4 >and A1 =< eg,e3 > Ifw: A3 — K is
the algebra homomorphism defined by w(e) = 1, w(e;) = 0 (1 < i < 4) then

2% = w(z)?x. Therefore Az is a pseudo-composition algebra.

Algebras of rank three. A commutative algebra A over K is an algebra of
rank three if there are a linear form v : A — K and a symmetric bilinear form
¢ Ax A — K such that 2® = v(x)2? + ¢(x,x)x for all z € A. Walcher
[12] proved that (with the exception of one class) finite dimensional algebras
of rank three can be constructed either from a quadratic alternative algebra or
from a representation of the Clifford algebra, and characterized the semisimple
and simple rank three algebras.

Proposition 4 Let A be an algebra of rank three. Then A is a 3-Jordan algebra
if and only if A is a Jordan algebra or a pseudo-composition algebra.

Proof As noticed before, Jordan and pseudo-composition algebras are 3-Jordan
algebras. Assume now that A is a 3-Jordan algebra. By hypothesis we have
2% = y(z)2? + ¢(z,z)r for all z € A. If y = 0 and ¢ = 0 we have 2% = 0
and it follows that A is a Jordan algebra. When v = 0 and ¢ # 0 we have
2% = ¢(x,x)r and A is a pseudo-composition algebra. Finally, assume that
~v # 0. Then for some a € A we have y(a) # 0. Given any z and y in A,
0= (23, y,2) = v(x)(2% y,x). If y(x) # 0 we have (2%, y,2) = 0. If y(x) =0
then, for any A € K, since y(a+Ax) = v(a) # 0, we have ((a+Ax)2,y, a+ ) =
0. By characteristic not 2 and 3 we get (22,y,2) = 0. In both cases we get
(22, y,z) = 0. Therefore A is a Jordan algebra.

A class of examples. Let V be a vector space of dimension > 1 over K and
¢ : VxV — K asymmetric bilinear form. We define an algebra J(¢, V') on the
vector space K@V by defining multiplication: (a+z)(8+y) = (aB8+¢(z,y))+
(ay + Bx). The algebra J(¢,V) is a Jordan algebra called the Jordan algebra
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of . If J is any Jordan algebra over K and P is any pseudo-composition
algebra over K, then the direct sum J @ P is a 3-Jordan algebra. We denote
by J(¢,V, P) the algebra J(¢, V)@ P and call it the 3-Jordan algebra of ¢ and
P.

Proposition 5 Let J(¢,V) be the Jordan algebra of a symmetric bilinear form
¢ :V xV — K. Let P be a pseudo-composition algebra over K. Then the
idempotents of J(¢,V,P) are 1, % +a, ¢, 1 +ec % + a + ¢, where ¢ is an
idempotent of P and a € V such that ¢(a,a) = 1. Moreover, if P = Kc®
A(f) @ A(_ci is the Peirce decomposition of P determined by c, then the Peirce
2
subspaces of J(p,V, P) with respect to an idempotent e are:
(Z)AlzK@‘/, A%ZO, A_1:O, A():P Zf 621;
(it) Ay = K(1+2a), Ay ={z €V : ¢(a,z) =0}, Ay =0, A =
K(l1-2a)®P if e=1i+a;
(iii) Ay = Ke, Ay =AY, A1 =AY), Ay=KaV if e=¢
2
() A =KaVake Ay =AY A, =4 A4=0 if e=1+c
2
(v) Ay =K(1+2a)® Ke, Ay ={z €V : ¢(a,z) :0}@A<f>,
2

A=A Ag=K(1-2d) if e=Ltta+ec

Proof Let e = a+a+c (a € K,a € V,c € P). We have ¢ = o? + ¢(a,a) +
2aa + ¢ and €2 = e gives o + ¢(a,a) = a, 2aa = a, 2 =c. If a = 0 and
a=0thene=c Ifa=0and o« #0 then a=1and e=1+c. If a # 0 then
o =1 and e = 1+a+cwith ¢(a,a) = 1. Hence the idempotents of J(¢,V, P)
are as stated.

We give a proof for (v). The proofs of (i), (ii), (iii) and (iv) are analogous.
Let e = %+a+candy:6+x+d (Be K,xeV,de P). Ifey =y we
obtain d € Agc) = Kc and ¢ = 28a, hence Ay = K(1 + 2a) ® Kc. When
ey = 2y we have 8 = 0,¢(a,z) = 0 and d € A(%c). For ey = —y we have
38 = —2¢(a,x), 3x = —20a and cd = —d; it follows that 98 = —2¢(a, 3z) =
—2¢(a, —2Ba) = 48¢(a,a) = B, i.e., =0, and thus = 0; hence A_; = A(_c%
Finally, for ey = Oy we obtain x = —28a and d = 0, hence Ay = K(1 — 2a).

4 Further Identities

In this section we obtain all degree three identities involving elements
in the Peirce spaces A, A%,A_l and Ag. We do this by making all possible

substitutions in f(a, b, ¢,y,d) = 0.

Lemma 1 Let A be a 3-Jordan algebra and assume that A has a Peirce de-
composition A = A1 @ A% ®A_1 ® Ag. Then the following identities hold:
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(albl)c% = al(blc%) + bl(alc%),
—(albl)c—l = al(blc—l) = bl(alc—l);
arfbres] = [(arby)es] +[(arcy)by]
=2 [(arby)ey] | =—-2[br(arcy)] |,

[(a1by)ey] = [by(arcy)] ),

arfbrea] =2 [(arby)ea] = —[b1(arc1)]

2 al[b%c_l]% =2 [(alb%)c_l]% = —[b%(alc_l)]%,
2 [(a1bg)ea] = —[by(arc-1)]

(a1,b1,¢0) =0

arb-1c1]y = —[(arb-1)c-1]; = —[b-1(arc-1)];,
(b_1,a1,¢-1) =0,

3 [aé]la% =3 [aé]oal + [[al] 1%]%,

Blaghs]ier = —llage], by —laglbgen],] .
[(ay,co,b1)], =0,

[(azco b%]_1 =0,

colagby] = [(coay)by] +lay(coby)]
—=3ay[b_1c_1]; +3ag[b_rca]y = [[a%b_l]%c_l]l + [[a%c_l]%b_l] :
[a1b_1] c.1 = —[arc_1] b_1,

(boCQ)CL% = Co(boa%) + bO(COCL% y

Proof Identity f(e,b1,c1,a1,€) = 0 reduces to (1).

73

Identity f(ai,e,c_1, b1, e) simplifies to (a1b1)c—1+2(a1c—1)by — (b1c_1)a; =
0, and f(e,b1,c—1,a1,€) =0 to (a1b1)c—1 — (a1c—1)b1 + 2(b1c—1)aq; from these

two equations we obtain (2).
Identity f(a1, bi,e cy, e) = 0 gives

—[brc]
—3[(a1by)

1] a1+ [(alb%)
cg]_, +[(arcy)d
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and f(a1,e, ci, b%, e) =0 gives

[(a1by)es] | —3[(arcy)bs]

—1

[

From these four equations we obtain (3), (4) and (5).
Identity f(a1, b%, c_1,¢e,e) =0 yields

From identity f(a1,by,e,c-1,€) =0 we obtain

—[5%0—1]1% + 4[(a1b%)c_1]1 + [(a1c-1)by
3[(&1()%)0_1] — [b%c_l]%al + [(alc_l)b%] =0.

1
2

We use identity f(a1,e,c_1, b%,e) =0 to get

[(alb%)c_l] — [b%c_l]lal =0.

2

=

These five equations give (6), (7) and (8).
Identity f(e, by, co, a1, e) = 0 reduces to (9).
From f(a1,b_1,¢e,c-1,¢) =0 we get

—[b-1c1)yar — 2[(arb-1)c-1]; + [(arc-1)b-1], =0,
—[(a1b-1)c-1]y + [(arc-1)b-1]y =0
Identity f(a1,e,¢—1,b_1,¢€) = 0 gives

—[b_lc_l]lal + [(alb_l)c_l]l — 2[(&1(2_1)19_1]1 =0.

And these three equations yield (10) and (11).
Identity f(a%,a%, as,e, e) = 0 simplifies to (12).
Identity (13) is the simplified form of f(a%, b%, c_1,¢e,€) =0.
Identity f(a%,b%, ¢o, €, ¢) = 0 reduces to

llaycol, b3] = [lbycol,a3] =0,
3[aco], b1] 1+[[béco]la%] 1=0,
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From these four equations we obtain (14), (15) and (16)
Identity f(a%,b_l, c_1,¢e,e) =0 yields

—3[b-1ca]jar —[lazba], c]

2

—[laye], b-1] o+ 3[b—1c1]par =0,

b_1]

1 1
2 2

[a Ot + [a%c_l]lb_l =0,

1

2

and these two equations give (17) and (18).
We use f(a%, e, co,b_1,¢e) = 0 to obtain

(CL%CQ b_l] + [a;b_l]oco =0.

o
N

These five identities imply (19) and (20).

Identity f(a%,bo,e, co,€) = 0 reduces to (21) and f(a—_1,€,c0,b_1,¢) =0
simplifies to (22).

5 Annihilators of A_;

This section contains results which will be used in Section 7.

Lemma 2 Let A be a 3-Jordan algebra and assume that A has a Peirce de-
composition A = A1 & A% ®A_1 ® Ay. Then we have the following equations:

(Ala Al) Al)A—l - O)

(23)
(A1, Ay, ADA_L] =0, [(A1, Ay, A)A], =0, (24)
[(Ay, Ay, A1) Aoy = 0. (25)

Proof Using (2) we obtain

(al, b1, Cl)d—l = ((albl)cl)d—l - (al(blcl))d—l =
—(albl)(cld_l) + al((blcl)d_l) = al(bl(cld_l)) — al(bl(cld_l)) = O

and this proves (23).
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By (6) we obtain

(@a(brey))d-al, = garl(bre)d-a], = -

_%[(alcé)(bld_ﬂ]l = [(b1(arcy))d-1]

ie., [(a1, C%,bl)d—l]l = 0. By (7) we have

[(a1(brcy))d—1], = ar[(bicy)d1]

= —§a1[c

[N

1
2

_% [(arcy)(brd-1)]

1
2

L= [(b1(arcy))d-1]

ie., [(a1,c1,b1)d—1], = 0. This proves (24).
3
Identity (13) gives

1
[(a1by)ez] d—r = —3[[(a1by)d-1] eg]
Then it follows by (7) and (4) that

(aby)ey] d s = 3 [(@lbyd ], )ey)

Using commutativity

eyl 3l(mleyd ]

—1

1
[(a1bg)ey] d-1 = —3(a1[byd]

1
2

Since the right-hand side of this last equation is symmetric in b% and cL we
get [(bs, a1, C%)]ld—1 = 0. We have proved (25).

6 Annihilator Ideals

Let A be a 3-Jordan algebra and assume that A has a Peirce decompo-
sition A = A1 D A% D A_1 @AO We 1et

IZ{$EA1|33A_1=O}, JZI—FA%I—F[A%(A%I)]O,

M={yeA, |yA, C A,yA_, =0}

Throughout the rest of the paper, the letters I, J and M are reserved for these
sets.

Lemma 3 The set J is an ideal of A.
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Proof We have to prove that A;J C J (i = 1, %, —1,0). Throughout the whole
proof we use the notation that the letter x represents an element of I.

We first show that A1J C J. By (2) we get (a12)b_1 = —ai(xb_1) = 0.
Therefore Ay C I. We obtain by (1) that a1 (zay) = (a1z)ag—z(aray) € Ayl

Therefore A1(ALT) C ALl. We have that A;[A (A%I)]o C A1Ap = 0.

1
We next show that A_;J C J. By deﬁnitioja of I, A_1I = 0. Using (6),
(7) and (8) we obtain (zay)b—1 = —%a%(xb_l) = 0. Therefore A_1(As1) =0.
We have A—l[A%(A%I)]O C A_1A0 =0.
We now show that AgJ C J. We have that Aol C ApA; = 0. By (9)
Ao(ALT) C (AgAL)I C Ayl Using this and (16) we get

Aol (A4 1)), € [(AoAy)(A D)) +[4y

(Ao(As1))], C [Ay (A1 D)

1 .
2 0

We finally show that A%J C J. It is clear that A%I C J. We now consider
the product Ay (A3 1). Using identity (4) we get [(zay)bs] | = —%x[a%b%]_l =

0 so that we know that Ay (A1) C A1+ Ag. We now show that [As (A%I)]1 C
I. Identity (13), (7) and (4) yield

3[($a%)b%]lc—1 = —[[(xa%)c_l]%b%]_l - [(xa%)[bl c_l]%]_1 —
1 1
5[[CL% (330—1)]%17%] ) + 533[@%[()10_1]%]_1 =0.

We have shown that A1 (ALT)
J. It remains to show that [4
gives

C [AL(ALT)] +[A1(A%I)]O C I—F[A%(A%I)]O C

1 3
C A1l The linearized form of (12)

By what we have already proved each summand of the right-hand side of
this equation is zero or is an element of A;1. Also, by (9), [b%c%]o(aza%) =
([b%(}%]oaé)x € A%I. Thus

—[(xb%)(:%]oaé - [(xb%)a%] c1 € A%I
[(xC%)a%]Ob% + [(xC%)b%] a1 € A%I
Adding these last three equations and using (5) we obtain that 2[(xa%)c%]0b% €

Ayl Hence A%[Al(A%I)]O C Ayl Therefore Ay J C J.

2
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Lemma 4 If Ag =0 and [ =0, then M is an ideal of A.

Proof Let y € M. First, we prove that AiM C M. We have (a1y)by =

[(aly)b%]l + [(aly)b%]_l. Then, since [(aly)b%]_l =—1a; [yb%]_1 =0by (4), it

follows that (a1y)by = [(aly)b%]l € Ar. Thus (A1M)AL C A;y. Using (6) and
(7) we get (a1y)b_1 = —3y(a1b_1) = 0 and this means that (4, M)A_; = 0.
Next, we prove that A%M C M. More precisely, we establish that A1 M C

I = 0. Identity (13) gives (ary)b—1 = [a%y]lb_l = —iflaib_a],y] -

slaglyba]s] =0
Finally, from the definition of M we obtain A_; M = 0.

7 Simple Algebras

We are now ready to prove our main result.

Theorem 1 Let A be a 3-Jordan algebra and assume that A has an idempo-
tent element. If A is simple then A is either a Jordan algebra or a pseudo-
composition algebra.

Proof By Proposition 1, A has the Peirce decomposition A = A; ® A 1 DA D
Ap. Let J be the ideal of A established by Lemma 3. Since A is simple, we
have two possibilities: J = A or J = 0.

First case: J = A=1+Ay1+[A1(AL])]o. Here, A= A1 ® Ay ® Ag, where
A = I,A% = A%I, and Ag = [A%(A%I)]O. Notice that A_; = 0. By Lemma
1, A satisfies (1), (3), (5), (9), (12), (14), (16) and (21). Since all conditions
of Proposition 6.7 of Osborn [10] are satisfied, we may conclude that A is a
Jordan algebra.

Second case: J = 0. In particular, we have I = 0. Using (23), (41, 41, A1) C
I = 0. Therefore A; is a commutative and associative algebra.

In this second case we will show that A is a pseudo-composition algebra.
The proof is long. We present it in a series of lemmas.

Lemma 5 The Peirce subspace Ag is zero. Therefore A = A1 @ A% DA_.

Proof We claim that L = Ag + AOA% is an ideal of A. We have A1 Ag = 0 and
by (9) A1(AoAy) C (A1AL)Ao C AoAy; hence AyL C L. We know that

1 1
2 2

Ay (AoAy) = [Ay (AoAy)], + [A3(AoAy)] | +[A4(AoAy)] .

1 1 1 1 1 1 1
2 2 2 2 1 2 1 2 2
Using (13) we get

3l(aoby eyl dor = ~[l(aoby)d], ey = [(aobyleyd-i], ]

=

—1 —1
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But by (19) [(aoby)d—1], = 0 and by (15) [(aobs)[cid-1],] = 0. Thus

1 1
2 2

d_
S It follows that
0A

[(aob%)c%]ld_l = 0 and this means that [(aobs)c ]
[A%(AOA%)]l C I and since I = 0 we obtain [ é( %)] 0. By (15)
[A1(ApAy)] | = 0. Therefore A1(AgAy) = [A1(AoAy )]0 C Ay C L and,

since A: AO C L we have that A1 L c L. We know that A 149 = 0 and that
A_ (AOAQ) = 0 by (19), hence A 1L C L. Therefore AL C L, i.e., L is an
ideal of A.

Since A is simple L = 0 or L = A. Since e € A, but e ¢ L it follows that
L = 0 and also that Ag = 0.

We let A7 be an isomorphic_image of Ay. If a is an element of Aq, we use
@ to denote the image of a in A;. We define a multiplication between @ € A;
and z € A as follows:

az = alz]1 + 2alz]; — afz]-1.

Lemma 6 The algebra A is an algebra over the commutative associative ring
A

@

Proof To prove the lemma it is enough to verify that a(xy) =
for any @ € A; and Y € A. We will show that a([z]:[y];)
[z];(@ly];) (i,j =1,1,—1). Since A; is associative we get

a([zlhlyl) = @lz])[yh = [2]1(@ly]y)-

We now will show that (Aj, A%,Al)A% C A;. We know from Lemma 4 that

M is an ideal of A. Since A is simple and e ¢ M we must have M = 0. Using
(4) and (2) we obtain

)?Z z(ay),

@l=])lyl; =

[(ar(bicy))ds] | = —zarl(bricy)dy] = qar(bifepdy] )=
1 1
Zbl(al[c%d%]—l) - —§b1[(a10%)d%]_1 = [(bl(alc%))d%]—l'

This implies that [(a1, c1, bl)d%]_l = 0. It follows that (a4, ci, bl)d% = [(aq, ci, b1)d
€ A;. We will now show that (Aj, A%,Al)A_l = 0. Since A%A_l C A+ A%
we have by (24) that

i),

(A1, Ay, AA 1 = [(As, Ay, ADA L]+ [(Ar, Ay, ADA L], =0,

1
2

In the two previous results we have shown that (Al,A%,Al) C M. Since
M =0, we get (A1, A1, A1) = 0. Using this last fact and (1) we obtain
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By (2) we have

a([zhly]-1) = @] )[y] -1 = [z]1(@ly]-1)-

We know that AlA% C A1+ A_1. Thus (A%,Al,A%) = [(A%,Al,A%)]l +
[(A%aAlaA )]_1

[|

1 A1 AL A )]1 by (4). By (25) we get [(A%;AlaAl)]lA—l =

1 1

2’ 2 2
0. This says that , Ay, A%) C I. Since I C J and we are in the case J =0,
we get (A%,Al,A

s

=

0. This last fact and identities (3) and (4) gives

=
~—

I

—~ —~
B
(N[
=
ol
~
I
—
A
B
(N[
~
=
ol
I
&)
(N[
—
3
=,
ol
~

Identities (6) and (7) yield
Finally, by (10) we obtain

a(lz]-alyl-1) = @lz]-1)[yl
Lemma 7 The algebra Ay is a field.

I
B
[
w
~—
2
=
[
o
S~—"

Proof Let N be a nonzero ideal of A;. Since (nx)y = n(xy) for any n € N
and xz,y € A, NA is an ideal of A. Since Ne= N C NA, NA # 0. Since A is
simple, we must have NA=A. It follows that NA; = A;. The fact that N is
an ideal of A; implies that NA; € N. Thus A; = NA; C N and so N = A;.
We have shown that A; is a simple algebra. Since we already know that A;
is commutative and associative, we conclude that A; is a field. Since A; is an
isomorphic image of A; we have that A; is also a field.

We define the symmetric bilinear function ¢ : A x A — A; by setting
$a,x) = [a]f +2[[z]4[2]4], + [[2]g[2] -], = [=]2s.

The next step is to prove that for any x € A we have 2° = ¢(z, ) .
To make the notation readable in the next lemmas, we let a = [z]1, b = [z]

and ¢ = [z]_1. Notice that

1
2

oz, ) = a® + 2[b*]1 + [be]y — 2.
Lemma 8 We have (b+¢)® = ¢(b+c¢,b+c) (b+c).
Proof We first prove that (b +¢)® = ¢(b+ ¢, b+ ¢) (b + ¢) + d, where
d = [[b°]-1b]1 + [b%] -1 + 2[[be] 16]1 + 2[[bc] 1]

We have

(b+c)® =(b+c)2(b+c) = (b +2bc+ ) (b+c) =
b2b + 2(be)b + b + bPc + 2(be)c + e
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We have the following equations:
b%b = [b?];b + (%] _yb = 0] b+ [[D7] 0], + [[B7] 1], =
[b2]1b + [[52]_15]1 =+ 3[b2]1b

=

by (12);
2(be)b = 2[bel,b + 2[be] b = 2[be], b+ 2[[be] 0], +2[[belsb] =
2[be], b+ 2[[bc] bl — 3[6?]1c
by (13);
b2e = [b?),c + [, c;
2(be)e = 2[belyc + 2[be] ye = 2[be]yc + 2[[be] s o], + 2A[be]sc], =
~[belye+2[[bels ], - 3b?

since [bc];c = 0 by (18), and by (17). Therefore
(b+c)® = (4[b?], +2[bc), —2¢*) b+ (—2[b%], — [be], + ) c+d =

(202, +[bc], =) (b+¢c)+d=
)

(b+c,b+c) (b+c) +d.

We now prove that d = 0. Since A is an algebra over the field A; (Lemmas

6 and 7), we have

(b+c)Pe,btec)=(dpb+ec,b+c) (b+c)+d,eb+c)=
dpb+c,b+c)(b+c,e,b+c)+ (d,e, b+ c).

Since ((b+¢)*,e,b+c¢) = 0 and (b+¢,e,b+¢) = 0 we get (d,e,b+c) = 0.
Then %db + 2dc = 0. This implies db = 0. Therefore d = 0 or b = 0. But if

b =0 then d = 0. In either case, we have d = 0.

Lemma 9 For any x € A we have 2° = ¢(x,z) x. Therefore A is a pseudo-

composition algebra over Aj.
Proof We have x = a + p, where p = b 4 ¢. Therefore

2® = (a+p)*(a+p) = (a® +2ap + p*)(a +p) =
a*a+a’p + 2(ap)a+ 2(ap)p + p*a + p’p.

Since a’a = @%a, a’p = @*(3b — ¢) and 2(ap)a = 2a(ap) = 2a(a(3b —c)) =

@*(3b + 2c) we have

a’a+a’p+2(ap)a =a*(a+ b+ c).

81

(26)
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We have

2ap)p = 2 (a(%b — ) (bte) =2 a(%bQ _ %bc — ) = a(b® — be— 22) =

(), — [P%)_, — o, — 2lbe] — 26%)
and
p’a = ap® = a(b* + 2bc + ¢*) = a([V?], + [b°]_, + 2[bc], + 2[be]y + ).
By Lemma 8 we get

p*p=¢(p,p) p = (2[b%], + [bc], —?) (b+¢) =
2[0?]; + [be]y — ) (a+b+c) + (=2[b%];, — [bd], + *)a.

Thus

2(ap)p + p*a+p’p = 2167, + [bc], — ) (a+b+c). (27)

Adding equations (26) and (27) we obtain

2 = (@ 207, + o, — &) (a+b+0) = o(@2) a.
Therefore 2 = ¢(z,z) = for any € A. We have proved that A is a
pseudo-composition algebra over Aj.

8 Further Remarks

In this section we determine necessary and sufficient conditions for a
3-Jordan algebra with idempotent to be a Jordan algebra, and for a 3-Jordan
algebra with idempotent to be pseudo-composition algebra.

Theorem 2 Let A be a 3-Jordan algebra. Suppose that A contains an idem-
potent e with Peirce decomposition A = A & A% ®A_1 D Ag. Then A is a
Jordan algebra if and only A_1 =0 and Ag is a Jordan subalgebra of A.

Proof If A is a Jordan algebra then its Peirce decomposition is A = A, @A% &3]
Ap and the relations

A%CAl, AlA%CA%, AlA():O, AQ%CAl—FA(), A%A()CA%, A%CA()(zS)

hold (see Osborn [10], p. 219). In particular, A_; = 0 and Ay is a Jordan
subalgebra of A.

Conversely, assume that A_; = 0 and Ay is a Jordan subalgebra of A. Then
by Proposition 1 relations (28) are satisfied and identities (1), (3), (5), (9), (12),
(14), (16) and (21) hold. Therefore, by Proposition 6.7 in Osborn [10], A is



I. R. HENTZEL and L. A. PERESI 83

a Jordan algebra if and only if A; and Ay are Jordan subalgebras of A. By
our hypothesis, Ay is a Jordan subalgebra of A. Therefore, to conclude that
A is a Jordan algebra, it remains to prove that A; is a Jordan subalgebra of
A. Since A? C A; we have that A; is a subalgebra of A. Let z,y € A;. From
f(x,e,x,y, ) = 0 we obtain 3(22,y,z) + (z3,y,e) = 0. Since (23,y,¢e) = 0, we
get (22,y,x) = 0. Therefore A; is a Jordan algebra.

As a consequence of our Proposition 5 and Theorem 2, and Proposition 3.2
of Meyberg and Osborn [9] we obtain the following result.

Corollary 1 The algebra J(¢,V, P) is a Jordan algebra if and only if P is of
e-quadratic type satisfying x* +y(z)xr =0 (v #0).

Theorem 3 Let A be a 3-Jordan algebra over K. Suppose that A contains an
idempotent e with Peirce decomposition A = A1 & A% DOA_1D Ag. Then A is
a pseudo-composition algebra if and only if Ay = Ke and Ag = 0.

Proof If A is a pseudo-composition algebra then it has a Peirce decomposition
A=Ke® AL ® Ay (see Meyberg and Osborn [9]). Therefore A1 = Ke and
Ao =0.

Conversely, let A be a 3-Jordan algebra and suppose it has a Peirce decom-
position A = Ke® Ay & A_1. In our present case, ¢(z,z) € K and ¢(z,z) =

¢(z,x)e. As in the Lemma 9, for any z € A, we have that 2° = ¢(z,7) .
Therefore A is a pseudo-composition algebra over K.

It follows from Proposition 5 and Theorem 3 that J(¢,V, P) is a 3-Jordan
algebra which is not a pseudo-composition algebra.

Corollary 2 The following assertions are equivalent.

(i) The algebra A is a 3-Jordan algebra and contains an idempotent e with
Peirce decomposition A = Ke® AL & A_1 & Ao satisfying Ay =0 and Ag =0
(respectively, Ay =0 and Ag =0).

(i) The algebra A is a pseudo-composition algebra with Peirce decomposition
A=Ke® A1 ® Ay satisfying Ay =0 (respectively, Ay = 0).

(iii) The algebra A is of e-quadratic type satisfying x> + B(x)x = 0, B # 0
(respectively, % + B(z)x + y(z,x)e = 0, y(e,€) = =3, B(z) = —37(z,¢).)

Proof This is an immediate consequence of our Theorem 3 and Proposition
3.2 of Meyberg and Osborn [9].
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