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Abstract

The purpose of this paper is to study the theory of germ of r—reticular
map under the action of the group Diff"(n). The main result is to find
the relations between versal deformations and infinitesimal deformations
of a germ r—reticular map.

1. INTRODUCTION AND BASIC CONCEPTS

One of these questions of Catastrophe theory is an investigation of the singu-
larities of map-germ after perturbation. The aim of this paper is to generalize
Mather’s deformation theory of reticular map-germ. This is a preparation to
classify reticular map-germs under an algebraic criterion.

The paper contains two sections. The first section deals with the basis
notations, and the second gives some results on the relations between versal
deformation and an infinitesimal deformation of a germ of r—reticular map in
real case.

Let f,g: R® — RP be C*°-differentiable maps. We say that f and g define
a germ at xg € U C R", if there exists a neighbourhood V of xg in U such that
f =g on V. We denote by (n,p) the set of germs of differentiable maps at 0
from R™ to RP. We write e(n) instead of £(n, 1).

Fix an » € N,;0 < r < n, and consider X; to be a germ of the set
{(z1, 22, ..., xn) € R™ | 2; = 0}. Denote P(I,), the family of all subsets of
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the set I, = {1,2,...,r}.

The collection X = (X, )secp(s,) Where X, = Nice Xy, is called a germ of
r—reticular manifold. Denote by Dift"(n), the set {®: (R",0) — (R",0) | ® is
a diffeomorphism germ at zero, such that ®(X,) = X,,0 € P(I,)}.

Let f: X — Y be a map from X into Y, where X, Y are smooth manifold-
germs. Denote by f the collection (fs)sep(1,), where fy = f|x,. We call it a
r-reticular map-germ, and we write f: X — Y.

We say that two germs f, g are r—reticular equivalent if there exists ® €
Diff"(n) such that f = go®.

Definition 1.1 Let f: X — Y be a r—reticular map-germ and let U be an
open subset of R?, we say that a map-germ F: X x U > (z,u) — F(z,u) €Y
is a g—parameter deformation of f if F(x,0) = f(x).

Definition 1.2 A deformation F' of f is said to be a constant deformation if
F is of the following form: F'(x,u) = f(x)

Definition 1.3 We say two g—parameter deformations F, F5 of the r—reticular
germ f are r—reticularly equivalent if there exists g: (X x R?,0) — (X,0),

9(X;,0) = X;,Vi=1,...,r and g(x,0) = x such that Fy(x,u) = Fa(g(z, u),u).

Definition 1.4 Let F': X xU — Y be a g—parameter deformation of r—reticular
germ f: X — Y and U, U’ be open subsets of R?, and h: (U’,0) — (U,0),u —
h(u') be a smooth map-germ. Then, the map h * F: X x U’ > (z,u/) —
F(z,h(u) €Y is called a deformation induced from F by the map h.

Definition 1.5 An r-reticular germ f is stable if any deformation of f is
reticularly equivalent to the constant deformation of f.

Definition 1.6 A deformation F' of f is said to be versal if every deformation
of fis r-reticularly equivalent to one induced from F.

Definition 1.7 We denote by R{F}, ..., F,,} the vector subspace of £(n), which
is generated by F1, ..., Fy, where F; = g—i(x, 0) and (e, .. ., €p) is the canonical
basis of £(n, p). We write

af  of

oy T ——
"0z, Oxpyr’

0
TT’f:E(n){xlaa—a{‘l) "'a%}+f*5(p)(€la"'a€p)a
where f*e(p) is the subring of e(n) defined by f*e(p) = {kof : k € e(p)}e(n).
We say that a g-parameter deformation F' of f is an infinitesimally versal
deformation if:

T.f + R{Fy,..., E;} = e(n)
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2. RESULTS

Theorem 2.1 Let f: X — Y be a r—reticular germ and let U be open set in
R?, and F: X xU 3 (x,u) — F(x,u) €Y be a g—parameter deformation of f.
Then the deformation F is infinitesimally versal if it is a versal deformation.

Proof For any « € €(n, p), we construct an 1-parameter deformation F’(x, t) =
f(x) + ta(z) of f. Since F is versal, there exist g, ¢ such that f(z)+ ta(z) =
F(g(t,z),e(t)), where g: X x R — X g(x,0) = z and g is of the form

g(xa t) = (xlgl(x; t)a cey xf’gf’(xa t)a gf’-i-l(xa t)) cey gn(x, t))a

and
¢:R—=R7 ¢(0)=0,

such that g and ¢ are smooth germs. Differentiating by ¢ at 0, we get:

a(z) = F’(g(x t), o(t))li=0
= Z z; 9L BF 3571(”6 t)| o+ Zi_ B_F agm(r t)| o+ Z B_F 3@#;1 =0
where h;(x) = %hzo, Fl(x) = gf ,Ci = a“’l(t) |t o- The proof of the theo-
rem is now completed. u

Before going to the next result, we need the following lemmas.
Lemma 2.2 Let f € e(n,p), ® € e(n+q,p) and let & be g—parameter deforma-
tion of f, and F € e(n+q—1,p) is defined by F(x, 1z, ...,t;) = ®(x,0,ta, ..., 1,).
If there exists a vector field germ X at 0 € R™ x R? such that

1) X =82+ &(t)§? i(z,t) g%

s
I MQ
[\

2) Xog¢p=0,

then there exists a submersion map-germ h: (R9,0) — (R971,0) such that ® is
r—reticularly equivalent to h * F.

Proof If follows readily from the condition 2 that ¢ is a constant deformation
of F. Hence X is constant of vector field

v=22 22:

in a neighbourhood of 0 € RY. If W(ty,...,t5) = (t1, ¥y, (t2, ..., 1)) is a locally
diffeomorphism, defined by the integral of vector field v, then h: (t1,...,tq) —
W, ' (ta, ..., tg) is the required map and we have

¢ = (hx F)(Tx(z,1), )
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where IIx : X X R? 5 (x,t) — = € X is canonically projective. Therefore ¢ is
r-reticularly equivalent to h * F. O

Lemma 2.3 Let F' be an infinitesimally versal g—parameter deformation of
f and ® be an I-parameter deformation of F. Then the deformation ® is
r—reticularly equivalent to the deformation induced from F .

Proof Since F' is an infinitesimally versal deformation of f, we have

s i o
le&xl ;la—mf(nHR{Fl,...,Fq},
It is equivalent to
& od ‘ .
e(n+1,p) = le » e(n+1)+ 1;18x¢5(n+1)+5(1){¢1"“’¢‘1}' (%)

In particular, 1f ® ce(n+1,p), by (*) we get

r n+1 q

0P 8<I> 0P

gzza + dox xﬁzf@
=1 i=r+1 i=1

Taking X = aa_f - i 5@)38_2 = Yio riXi(a, t)_ - Z’?:T—‘rl Xi(, t) o,

then by Lemma 2.2, we have X o ¢ = 0. Hence the deformation ® is equivalent

to h * F for some h, proving our Lemma. U

Theorem 2.4 Any infinitesimally versal deformation is versal.

Proof Let I’ be an infinitesimally versal g—parameter deformation of f and
suppose that F is any deformation of f with parameter \" € RY". Consider
the deformation F'(z, A, \) = F(z,\) + F'(z, ) — f(x), and the sequence of
subspaces R? C RIT! ... c R?"7 . Since F is an infinitesimally versal, we see
that Iy = Fy, = = =0 is equivalent to the induced deformation of F.

We will prove that if F is infinitesimally versal, then Fy is infinitesimally
versal too. Indeed, since F' is infinitesimally versal, we have

s(n,p)zTT,f—FR[Fl,...,Fq] (")

and Fy = [F1];,i = 1,2, ...,q. Therefore, {R[FY, ..., F]} C R{[Fi]1, ..., [Fi]gs1}-
Hence the condition (x') is satisfied. R R
By the same argument above, we see that Fy = F| Ny=..=M, =0 is equivalent

to the induced deformation from Fy. Slmllarly, we get Fl, is equlvalent to the
induced deformation from Fl 1,7 = 2,...,q¢, and therefore Fis equivalent to
the induced deformation of F, proving our Theorem. (I
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From now on, we denote by I%, the ideal generated by (x1%, ey Ty g rfr,

85:11 , Bann) and O} to be the ring defined by e(n,p)/I}. The symbol = means

an isomorphism between two rings.

Theorem 2.5 Let f: X — Y, g: X — Y be two stable r-reticular map-germs.
If [ is reticularly equivalent to g, then O% and Oy are isomorphic.

Before giving the proof of theorem 2.5, we have the following remark. Given
a germ ®: (R™ 0) — (RP,0), we obtain a mapping ®*: (p) — &(n) by the
formula A — Ao ®. One can easily check that ®* is an algebra homomorphism.
It is said to be induced by ®.

Since f, g are equivalent, there exists ® € Diff"(n) such that f = go®. Def-
ferentiating by x;, we get g_m = a(;_;;@ = 2?21(%o¢) gij = 2?21 (D*(aa‘—fj) ?)if
It implies that ' '

I C o (I7) (1)

By the same argument above, we see that if f = go ®, then g = f o ® 1.
d(fod~? n o9 1, 007! n ey 8F 027" .

Hence a% = 7“8% ) — ijl(afnijQ 1)—821‘ = ijl(tb ) (8_"[7) 52— This

shows that Ij C (®~")*(I}). It implies that
O*(Iy) C (D7) (I})] = (27 0 ®)"(I7) = I}

This shows that

o (Iy) € I} (2)
From (1) and (2), it follows that I} = ®*(Iy) and therefore I} = I7. Hence
O% = Oy, proving our theorem. O

Problem Suppose that O} = Og. Are f and g reticularly equivalent?
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