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Abstract

Given a Bernstein algebra A = Fe ® U @ V, the two ordered pairs
of integers (1 + dimU,dim V) and (dim(UV + V?),dim U?) are called,
respectively, the type and the subtype of A. In this paper we de-
termine the minimum and the maximum dimension of the subspace
UV +V? in 2-exceptional Bernstein algebras (those satisfying U(UV) # 0
and U((UV)V) = 0) and we introduce an algorithm to construct 2-
exceptional Bernstein algebras for some types and subtypes.

Introduction

This paper is a natural continuation of [2], where the authors investigate
under which conditions, given a quadruple of non negative integers (r, s, t, 2),
there exists a n-exceptional Bernstein algebra of type (1 + r,s) and subtype
(t,2), for n = 0,1. In this article, we study some properties of n-exceptional
algebras for n = 2 and construct 2-exceptional algebras for some particular
types and subtypes.
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154 Existence of 2-exceptional Bernstein algebras

We recall that a baric algebra over a field F' is a pair (A,w), where A
is not necessarily associative algebra over F' and w : A — F' is nonzero ho-
momorphism. A baric algebra (A,w) is Bernstein if A is commutative and
(22)? = w(x)?2?, for every = € A.

Every Bernstein algebra possesses at least one nonzero idempotent. If F'isa
field of characteristic not 2, then for every nonzero idempotent e, A has a Peirce
decomposition A = Fe® U, @ V, relative to e, where U, = {z € A | 2ex = x},
Ve={z € A|exr=0}and Kerw = U, ® V.. Unless necessary, we omit the
subscript e in U, and V.

In a Peirce decomposition A = Fe® U &V, the subspaces U and V verify
the relations U2 C V, UV C U and V2 C U and the following identities hold
foralu e U and v € V:

u?=0, w?=0, ww)=0 (w)®=0, (©?)*=0. (1)

All the linearizations of the equations (1) are also identities in A. In par-
ticular, uq(ugv) + uz(uiv) =0, for all uy,us € U, v € V.

In this paper, we consider only finite dimensional Bernstein algebras over
fields of characteristic not 2. Let A = Fe@® U @ V be a Bernstein algebra. It
is known that the dimensions of U, V, UV + V2 and U? are invariant under
change of idempotent. The ordered pairs (1+dim U, dim V) and (dim(UV +V?2),
dim U?), which are well defined, are called the type and the subtype of A,
respectively.

A Bernstein algebra A is said Jordan-Bernstein if it is also Jordan. In [4] it
was proved that A = Fe®U, @V, is Jordan-Bernstein if and only if Vf =0 and
(uww)v =0, forallu € U, v € Vo. If A = Fe®U, &V, is a Peirce decomposition
of a Bernstein algebra A, then the set L = {z € U, | zu =0 for all u € U, } is
an ideal of A contained in U,, which is independent on the idempotent. The
quotient algebra (A, ©), where A = A/L and @(a+ L) = w(a), for alla € A, is
Jordan-Bernstein. In the Peirce decomposition A = Fe®Us@ Vs relative to the
idempotent € = e + L, we have Uz = U, := U, /L and Ve =V, := (V. + L)/L.
For a subspace X of a Bernstein A, we will denote by X the quotient (X +L)/L.
All these facts are well known and can be found in [5], [6], [7] and [§].

If X and Y are subspaces of a Bernstein algebra A, we define XY (©) = X
and XY®) = (XY *#-D)Y | k integer > 1, where XY = (zy |z € X,y € Y).

A Bernstein algebra A = Fe ® U, ® V, is called exceptional of degree n,
or n-exceptional, if n is the least non negative integer such that the subspace
Ue(UeVe(")) = 0, for some idempotent e. The integer n is called the degree
of exceptionality of A. If A satisfies UZ = V, then A is said to be nuclear.
These definitions do not depend on the choice of the idempotent element. It
was proved in [2] that every Bernstein algebra of type (147, s) is n-exceptional
for some integer n, with 0 < n < s+ 1.

For Bernstein algebras with degree of exceptionality greater than or equal
to 1, we have the following result.
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Proposition 1. If A = Fe® U, & V. is a n-exceptional Bernstein algebra of
finite dimension with n > 1, then for every idempotent element of A the chain
of subspaces

Ue 2TV, 2 WeVe)Ve 2 .. 2 UV
is strictly decreasing for every integer k < n and UeVe(") =0.
Proof Let e be an arbitrary idempotent of A. As A is n-exceptional, Ue(UeVe(k)) #

0, for every k < n and Ue(UeVe(")) = 0, thus U,v™ =0 and U, v® £ 0, for
every k < n. Therefore the chain U, D UV, 2 (U Vo)V, D ... D U V"V £0

is strictly decreasing, because if U, e(k) = UeVe(kH), for some integer k, 0 <
k<n—1,then 0 # UVH = U, v = | = 0.V =0, a contradiction.
([

2-exceptional Bernstein algebras

The aim of this section is to study some general properties of 2-exceptional
Bernstein algebras.

Proposition 2. If A = Fe® U &V is a n-exceptional Bernstein algebra of
type (147, s) with n > 2, then

() r>4 and s > 2;

(i) dim L < r — 4;

(ii7) dimTV > 2.

Proof Note that dimU((UV) = dimU(UV') # 0, since n > 2. Then there

exist @1,1s € U, © € V, such that @, (ta0) = —to(u10) # 0. It was proved
in [3, Prop. 9] that both sets {@1, U2, W17, U2} and {@;(a2?), v} are linearly
independent. This establishes (7), (i) and (7). O

Now we investigate bounds to the dimension of the subspace UV + V? in
2-exceptional algebras.

Let A = Fe® U, & V. be the Peirce decomposition of a Bernstein algebra
with respect to an idempotent e. For a basis B = {uy, U, ..., %} of U.V,, the
set {u1, ug, ..., us}, where u; (i = 1,2, ..., t) is a representative of the equivalence
class w;, is a linearly independent set of U.. Let M = (uj,us,...,u) be the
subspace of A generated by this set. It is clear that dim M = ¢, independent of
the basis and of the representatives u; chosen. Moreover, dim M = dim U.V,,
which is invariant under change of idempotent. Therefore dim M is an invariant
of the algebra. By construction, M C U,V + L and MNL =0. If Ais an-
exceptional Bernstein algebra with n < 2, then, for every idempotent, M? = 0,
independent of the basis of U.V, and of the representatives wu;.
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Proposition 3. If A = Fe®d U ® V is a 2-exceptional Bernstein algebra of
type (1 +17,s), then 2 < dim(UV + V%) <r —2.

Proof As A is 2-exceptional, dim UV > 2, according to Proposition 2. We con-
sider dim L = r — k, with 4 < k < r. By Proposition 1, dimUV < dimU —1 =
k — 1. Suppose, by contradiction, that dimUV = k — 1. Let {iy, ua, ..., Ug_1}
be a basis of UV and let M = (uy, us, ..., ux_1) be the subspace as previously
defined. We have M? = 0, then u;M = 0 = u; L. As u; ¢ L, since u; # 0,
there exists u € U such that uyu # 0. If « € F, m € M and | € L are such
that au = m + [, then auiu = uym + u1l = 0 and so @ = 0. Therefore,
U=wdMaeaL Thus, M CUV+L=_(u)+M+LV+LCuV+ L.
Then there exist v € V, | € L such that u; = wv 4+ [. This implies that
0 # wu; = u(uv) +ul = 0, a contradiction. Then 2 < dimUV < k — 2 and
consequently 2 < dim(UV 4 V?) <r — 2. O

Some 2-exceptional Bernstein algebras

A natural question is to try to improve the bounds given in Proposition 3 or
to investigate wether these values can be reached. Let us show, by construction,
that there exist 2-exceptional Bernstein algebras with dim(UV + V?2) = ¢, for
2 <t < dimU —2. An estimate for the maximum dimension of the subspace U?
is a hard problem. Thus we construct 2-exceptional Bernstein algebras where
the dimension of the subspace UV 4 V2 reaches the minimum and maximum
values given in Proposition 3 for some values of the dimension of U2.

In what follows, we denote by [ | : R — Z the mapping defined by [z]| = n,
where n — 1 < z < n and n is an integer.

Theorem 1. Let r,s,t and z be integers satisfying any one of the following
conditions:

(i) r>4, s2>22 2<t<r—2 and fr—t)r—t+1)<z<
min{[(r—t)(r—t+1)+(r—t—1)t—ri(r—t—r1)], s— [5]}, wherery is
the remainder of division of the integer t by r —t;

(i5) t = %p(p2 — 1), for some integer p >3, r =t+pand s =z =
sp(p+1)(p* = 3p +6).

Then there exists a 2-exceptional Bernstein algebra of type (1 + r,s) and
subtype (t, z).

Proof The proof is an algorithm to construct such algebra. Initially we make
the following attribution of values for m, n and p, integers used as bound to
the dimension of the some subspace in algorithm: if the integers satisfy the
conditions of item (i), take m = n =0 and p = r — t. Otherwise, take m = ¢
and n = $(p — 2)(p — 1)p(p + 1). Furthermore, let my = £p(p + 1), ¢ and 71,
respectively, the quotient and remainder of division of (t —m) by p. The letters
1,7,k and [, used as indexes, represent always integer values.
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Let A be the vector space over F having {e, u1, ug, ..., Up, V1, V2, ..., Us} as a
basis. We define in A the commutative product given by:
(1). e?=e; em:%ui; ev; =0 (i=12,..,r and j=1,..,3);
(2). wmj =veuj, f1<i<j<p, wheree(i,j)=302p—i)(i—1)+ j;
(3). uguj = —2ui(uiuj) = 2up, (i j);
uiu; = —2u;(witg) = 2Up, (i jy;
if1<i<j<p and pw(i,j) <p+m forw=12 where
pw(i,5) =p+ Yoy [(p—2)(p — (x = D]+ (w = 1)(p— i) + (j — i);
(4). (uiuj)uk = Ury (4,5,k)3
('Ufjuk)ui = Ury (i,5,k)5
f1<i<j<k<p and 7u,(i,j,k) <p+m forw=1,2, where
T j, k) = p S [(p— 2)(p — (@ — 1)] + 2(p— i) + (2p — (i + )
- +2k—j) —24w;
(5).  (wiur)u; = —[(uiwy)ur + (wjup)y], fl1<i<j<k<p;

(6).  (uuj)up = —(uiup)u; = 2(uuj.up)u; = 205, (i j k)3
(u?ul)uk = (u ) = 2(uityug)uy = —2(uup. i)y = 2Vs, (i 4.k);
(“z“i)“j (ukuj)ul = 2(uwjug-ug)ug = —2(ujup.ui)uk = 2V5,(i,4,k);
ifl1 <i<j<k<panddyu(i,jk) <min{z,m +n} forw=1,2,3,
where
S iy o k) =m1 + 32 3lp—2)(p— (x+ 1))+ 32p— (i + ) — i —
1) +3(k—j) —3+w;
(7). (ugujoup)uy = — (Ut u) Uk = Uy, (i,5,k,0)}
(wjup.wi)ug = —(UjUpug)Us = Vo (5,105
(urugui)ug = —(Uptg2;)Us = Vo (4,105

fl<i<j<k<l<p and (4 k1) < min{z,m; + n} for
w =1, 2,3, where

Yo is 4 by 1) = mu + 5p(p = 1(p = 2) + X571 30— 2)(p — (2 + 1) (p —
(z +2))+

S (=) (p— (e D)) +3@p— () (k= — 1) +3(— k) — 3+
(8).  (wing-up)uj; = (uiuj.up)uy + (wjug.u;)u;

(wjuruws)ur = (wjupu)u; + (upwpug)u;, f1<i<j<k<l<p;
(9). Wivzqj = Uppmy(i-1)g+j> L1 <i<p and 1<j5<ygq;
(10). UiV qqt1 = Umpp(gi)tis if 1< <y
(11). Uilptmt(—1)g+k = —UjUptmt(i—1)g+k = Vo, (irj,k)}

if1<i<j<np, 1<k<q e o01(4,4,k) <z, where

o(ird, k) = s+t (52— )i — 1) + (G — i — Dlg+k;
(12). Uithmip(g+1)+5 = ~UjUmep(g+1)+i = Voo (i)

ifl1<i<j<r and o9(i,j) <z, where

oa(i,j) =m1+n+3plp—1)g+ 5(2r =)@ — 1)+ ( —0);
(13). Other products are zero.
Let w: A — F, defined by w(e) = 1; w(w;) = w(v;) =0, for i = 1,2, ..,r and
j=1,2,...;s. In order to show that (A, w) is Bernstein, we will use Theorem
3.4.8 of [5]. Consider U = (uy, ug, ..., ur) and V- = (v1, va, ..., vs), then A = Fe®d
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UsV. As p+m <r, we may write U = (U1, Ua, ..., Up, Upt1, oy Uptmy - Up)-
JFrom commutativity of the product it follows that U? = (u;u; | 1 <i < j <
)= (wiu; |1 <i<j<p)+(uu; |1<i<p p+1<j<p+m)+(uu;|1l<
i<p,p+m+1<j<r)+(uu; |p+1<i<j<r). ;From items (3), (4)
and (5) above it follows that (i1, tpia, ., Uppm) = (Ufuj, uiu; |1 <@ < j <
p) + ((wiug)ug, (ujug)u; |1 <i<j<k<p). Thus U2 = (uu; |1 <i<j<
)+ ((ufug)u, (uiuug |1 < i< j<p, 1<k <p)+((wiuj.ug)ug, (ujug.u)u |
1<i<j<k<p, 1<Ii<p)+ (wu; |1<i<p,p+m+1<j<r)+ (wu;|
p+1 <i < j <r). Using the products given in items (2), (6), (7), (8), (11), (12)
and (13) we obtain U? = (01,02, ..., Uy, Uy 415 s Uy tns Uy tndly -y V2) C
V. Let W = {(v,41,V242,...,0s), then V. = U2 @ W e UV = U3 + UW.
From (3), (4) and (5), it follows that U® = (ujuj,uju; | 1 < i < j < p)+
(g )ug, (ujur)u; | 1 <i<j <p)= (Upt1,Up+t2, ..., Uptm) and from (9) and
(10) we obtain UW = (u;v,45 | 1 <7 < p, 1 < j < @)+ (Uvogqe1 | 1 <
) < 7’1> = <up+m+1,up+m+2, ...,’U,p+t>. Hence UV = <’U,p+1, Up+2, ...,up+t> - U.
Moreover, we have V2 = 0. Let z = w(z)e + u+v € A, where u =Y ,_, a;u;,
v =37_ Bjvj, with a1, ..., ar, Bi, ..., Bs € F. As the product is commutative,
from (1) it follows that 22 = w(z)%e + (w(x)u + 2uv + v?) + u?, with w(x)u +
2Quv 412 €e U4+ UV +V?2 =U and u? € U? C V. It remains to show the
identities:
w? = (w?)? = v = u(w) = (w)? =0

for all u = 37, aju; € U and v = 375, Bju; € V.
(i) wv? € UV? = 0, because V2 = 0;
(i) (u?)* € (U?)* C V2 =0;
(iii) u? = 0:

From commutativity of the product we have

r r—1 r
u? = E a?u? + 2 E E oauuy and
i=1

i=1 j=i+1

T T r—1 T T
u? = Zojulug + 2 ;oo (uiug )u
- i Gty Uy i QO (titly )Wk -

=1 j=1 1=1 =141 k=1

Consider a product of the form (uw;u;)ug, with 1 <4,j,k <r. Ifiorj>p+1,
then the product w;u; lies in (Um, £n+t1, Ums+nt2, -, Us), according to items
(11) and (12). Thus (u;u;)ur = 0, for every k, because by (9), (10) and (13),
upvy = 0, for any o < z. If ¢,j < p, then wu; € (v1,v2, ..., Um, ), according
to (2) and in this case, if & > p + 1, then (u;u;)ur = 0, by the same rea-

p.
son. Hence, it is enough to consider i, j,k < p. Then v® = >~ > a?ajulu; +

i=1j=1
(S 2. 2 Py 303 2, .2
2> 2 Yy agop(uiug)ug = 3 ajojuiug +)) ajup + Y aaguiug+
i=1 j=itl k=1 1<i<j<p i=1 1<i<j<p
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2( > Zaj(wuj)ui+ > OQ'O[?(U,{U,J')U/J'"’ > a; oo (ujug)u; +

1<i<j<p 1<i<j<p 1<i<j<k<p
> aao (uiug)u; + > aiozjak(uiuj)uk).
1<i<j<k<p 1<i<j<k<p

Using (3), (4), (5) and (13) we get:
Zl<l<]<p 20} O‘J“pl(u)+2‘)‘la Upa (1,5) F2(—0F U, (i,5) — i “pa(u))

D1 <icj<kap 200G 0 (%(mk) = (Ury (g k) + Ura (k) + un(i,m) =0.
() u(uv) = 0:

Initially we calculate the product wv. Let Wi = (v1, 02, ..., U, ), Wo =
<’Um1+1,’Um1+2, ...,’Uz> and W3 = <’Uz+1,’UZ+2, ...,’Us>. Then V =W, & Wy & W3
and thus v = wy + we + w3 with w; € W, for ¢ = 1,2,3. By the rules of
the product it follows that UWs = 0, therefore uwv = ww; + uws. By (2),
W, = <’U,¢’U,j |1SigjSp),thenthereexistﬁij EF(IS’LS]Sp)

s
such that wy = 7, Z?:i Bijuiu;. Thus vwy = Y, Y apfij(uu,)ur =
1<i<j<ph=t

p T p
oY anBuniuet Y, > apBij(wivj)ug = Y (Oéiﬁjjum?+04jﬁnu?uj+
i=1 k=1 1<i<j<ph=1 1<i<i<p

Ozl'ﬁl'j (uluj)ul + Oéjﬁl'j (uiuj)uj)—k Z (aiﬁjk(ujuk)ui + Oéjﬁik (uiuk)uj +
1<i<j<k<p

akﬁij(uiuj)uk).
Using (3) and (5) we get:
wwr =Y ((Oﬁﬁjj—%ijﬁu)um?ﬂajﬁu—%mﬁu)ulzuj)+
1<i<j<p
(2)
+ Y ((aiﬁjk_ajﬁik)(Ufjuk)ui‘F(akﬁij_ajﬁik)(uiuj)uk)-

1<i<j<k<p
Asz<s— [t_Tm], then 24 ¢q < s, thus W3 =< 0,41, Vs42, oy Vsggs vy Us >
Let A\;q; € F with j = 1,2,...,s — z such that w3 = >3 "7 A\.4jv.4;. Then

s—z s—(z+1)
uws = Z Ao jUUL4j = Z Ao j Wt F Asqqb1 Waggi1 + D Ao jUV-45 +
=1 Jj=1 Jj=q+2
AsUVs. Usmg (9) and (10), it follows:
p q T1
uwz = Z Z QA 1 Upfmg(i—1)g+5 T Z QiXeqqi1Umip(g+)4i-  (3)
i=1j=1 i=1

From the identities given in (2) and (3) we get:
W= 1cici<p ((azﬂjj — 500w + (o Bii — %%@j)ufui)
T2 1<icj<k<p ((Oﬁﬁjk — a;fBik) (ugur)u; + (axBij — Oljﬁik)(uiuj)uk) (4)
+> Z] 1 QA Uppmt(i—1)g+5 T Y WiXz gt 1 Umpp(g+1)+i -



160 Existence of 2-exceptional Bernstein algebras

In order to establish the product u(uv), we calculate in separate forms, the
products of u by each of the parts given in (4).

1) > (B —za;Bp) (wudu= Y ZT: ap(aifj — 30 0i) (wid Juy,

1<i<j<p 1<i<j<pk=1
= > (oa(ozjﬁkk — SonBn) (wjug)u; + (i Bk — SarBir) (uiud)u;
1<i<j<k<p
+04k(aiﬁjj—%aj@j)(uiu?)uk) + ((O%zﬁjj_%O‘iajﬁij)(uiu?)ui+(aiajﬁjj

1<i<j<p

— %a?ﬁ”)(uluf)uj)) Using the items (6), (7), (8) and (14) we get:

1
> (aiﬁjj—§@jﬁu)(um3)u =
1<i<j<p

(5)

= Z (Oéiakﬁjk — Bk ) Vs, (i, k) + (2asar B — ajakﬁij)vég(i,j,k))§
1<i<j<k<p

2) > (B — 3aifBi)(uiu)u = Y kﬁl ar(ajBi — 30uBij) (uiug)uy
p

1<i<j<p 1<i<j<

= X ((Owkﬁjj — s fin) (Wiup)ui + (ajanbii — saia;Bir) (ufur)u;
1<i<j<k<p

+(ojarfii — %O[i()[k;ﬁij)(“%“j)“k). Using the items (6), (7) and (8) of the prod-
uct we get:

1
> (Oéjﬁn—§()[¢6¢j)(u12uj)u =
1<i<j<p

(6)

Z ((Oliajﬁjk = 200835 ) Vs, (i, k) + (o Bir, — Oéiakﬁij)v(sl(i,j,k));
1<i<j<k<p

3) > («iBjr—aiBin)(ujupui)u =} ZT:al(aiﬁjk_Oljﬁik)(ujuk-ui)ul

1<i<j<k<p 1<i<j<k<pi=1
= > (Oliajﬁkl_Oliakﬁjl)(ukul-'Ufj)'Ufi‘F(OMO[jﬁkl_Oljakﬁil)(ukul-ui)uj
1<i<j<k<I<p

+asarB — ajorBu) (wjurug)uy + (i fir — Oljalﬁik)(ujuk-ui)ul)

+ > ((oziozjﬁjk—a?ﬁik)(ujuk.ui)uj—|—(oz¢ozk6jk—akajﬁik)(ujuk.ui)uk).
1<i<j<k<p
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Using now the items (6), (7) and (8) we have:
(ifjk — oBir) (ujup.ui)u =
1<i<j<k<p

= > (Otkoéjﬁu — ajop B + oo Bk — ajalﬁik)vyg(i,j,k,z)+
1<i<j<k<I<p

2i<icj<k<p ((Oﬁﬁm = i (1) Vs, i,k) + (jnbin — ainﬁjk)U%(Mk));

(7)
4) > (ofij—ayfin) (wingug)u = Y ZT:al(akﬁij_Oljﬁik)(uiuj-uk)ul

1<i<j<k<p 1<i<j<k<pi=1
= > ((aialﬁjk—akaiﬁjl)(ujuk-ul)ui+(ajalﬁik—akajﬁil)(uiuk-ul)uj
1<i<j<k<l<p

+Harafi; — ajonfi)(wivg.w)ug + (arafi; — Oljalﬁik)(uiuj-uk)ul)
+ Z ((oziozkﬁij—aiajﬁik)(uiuj.uk)ui—|—(ozjozk6¢j—a?ﬁik)(uiuj.uk)uj).
1<i<j<k<p
From items (6), (7), (8) and (13) it follows that:

> (aBij — aifir) (Uiwj.up)u =

1<i<j<k<p
= > (Oliakﬁjl + ooy fBi — o Bk — Oljakﬁil)vfyg(i,j,k,l)
1<i<j<k<l<p
+ > ((aiolkﬁij — ;0 Bik )5, (i,5,k) + (o Bi; — a?ﬁik)“&g(i,j,k));
1<i<j<k<p

(8)

M=

q T p q
5) 20 20 QidetjUpimt(i-)gtih = D Do Do QO Ak Uil et (j—1)g+k
2

i=1j i=1j=1k=1

q
= > 3 (aiaj)\z+kuiup+m+(j_1)q+k—|—ozjoz¢)\z+kujup+m+(¢_1)q+k).Usmg
1<i<j<p k=1

the item (11):

q

p q
> D et jUptmt oD U= Y, Y Qi (Uol(i,jyk)—vol(i,jym) =0;
i=1j=1

1<i<j<pk=1
9)

r1 ror

6) D QidetqiiUmtp(gr)+i% = D D QiQjAztq i1 Uillptmetp(g+1)+j
i=1 i=15=1

= X (aiaj)‘Z+q+1uiup+m+p(q+l)+j + ajai)‘z+q+1ujum+p(q+l)+i)- Using
1<i<j<r;

the item (12):

1

D Cideig il p(gr ) = Y Qi As g (Uog(i,ﬂ—voz(i,j)) =0

i=1 1<i<j<r

(10)
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From identities (5) to (10), it follows that u(uv) = 0.

(v) (uv)? = 0: As we have just seen, UV = (upi1,Upt2,...,U), then
(UV)? = (uuj | p+1<i<j<r)=0, because the products u;u; # 0, only
with at least one of the indexes less than or equal to p. Thus (uv)? € (UV)? = 0.

In this way, we showed that (A, w) is a Bernstein algebra with U, = U and
Ve =V. As UV, + V2 = U Ve = (Ups1, Upt2y ooy ty) and U2 = (v1, 02, ..., V),
then A is of type (1 + r,s) and subtype (¢,z). Moreover, Ue(UcVe) = (wiu; |
1<i<rp+1<j<7r)= (Umn+1,Un+2,---,V2) # 0, because z > mq +
1. If Wy, Wy and W3 are the previous defined subspaces, then (U.V.)V. =
(UVIW + (UV)Wa + (UV)Ws = (UV)Wh + (UV,)Ws. By items (3),
(4), (5) and (13) of the product, (UVe)W1 = (upiv; | 1 < i< ¢, 1 <5<
) = ((wup)upss | 1 <0<t 1 <5< k<p)=0 By (9), (10) and (13) it
follows that(UeVe)Ws = (Uptivzg; | 1 <i<t, 1 <j<s—(z+1)) =0. Thus
Ue((U.V.)Ve) = 0. Therefore A is 2-exceptional. O

The next example exhibits 2-exceptional Bernstein algebras constructed
according to Theorem 1. In Example 1, we have a non nuclear Bernstein
algebra of dimension 65 for the quadruple (r, s, ¢, z) = (30, 34, 24, 26) and in the
second case, we have a nuclear Bernstein algebra of dimension 50 for quadruple
(r,s,t,2) = (24,25, 20, 25).

Example 1. Let A = Fe®U®V be a Bernstein algebra with U = (uq, ua, ..., u30),
V = (v1,v2, ..., v34) and multiplication table in N = U @ V given by:

Table of U?:

Uy U2 U3 Ug U5 Ug ur usg Ug U1 U11 W12 U13 U14 U5 ... U30

Uy |V1 V2 VU3 V4 Us Vg V22 V23 V24 V25 V26
U2 |V2 VU7 Ug Vg Vig Vi1 —U22 —VU23 —U24 —U25

Uz |V3 Vg Vi2 V13 Vi4 V15 —U26

Uq |V4 V9 V13 Vie V17 V18

Us |Us V10 V14 V17 V19 V20

Ug |Ve V11 V15 V18 V20 V21

U29
U30
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Table of UV 4+ V2 :
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U1 V2 U3 VU4 Us Vg U7 ... U25 V26 V27 V28 V29 U30 V31 V32 V33 V34
(5} u7 ug Ug U110
ug U11 U12 U13 U114
us U1 U1 U117 U1
Uq U19 U20 U21 U22
us uU23 U24 U25 U26
Ug uU27 U28 U29 U30
uy
us
U29
U30
U1
U2
V33
U34

Example 2. Let A = Fe@U®V be a Bernstein algebra, having {uy, ua, ..., u24}
as basis of U, {v1, va, ..., v25} as basis of V and multiplication table in N = U®V

given by:
Table of U?:

U1 u2 us Uqs Us Uue ..... U20 U221 U222 U223 U24
U1 U1 V2 U3 V4 —V16 —V24 —U25 —V18 —V19
U2 V2 Vs Ve v7 —V11 V20 —U21 —U22
us V3 Ve vs Vg9 V11 V22 V21 —V21
2 V4 vr Vg V1o Vi4 V17 —V22
us Vi1 V4
Ue —V11 vi7
u7 —V14 —v17
us Vi2 Vis
ug V13 v1is
u1o V16 V19
U1l V11 V12 V23
Uu12 —V12 —v13 V24
u1s3 V14 V15 —v23
U14 —V15 —V24 — V25 —Vi6
U15 V17 V23 + V24 V18
Uie V25 —v18 —V19
Uiy | —vi12 V20
uig | —Vis —U20
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U1 u2 u3 Ugs U5 UG ..... U20 U221 U222 U223 U24
U9 | —V13 V21
Uu20 | —Vie V22
U21 | —V24 V20 V21
U22 | —V2s —U21 —U22
U23 | —UV18 —V21
U24 | —V19 —V22

Table of UV + V2:

Ul ug us Ug U5 .... U24 |V1 V2 V3 ... V25

U1 2us 2ug  2uy
V2 —Us —Uus Uil u13
V3 —Ug —U11 — U2 —Ug Uiy
V4 —U7y —U13 — U4 —U15 — Ul —UI0
vs | 2usg 2u17  2u1g
Ve U12 —Uu17 —Uu19 U21
U7 U14 —U1g —U21 — U22 —U20
vg | 2ug 2u19 2u93
Vg U1ie U22 —U23 —U24
V10 211,10 211,20 211,24

V11

V25
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