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Abstract

Given a Bernstein algebra A = Fe ⊕ U ⊕ V , the two ordered pairs
of integers (1 + dimU, dimV ) and (dim(UV + V 2), dim U2) are called,
respectively, the type and the subtype of A. In this paper we de-
termine the minimum and the maximum dimension of the subspace
UV +V 2 in 2-exceptional Bernstein algebras (those satisfying U(UV ) �= 0
and U((UV )V ) = 0) and we introduce an algorithm to construct 2-
exceptional Bernstein algebras for some types and subtypes.

Introduction

This paper is a natural continuation of [2], where the authors investigate
under which conditions, given a quadruple of non negative integers (r, s, t, z),
there exists a n-exceptional Bernstein algebra of type (1 + r, s) and subtype
(t, z), for n = 0, 1. In this article, we study some properties of n-exceptional
algebras for n = 2 and construct 2-exceptional algebras for some particular
types and subtypes.
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154 Existence of 2-exceptional Bernstein algebras

We recall that a baric algebra over a field F is a pair (A, ω), where A
is not necessarily associative algebra over F and ω : A → F is nonzero ho-
momorphism. A baric algebra (A, ω) is Bernstein if A is commutative and
(x2)2 = ω(x)2x2, for every x ∈ A.

Every Bernstein algebra possesses at least one nonzero idempotent. If F is a
field of characteristic not 2, then for every nonzero idempotent e, A has a Peirce
decomposition A = Fe⊕ Ue ⊕ Ve relative to e, where Ue = {x ∈ A | 2ex = x},
Ve = {x ∈ A | ex = 0} and Kerω = Ue ⊕ Ve. Unless necessary, we omit the
subscript e in Ue and Ve.

In a Peirce decomposition A = Fe⊕ U ⊕ V , the subspaces U and V verify
the relations U2 ⊆ V , UV ⊆ U and V 2 ⊆ U and the following identities hold
for all u ∈ U and v ∈ V :

u3 = 0, uv2 = 0, u(uv) = 0, (uv)2 = 0, (u2)2 = 0. (1)

All the linearizations of the equations (1) are also identities in A. In par-
ticular, u1(u2v) + u2(u1v) = 0, for all u1, u2 ∈ U , v ∈ V .

In this paper, we consider only finite dimensional Bernstein algebras over
fields of characteristic not 2. Let A = Fe ⊕ U ⊕ V be a Bernstein algebra. It
is known that the dimensions of U , V , UV + V 2 and U2 are invariant under
change of idempotent. The ordered pairs (1+dimU, dimV ) and (dim(UV +V 2),
dim U2), which are well defined, are called the type and the subtype of A,
respectively.

A Bernstein algebra A is said Jordan-Bernstein if it is also Jordan. In [4] it
was proved that A = Fe⊕Ue⊕Ve is Jordan-Bernstein if and only if V 2

e = 0 and
(uv)v = 0, for all u ∈ Ue, v ∈ Ve. If A = Fe⊕Ue⊕Ve is a Peirce decomposition
of a Bernstein algebra A, then the set L = {x ∈ Ue | xu = 0 for all u ∈ Ue} is
an ideal of A contained in Ue, which is independent on the idempotent. The
quotient algebra (A, ω), where A = A/L and ω(a+L) = ω(a), for all a ∈ A, is
Jordan-Bernstein. In the Peirce decomposition A = Fe⊕Ue⊕Ve relative to the
idempotent e = e + L, we have Ue = Ue := Ue/L and Ve = V e := (Ve + L)/L.
For a subspace X of a Bernstein A, we will denote by X the quotient (X+L)/L.
All these facts are well known and can be found in [5], [6], [7] and [8].

If X and Y are subspaces of a Bernstein algebra A, we define XY (0) = X
and XY (k) = (XY (k−1))Y , k integer ≥ 1, where XY = 〈xy | x ∈ X, y ∈ Y 〉.

A Bernstein algebra A = Fe ⊕ Ue ⊕ Ve is called exceptional of degree n,
or n-exceptional, if n is the least non negative integer such that the subspace
Ue(UeV

(n)
e ) = 0, for some idempotent e. The integer n is called the degree

of exceptionality of A. If A satisfies U2
e = Ve then A is said to be nuclear.

These definitions do not depend on the choice of the idempotent element. It
was proved in [2] that every Bernstein algebra of type (1+r, s) is n-exceptional
for some integer n, with 0 ≤ n ≤ s + 1.

For Bernstein algebras with degree of exceptionality greater than or equal
to 1, we have the following result.
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Proposition 1. If A = Fe ⊕ Ue ⊕ Ve is a n-exceptional Bernstein algebra of
finite dimension with n ≥ 1, then for every idempotent element of A the chain
of subspaces

Ue ⊇ UeVe ⊇ (UeVe)Ve ⊇ ... ⊇ UeV
(k)
e

is strictly decreasing for every integer k < n and UeV
(n)
e = 0.

Proof Let e be an arbitrary idempotent of A. As A is n-exceptional, Ue(UeV
(k)

e ) �=
0, for every k < n and Ue(UeV

(n)
e ) = 0, thus UeV

(n)
e = 0 and UeV

(k)
e �= 0, for

every k < n. Therefore the chain Ue ⊇ UeVe ⊇ (UeVe)Ve ⊇ ... ⊇ UeV
(n−1)

e �= 0

is strictly decreasing, because if UeV
(k)
e = UeV

(k+1)
e , for some integer k, 0 ≤

k ≤ n − 1, then 0 �= UeV
(k)

e = UeV
(k+1)

e = ... = UeV
(n)

e = 0, a contradiction.
�

2-exceptional Bernstein algebras

The aim of this section is to study some general properties of 2-exceptional
Bernstein algebras.

Proposition 2. If A = Fe ⊕ U ⊕ V is a n-exceptional Bernstein algebra of
type (1 + r, s) with n ≥ 2, then

(i) r ≥ 4 and s ≥ 2;
(ii) dim L ≤ r − 4;
(iii) dimUV ≥ 2.

Proof Note that dimU(UV ) = dimU(UV ) �= 0, since n ≥ 2. Then there
exist ū1, ū2 ∈ U , v̄ ∈ V , such that ū1(ū2v̄) = −ū2(ū1v̄) �= 0. It was proved
in [3, Prop. 9] that both sets {ū1, ū2, ū1v̄, ū2v̄} and {ū1(ū2v̄), v̄} are linearly
independent. This establishes (i), (ii) and (iii). �

Now we investigate bounds to the dimension of the subspace UV + V 2 in
2-exceptional algebras.

Let A = Fe ⊕ Ue ⊕ Ve be the Peirce decomposition of a Bernstein algebra
with respect to an idempotent e. For a basis B = {u1, u2, ..., ut} of UeVe, the
set {u1, u2, ..., ut}, where ui (i = 1, 2, ..., t) is a representative of the equivalence
class ui, is a linearly independent set of Ue. Let M = 〈u1, u2, ..., ut〉 be the
subspace of A generated by this set. It is clear that dimM = t, independent of
the basis and of the representatives ui chosen. Moreover, dimM = dimUeVe,
which is invariant under change of idempotent. Therefore dimM is an invariant
of the algebra. By construction, M ⊂ UeVe + L and M ∩ L = 0. If A is a n-
exceptional Bernstein algebra with n ≤ 2, then, for every idempotent, M2 = 0,
independent of the basis of UeVe and of the representatives ui.
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Proposition 3. If A = Fe ⊕ U ⊕ V is a 2-exceptional Bernstein algebra of
type (1 + r, s), then 2 ≤ dim(UV + V 2) ≤ r − 2.

Proof As A is 2-exceptional, dimUV ≥ 2, according to Proposition 2. We con-
sider dimL = r− k, with 4 ≤ k ≤ r. By Proposition 1, dimUV ≤ dimU − 1 =
k − 1. Suppose, by contradiction, that dimUV = k − 1. Let {ū1, ū2, ..., ūk−1}
be a basis of UV and let M = 〈u1, u2, ..., uk−1〉 be the subspace as previously
defined. We have M2 = 0, then u1M = 0 = u1L. As u1 �∈ L, since u1 �= 0,
there exists u ∈ U such that u1u �= 0. If α ∈ F , m ∈ M and l ∈ L are such
that αu = m + l, then αu1u = u1m + u1l = 0 and so α = 0. Therefore,
U = 〈u〉 ⊕ M ⊕ L. Thus, M ⊆ UV + L = (〈u〉 + M + L)V + L ⊆ uV + L.
Then there exist v ∈ V , l ∈ L such that u1 = uv + l. This implies that
0 �= uu1 = u(uv) + ul = 0, a contradiction. Then 2 ≤ dimUV ≤ k − 2 and
consequently 2 ≤ dim(UV + V 2) ≤ r − 2. �

Some 2-exceptional Bernstein algebras

A natural question is to try to improve the bounds given in Proposition 3 or
to investigate wether these values can be reached. Let us show, by construction,
that there exist 2-exceptional Bernstein algebras with dim(UV + V 2) = t, for
2 ≤ t ≤ dimU−2. An estimate for the maximum dimension of the subspace U2

is a hard problem. Thus we construct 2-exceptional Bernstein algebras where
the dimension of the subspace UV + V 2 reaches the minimum and maximum
values given in Proposition 3 for some values of the dimension of U2.

In what follows, we denote by � � : R → Z the mapping defined by �x� = n,
where n − 1 < x ≤ n and n is an integer.

Theorem 1. Let r, s, t and z be integers satisfying any one of the following
conditions:

(i) r ≥ 4, s ≥ 2, 2 ≤ t ≤ r − 2 and 1
2
(r − t)(r − t + 1) < z ≤

min{ 1
2 [(r − t)(r − t + 1) + (r − t− 1)t− r1(r − t− r1)], s− � t

r−t�}, where r1 is
the remainder of division of the integer t by r − t;

(ii) t = 1
3p(p2 − 1), for some integer p ≥ 3, r = t + p and s = z =

1
8
p(p + 1)(p2 − 3p + 6).

Then there exists a 2-exceptional Bernstein algebra of type (1 + r, s) and
subtype (t, z).

Proof The proof is an algorithm to construct such algebra. Initially we make
the following attribution of values for m, n and p, integers used as bound to
the dimension of the some subspace in algorithm: if the integers satisfy the
conditions of item (i), take m = n = 0 and p = r − t. Otherwise, take m = t
and n = 1

8(p − 2)(p − 1)p(p + 1). Furthermore, let m1 = 1
2p(p + 1), q and r1,

respectively, the quotient and remainder of division of (t−m) by p. The letters
i, j, k and l, used as indexes, represent always integer values.
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Let A be the vector space over F having {e, u1, u2, ..., ur, v1, v2, ..., vs} as a
basis. We define in A the commutative product given by:
(1). e2 = e; eui = 1

2ui; evj = 0 (i = 1, 2, ..., r and j = 1, ..., s);
(2). uiuj = vε(i,j), if 1 ≤ i ≤ j ≤ p, where ε(i, j) = 1

2 (2p − i)(i − 1) + j;
(3). u2

i uj = −2ui(uiuj) = 2uρ1(i,j);
u2

jui = −2uj(uiuj) = 2uρ2(i,j);
if 1 ≤ i < j ≤ p and ρw(i, j) ≤ p + m for w = 1, 2, where
ρw(i, j) = p +

∑i−1
x=1[(p − x)(p − (x − 1)] + (w − 1)(p − i) + (j − i);

(4). (uiuj)uk = uτ1(i,j,k);
(ujuk)ui = uτ2(i,j,k);
if 1 ≤ i < j < k ≤ p and τw(i, j, k) ≤ p + m for w = 1, 2, where
τw(i, j, k) = p +

∑i−1
x=1[(p− x)(p − (x − 1)] + 2(p− i) + (2p− (i + j))(j −

i − 1) + 2(k − j) − 2 + w;
(5). (uiuk)uj = −[(uiuj)uk + (ujuk)ui], if 1 ≤ i < j < k ≤ p;
(6). (u2

i uj)uk = −(u2
i uk)uj = 2(uiuj .uk)ui = 2vδ1(i,j,k);

(u2
jui)uk = −(u2

juk)ui = 2(uiuj.uk)uj = −2(ujuk.ui)uj = 2vδ2(i,j,k);
(u2

kui)uj = −(u2
kuj)ui = 2(uiuk.uj)uk = −2(ujuk.ui)uk = 2vδ3(i,j,k);

if 1 ≤ i < j < k ≤ p and δw(i, j, k) ≤ min{z, m1 + n} for w = 1, 2, 3,
where

δw(i, j, k) = m1 +
∑i−1

x=1
3
2 [(p − x)(p − (x + 1))] + 3

2 (2p − (i + j))(j − i −
1) + 3(k − j) − 3 + w;
(7). (uiuj.uk)ul = −(uiuj.ul)uk = vγ1(i,j,k,l);

(ujuk.ui)ul = −(ujuk.ul)ui = vγ2(i,j,k,l);
(ukul.ui)uj = −(ukul.uj)ui = vγ3(i,j,k,l);
if 1 ≤ i < j < k < l ≤ p and γw(i, j, k, l) ≤ min{z, m1 + n} for

w = 1, 2, 3, where
γw(i, j, k, l) = m1 + 1

2p(p − 1)(p − 2) +
∑i−1

x=1
1
2 [(p − x)(p − (x + 1))(p −

(x + 2))]+∑j−1
x=i+1

3
2 [(p−x)(p−(x+1))]+3(2p−(k+j))(k−j−1)+3(l−k)−3+w;

(8). (uiuk.ul)uj = (uiuj.uk)ul + (ujuk.ui)ul;
(ujul.ui)uk = (ujuk.ul)ui + (ukul.uj)ui, if 1 ≤ i < j < k < l ≤ p;

(9). uivz+j = up+m+(i−1)q+j , if 1 ≤ i ≤ p and 1 ≤ j ≤ q;
(10). uivz+q+1 = um+p(q+1)+i, if 1 ≤ i ≤ r1;
(11). uiup+m+(j−1)q+k = −ujup+m+(i−1)q+k = vσ1(i,j,k);

if 1 ≤ i < j ≤ p, 1 ≤ k ≤ q e σ1(i, j, k) ≤ z, where
σ1(i, j, k) = m1 + n + [ 12(2p − i)(i − 1) + (j − i − 1)]q + k;

(12). uium+p(q+1)+j = −ujum+p(q+1)+i = vσ2(i,j),
if 1 ≤ i < j ≤ r1 and σ2(i, j) ≤ z, where
σ2(i, j) = m1 + n + 1

2p(p − 1)q + 1
2 (2r1 − i)(i − 1) + (j − i);

(13). Other products are zero.
Let ω : A → F , defined by ω(e) = 1; ω(ui) = ω(vj) = 0, for i = 1, 2, .., r and
j = 1, 2, ..., s. In order to show that (A, ω) is Bernstein, we will use Theorem
3.4.8 of [5]. Consider U = 〈u1, u2, ..., ur〉 and V = 〈v1, v2, ..., vs〉, then A = Fe⊕
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U ⊕ V . As p + m ≤ r, we may write U = 〈u1, u2, ..., up, up+1, ..., up+m, ..., ur〉.
¿From commutativity of the product it follows that U2 = 〈uiuj | 1 ≤ i ≤ j ≤
r〉 = 〈uiuj | 1 ≤ i ≤ j ≤ p〉+ 〈uiuj | 1 ≤ i ≤ p, p+1 ≤ j ≤ p+m〉+ 〈uiuj | 1 ≤
i ≤ p, p + m + 1 ≤ j ≤ r〉 + 〈uiuj | p + 1 ≤ i ≤ j ≤ r〉. ¿From items (3), (4)
and (5) above it follows that 〈up+1 , up+2, ..., up+m〉 = 〈u2

i uj , u
2
jui | 1 ≤ i < j ≤

p〉 + 〈(uiuj)uk, (ujuk)ui | 1 ≤ i < j < k ≤ p〉. Thus U2 = 〈uiuj | 1 ≤ i ≤ j ≤
p〉+〈(u2

i uj)uk, (u2
jui)uk | 1 ≤ i < j ≤ p, 1 ≤ k ≤ p〉+〈(uiuj .uk)ul, (ujuk.ui)ul |

1 ≤ i < j < k ≤ p, 1 ≤ l ≤ p〉 + 〈uiuj | 1 ≤ i ≤ p, p + m + 1 ≤ j ≤ r〉 + 〈uiuj |
p+1 ≤ i ≤ j ≤ r〉. Using the products given in items (2), (6), (7), (8), (11), (12)
and (13) we obtain U2 = 〈v1, v2, ..., vm1, vm1+1, ..., vm1+n, vm1+n+1, ..., vz〉 ⊆
V . Let W = 〈vz+1, vz+2, ..., vs〉, then V = U2 ⊕ W e UV = U3 + UW .
From (3), (4) and (5), it follows that U3 = 〈u2

i uj, u
2
jui | 1 ≤ i < j ≤ p〉 +

〈(uiuj)uk, (ujuk)ui | 1 ≤ i < j ≤ p〉 = 〈up+1, up+2, ..., up+m〉 and from (9) and
(10) we obtain UW = 〈uivz+j | 1 ≤ i ≤ p, 1 ≤ j ≤ q〉 + 〈uivz+q+1 | 1 ≤
i ≤ r1〉 = 〈up+m+1 , up+m+2, ..., up+t〉. Hence UV = 〈up+1, up+2, ..., up+t〉 ⊆ U .
Moreover, we have V 2 = 0. Let x = ω(x)e + u + v ∈ A, where u =

∑r
i=1 αiui,

v =
∑s

j=1 βjvj , with α1, ..., αr, β1, ..., βs ∈ F . As the product is commutative,
from (1) it follows that x2 = ω(x)2e + (ω(x)u + 2uv + v2) + u2, with ω(x)u +
2uv + v2 ∈ U + UV + V 2 = U and u2 ∈ U2 ⊆ V . It remains to show the
identities:

uv2 = (u2)2 = u3 = u(uv) = (uv)2 = 0

for all u =
∑r

i=1 αiui ∈ U and v =
∑s

j=1 βjvj ∈ V .
(i) uv2 ∈ UV 2 = 0, because V 2 = 0;
(ii) (u2)2 ∈ (U2)2 ⊆ V 2 = 0;
(iii) u3 = 0:

From commutativity of the product we have

u2 =
r∑

i=1

α2
i u

2
i + 2

r−1∑
i=1

r∑
j=i+1

αiαjuiuj and

u3 =
r∑

i=1

r∑
j=1

α2
i αju

2
i uj + 2

r−1∑
i=1

r∑
j=i+1

r∑
k=1

αiαjαk(uiuj)uk.

Consider a product of the form (uiuj)uk, with 1 ≤ i, j, k ≤ r. If i or j ≥ p + 1,
then the product uiuj lies in 〈vm1+n+1, vm1+n+2, ..., vz〉, according to items
(11) and (12). Thus (uiuj)uk = 0, for every k, because by (9), (10) and (13),
ukvσ = 0, for any σ ≤ z. If i, j ≤ p, then uiuj ∈ 〈v1, v2, ..., vm1〉, according
to (2) and in this case, if k ≥ p + 1, then (uiuj)uk = 0, by the same rea-

son. Hence, it is enough to consider i, j, k ≤ p. Then u3 =
p∑

i=1

p∑
j=1

α2
i αju

2
i uj +

2
p−1∑
i=1

p∑
j=i+1

p∑
k=1

αiαjαk(uiuj)uk =
∑

1≤i<j≤p

α2
i αju

2
i uj +

p∑
i=1

α3
i u

3
i +

∑
1≤i<j≤p

αiα
2
juiu

2
j+
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2
( ∑

1≤i<j≤p

α2
i αj(uiuj)ui +

∑
1≤i<j≤p

αiα
2
j (uiuj)uj+

∑
1≤i<j<k≤p

αiαjαk(ujuk)ui +

∑
1≤i<j<k≤p

αiαjαk(uiuk)uj +
∑

1≤i<j<k≤p

αiαjαk(uiuj)uk

)
.

Using (3), (4), (5) and (13) we get:
u3 =

∑
1≤i<j≤p

(
2α2

i αjuρ1(i,j)+2αiα
2
juρ2(i,j)+2(−α2

i αjuρ1(i,j)−αiα
2
juρ2(i,j)

)
+

∑
1≤i<j<k≤p 2αiαjαk

(
uτ2(i,j,k) − (uτ1(i,j,k) + uτ2(i,j,k)) + uτ1(i,j,k)

)
= 0.

(iv) u(uv) = 0:

Initially we calculate the product uv. Let W1 = 〈v1, v2, ..., vm1〉, W2 =
〈vm1+1, vm1+2, ..., vz〉 and W3 = 〈vz+1, vz+2, ..., vs〉. Then V = W1 ⊕ W2 ⊕ W3

and thus v = w1 + w2 + w3 with wi ∈ Wi, for i = 1, 2, 3. By the rules of
the product it follows that UW2 = 0, therefore uv = uw1 + uw3. By (2),
W1 = 〈uiuj | 1 ≤ i ≤ j ≤ p〉, then there exist βij ∈ F (1 ≤ i ≤ j ≤ p)

such that w1 =
∑p

i=1

∑p
j=i βijuiuj. Thus uw1 =

∑
1≤i≤j≤p

r∑
k=1

αkβij(uiuj)uk =

p∑
i=1

r∑
k=1

αkβiiu
2
i uk+

∑
1≤i<j≤p

p∑
k=1

αkβij(uiuj)uk =
∑

1≤i<j≤p

(
αiβjjuiu

2
j+αjβiiu

2
i uj+

αiβij(uiuj)ui + αjβij(uiuj)uj

)
+

∑
1≤i<j<k≤p

(
αiβjk(ujuk)ui +αjβik(uiuk)uj +

αkβij(uiuj)uk

)
.

Using (3) and (5) we get:

uw1 =
∑

1≤i<j≤p

(
(αiβjj−1

2
αjβij)uiu

2
j+(αjβii−1

2
αiβij)u2

i uj

)
+

(2)
+

∑
1≤i<j<k≤p

(
(αiβjk−αjβik)(ujuk)ui+(αkβij−αjβik)(uiuj)uk

)
.

As z ≤ s−� t−m
p

�, then z + q ≤ s, thus W3 =< vz+1, vz+2, ..., vz+q, ..., vs >.
Let λz+j ∈ F with j = 1, 2, ..., s− z such that w3 =

∑s−z
j=1 λz+jvz+j . Then

uw3 =
s−z∑
j=1

λz+juvz+j =
q∑

j=1

λz+juvz+j +λz+q+1uvz+q+1 +
s−(z+1)∑
j=q+2

λz+juvz+j +

λsuvs. Using (9) and (10), it follows:

uw3 =
p∑

i=1

q∑
j=1

αiλz+jup+m+(i−1)q+j +
r1∑

i=1

αiλz+q+1um+p(q+1)+i . (3)

From the identities given in (2) and (3) we get:

uv=
∑

1≤i<j≤p

(
(αiβjj − 1

2αjβij)uiu
2
j + (αjβii − 1

2αiβij)u2
i uj

)

+
∑

1≤i<j<k≤p

(
(αiβjk − αjβik)(ujuk)ui + (αkβij − αjβik)(uiuj)uk

)

+
∑p

i=1

∑q
j=1 αiλz+jup+m+(i−1)q+j +

∑r1
i=1 αiλz+q+1um+p(q+1)+i .

(4)
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In order to establish the product u(uv), we calculate in separate forms, the
products of u by each of the parts given in (4).

1)
∑

1≤i<j≤p

(αiβjj − 1
2αjβij)(uiu

2
j )u =

∑
1≤i<j≤p

r∑
k=1

αk(αiβjj − 1
2αjβij)(uiu

2
j)uk

=
∑

1≤i<j<k≤p

(
αi(αjβkk − 1

2αkβjk)(uju
2
k)ui + αj(αiβkk − 1

2αkβik)(uiu
2
k)uj

+αk(αiβjj−1
2αjβij)(uiu

2
j)uk

)
+

∑
1≤i<j≤p

(
(α2

i βjj−1
2αiαjβij)(uiu

2
j)ui+(αiαjβjj

− 1
2α2

jβij)(uiu
2
j )uj)

)
. Using the items (6), (7), (8) and (14) we get:

∑
1≤i<j≤p

(αiβjj−1
2
αjβij)(uiu

2
j)u =

(5)

=
∑

1≤i<j<k≤p

(
αiαkβjk − αjαkβik)vδ3(i,j,k) + (2αiαkβjj − αjαkβij)vδ2(i,j,k)

)
;

2)
∑

1≤i<j≤p

(αjβii − 1
2
αiβij)(u2

i uj)u =
∑

1≤i<j≤p

r∑
k=1

αk(αjβii − 1
2
αiβij)(u2

i uj)uk

=
∑

1≤i<j<k≤p

(
(αiαkβjj − 1

2
αiαjβjk)(u2

juk)ui + (αjαkβii − 1
2
αiαjβik)(u2

i uk)uj

+(αjαkβii − 1
2αiαkβij)(u2

i uj)uk

)
. Using the items (6), (7) and (8) of the prod-

uct we get:

∑
1≤i<j≤p

(αjβii−1
2
αiβij)(u2

i uj)u =

(6)
∑

1≤i<j<k≤p

(
(αiαjβjk − 2αiαkβjj)vδ2(i,j,k) + (αiαjβik − αiαkβij)vδ1(i,j,k)

)
;

3)
∑

1≤i<j<k≤p

(αiβjk−αjβik)(ujuk.ui)u =
∑

1≤i<j<k≤p

r∑
l=1

αl(αiβjk−αjβik)(ujuk.ui)ul

=
∑

1≤i<j<k<l≤p

(
αiαjβkl−αiαkβjl)(ukul.uj)ui+(αiαjβkl−αjαkβil)(ukul.ui)uj

+(αiαkβjl − αjαkβil)(ujul.ui)uk + (αiαlβjk − αjαlβik)(ujuk.ui)ul

)

+
∑

1≤i<j<k≤p

(
(αiαjβjk−α2

jβik)(ujuk.ui)uj+(αiαkβjk−αkαjβik)(ujuk.ui)uk

)
.
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Using now the items (6), (7) and (8) we have:
∑

1≤i<j<k≤p

(αiβjk − αjβik)(ujuk.ui)u =

=
∑

1≤i<j<k<l≤p

(
αkαjβil − αiαkβjl + αiαlβjk − αjαlβik

)
vγ2(i,j,k,l)+

∑
1≤i<j<k≤p

(
(α2

jβik − αiαjβjk)vδ2(i,j,k) + (αjαkβik − αiαkβjk)vδ3(i,j,k)

)
;
(7)

4)
∑

1≤i<j<k≤p

(αkβij−αjβik)(uiuj.uk)u =
∑

1≤i<j<k≤p

r∑
l=1

αl(αkβij−αjβik)(uiuj.uk)ul

=
∑

1≤i<j<k<l≤p

(
(αiαlβjk−αkαiβjl)(ujuk.ul)ui+(αjαlβik−αkαjβil)(uiuk.ul)uj

+(αkαlβij − αjαkβil)(uiuj .ul)uk + (αkαlβij − αjαlβik)(uiuj.uk)ul

)

+
∑

1≤i<j<k≤p

(
(αiαkβij −αiαjβik)(uiuj.uk)ui +(αjαkβij −α2

jβik)(uiuj.uk)uj

)
.

From items (6), (7), (8) and (13) it follows that:
∑

1≤i<j<k≤p

(αkβij − αjβik)(uiuj.uk)u =

=
∑

1≤i<j<k<l≤p

(
αiαkβjl + αjαlβik − αiαlβjk − αjαkβil

)
vγ2(i,j,k,l)

+
∑

1≤i<j<k≤p

(
(αiαkβij − αiαjβik)vδ1(i,j,k) + (αjαkβij − α2

jβik)vδ2(i,j,k)

)
;

(8)

5)
p∑

i=1

q∑
j=1

αiλz+jup+m+(i−1)q+ju =
r∑

i=1

p∑
j=1

q∑
k=1

αiαjλz+kuiup+m+(j−1)q+k

=
∑

1≤i<j≤p

q∑
k=1

(
αiαjλz+kuiup+m+(j−1)q+k+αjαiλz+kujup+m+(i−1)q+k

)
. Using

the item (11):

p∑
i=1

q∑
j=1

αiλz+jup+m+(i−1)q+ju =
∑

1≤i<j≤p

q∑
k=1

αiαjλz+k

(
vσ1(i,j,k)−vσ1(i,j,k)

)
= 0;

(9)

6)
r1∑

i=1
αiλz+q+1um+p(q+1)+iu =

r∑
i=1

r1∑
j=1

αiαjλz+q+1uiup+m+p(q+1)+j

=
∑

1≤i<j≤r1

(
αiαjλz+q+1uiup+m+p(q+1)+j + αjαiλz+q+1ujum+p(q+1)+i

)
. Using

the item (12):

r1∑
i=1

αiλz+q+1um+p(q+1)+iu =
∑

1≤i<j≤r1

αiαjλz+q+1

(
vσ2(i,j)−vσ2(i,j)

)
= 0;

(10)
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From identities (5) to (10), it follows that u(uv) = 0.

(v) (uv)2 = 0: As we have just seen, UV = 〈up+1, up+2, ..., ur〉, then
(UV )2 = 〈uiuj | p + 1 ≤ i ≤ j ≤ r〉 = 0, because the products uiuj �= 0, only
with at least one of the indexes less than or equal to p. Thus (uv)2 ∈ (UV )2 = 0.

In this way, we showed that (A, ω) is a Bernstein algebra with Ue = U and
Ve = V . As UeVe + V 2

e = UeVe = 〈up+1, up+2, ..., ur〉 and U2
e = 〈v1, v2, ..., vz〉,

then A is of type (1 + r, s) and subtype (t, z). Moreover, Ue(UeVe) = 〈uiuj |
1 ≤ i ≤ r, p + 1 ≤ j ≤ r〉 = 〈vm1+1, vm1+2, ..., vz〉 �= 0, because z ≥ m1 +
1. If W1, W2 and W3 are the previous defined subspaces, then (UeVe)Ve =
(UeVe)W1 + (UeVe)W2 + (UeVe)W3 = (UeVe)W1 + (UeVe)W3. By items (3),
(4), (5) and (13) of the product, (UeVe)W1 = 〈up+ivj | 1 ≤ i ≤ t, 1 ≤ j ≤
m1〉 = 〈(ujuk)up+i | 1 ≤ i ≤ t, 1 ≤ j ≤ k ≤ p〉 = 0. By (9), (10) and (13) it
follows that(UeVe)W3 = 〈up+ivz+j | 1 ≤ i ≤ t, 1 ≤ j ≤ s − (z + 1)〉 = 0. Thus
Ue((UeVe)Ve) = 0. Therefore A is 2-exceptional. �

The next example exhibits 2-exceptional Bernstein algebras constructed
according to Theorem 1. In Example 1, we have a non nuclear Bernstein
algebra of dimension 65 for the quadruple (r, s, t, z) = (30, 34, 24, 26) and in the
second case, we have a nuclear Bernstein algebra of dimension 50 for quadruple
(r, s, t, z) = (24, 25, 20, 25).

Example 1. Let A = Fe⊕U⊕V be a Bernstein algebra with U = 〈u1, u2, ..., u30〉,
V = 〈v1, v2, ..., v34〉 and multiplication table in N = U ⊕ V given by:

Table of U2:

u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12 u13 u14 u15 ... u30

u1 v1 v2 v3 v4 v5 v6 v22 v23 v24 v25 v26

u2 v2 v7 v8 v9 v10 v11 −v22 −v23 −v24 −v25

u3 v3 v8 v12 v13 v14 v15 −v26

u4 v4 v9 v13 v16 v17 v18

u5 v5 v10 v14 v17 v19 v20

u6 v6 v11 v15 v18 v20 v21

...
u29

u30
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Table of UV + V 2 :

v1 v2 v3 v4 v5 v6 v7 ... v25 v26 v27 v28 v29 v30 v31 v32 v33 v34

u1 u7 u8 u9 u10

u2 u11 u12 u13 u14

u3 u15 u16 u17 u18

u4 u19 u20 u21 u22

u5 u23 u24 u25 u26

u6 u27 u28 u29 u30

u7

u8

...
u29

u30

v1

v2

...
v33

v34

Example 2. Let A = Fe⊕U⊕V be a Bernstein algebra, having {u1, u2, ..., u24}
as basis of U , {v1, v2, ..., v25} as basis of V and multiplication table in N = U⊕V
given by:

Table of U2:

u1 u2 u3 u4 u5 u6 ..... u20 u21 u22 u23 u24

u1 v1 v2 v3 v4 −v16 −v24 −v25 −v18 −v19

u2 v2 v5 v6 v7 −v11 v20 −v21 −v22

u3 v3 v6 v8 v9 v11 v22 v21 −v21

u4 v4 v7 v9 v10 v14 v17 −v22

u5 v11 v14

u6 −v11 v17

u7 −v14 −v17

u8 v12 v15

u9 v13 v18

u10 v16 v19

u11 v11 v12 v23

u12 −v12 −v13 v24

u13 v14 v15 −v23

u14 −v15 −v24 − v25 −v16

u15 v17 v23 + v24 v18

u16 v25 −v18 −v19

u17 −v12 v20

u18 −v15 −v20
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u1 u2 u3 u4 u5 u6 ..... u20 u21 u22 u23 u24

u19 −v13 v21

u20 −v16 v22

u21 −v24 v20 v21

u22 −v25 −v21 −v22

u23 −v18 −v21

u24 −v19 −v22

Table of UV + V 2:

u1 u2 u3 u4 u5 .... u24 v1 v2 v3 ... v25

v1 2u5 2u6 2u7

v2 −u5 −u8 u11 u13

v3 −u6 −u11 − u12 −u9 u15

v4 −u7 −u13 − u14 −u15 − u16 −u10

v5 2u8 2u17 2u18

v6 u12 −u17 −u19 u21

v7 u14 −u18 −u21 − u22 −u20

v8 2u9 2u19 2u23

v9 u16 u22 −u23 −u24

v10 2u10 2u20 2u24

v11

...
v25
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