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Abstract

Let (R,m) be a commutative Noetherian local ring, I an ideal of R
and M, N finitely generated R—modules. In this paper we prove some
finite properties of generalized local cohomology modules Hi (M, N). Set
Iy = ann(M/IM) and r = depth(Iar, N). We show that Ass H; (M, N) =
Ass Extyr(M/IM,N). We also characterize the least integer ¢ such that
Hi(M, N) is not artinian by using the notion of filter regular sequences.

1 Introduction

The generalized local cohomology module of two R—modules M and N with
respect to an ideal I of R is introduced by J. Herzog [6] and it is defined by

Hj(M,N) = lim Exty(M/I" M, N).

n

Then Hi(R,N) = Hi(N) is just the i-th local cohomology module of N. There-
fore the notion of generalized local cohomology module is an extension of the
usual local cohomology modules. But, many basic properties of local coho-
mology modules can not extend to generalized local cohomology modules. Par
example, the well-known vanishing and non-vanishing theorems for local co-
homology modules over a local ring (R, m) state that HE™N(N) # 0 and
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H! (N) = 0 for all i > dim N, while one does not know about the last in-
teger i such that H: (M, N) # 0; or Hi(N) = 0 for all i > 1 provided N is
I—torsion, while a similar property for generalized local cohomology modules is
not appropriate. Concretely, if N is I—torsion then Hi(M, N) = Ext’y (M, N),
and the later does not vanish in general. However, it seems to us that several
finite properties of local cohomology can still be established for generalized lo-
cal cohomology (cf. [1], [5] and [11]). The purpose of this paper is to study
the finiteness of associated primes and the artinianness of generalized local
cohomology modules.

Let M, N be finitely generated modules over a local ring (R, m) and I =
annpg(M/IM). We prove in Section 2 that Ass Hj (M, N) = Ass Extz(M/IM, N),
where r = depth(Ins, N); therefore Ass Hj (M, N) is a finite set (Theorem 2.4).
We also show in Theorem 2.5 that thesets Ass HY (M, N) andAssExtg%(M/IM, N)
are different at most the maximal ideal for all j < s, where s = f-depth(Ips, N)
is the length of a maximal filter regular sequence of N in Ips, and therefore
Ass H} (M, N) is finite. Section 3 is devoted to study the artinianness of gen-
eralized local cohomology modules H7 (M, N). The main result of this section
is Theorem 3.1, which shows that

f-depth(Ips, N) = inf{i | Hi(M, N) is not artinian }.

It should be mentioned that this theorem is an extension to generalized local
cohomology modules of a result on usual local cohomology modules of Melk-
ersson [9, Theorem 3.1]. However, a basic property of local cohomology that
used in Melkersson’s proof can not be extended for generalized local cohomol-
ogy modules. So our proof is base on the standard properties of generalized
local cohomology and the vanishing of Bass numbers. Then we can derive
from Theorem 3.1 many consequences for the artinanness of generalized local
cohomology and local cohomology modules (Corollaries 3.2, 3.4, 3.5).

2 Associated primes of certain generalized local
cohomology modules

Throughout this paper M, N are finitely generated modules over a Noetherian
local ring (R, m). For any ideal I of R we denote by Ip; = anng(M/IM) the
annihilator of the module M/IM and by 'y the I—torsion functor.

The following lemma follows easily from the definition of generalized local
cohomology modules.

Lemma 2.1. The following statements are true.
(i) Let 0 — N — E*® be an injective resolution of N. Then

Hj(M,N) = H'(I;(Hom(M, E*))) = H'(Hom(M, I'1(E*®)))
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for all i > 0. Therefore, Hi(M, N) is I—torsion and H}(M,N) = H%(M,N)
for any ideal J satisfying rad(J) = rad(I).
(i) If N is I—torsion then Hi(M,N) = Ext's(M, N) for all i > 0.
The next result was proved by M. H. Bijan-Zadeh in [1, Proposition 5.5].
Lemma 2.2. The following equality is true.
depth(Ip, N) = inf{i | Hi(M, N) # 0},
where we use the convention that inf()) = co.

Lemma 2.3. Let I, J be ideals of R. If rad(Ips) = rad(Ja) then Hi(M, N) =
H'(M,N) for alli > 0. In particular, Hj(M,N) = H; (M, N), and therefore
Hi(M,N) is Ins—torsion.

Proof Suppose rad(Iys) = rad(Jas). Let
0-N—-E"-E'—-. .S FE — ..
be an injective resolution of N. For each ¢ > 0, we have

L';(Hom(M, E")) = T4 ann(ar) (Hom (M, EY))
= Dyad(1yy) (Hom (M, E*)) =T'yaq(s,,) (Hom (M, E*))
=T';(Hom(M, E%)).

Therefore we get by Lemma 2.1,(i) that Hi(M, N) = H(M, N). O

Now we describe the set of associated primes of certain generalized local
cohomology module.

Theorem 2.4. Let r = depth(Iys, N). Then we have
Ass Hf (M, N) = AssExty(M/IM, N).

In particular, Ass Hf (M, N) is a finite set.

Proof First, we claim by induction on r > 0 that
Hom(R/I;, H}’M(M, N)) =2 ExtR(M/IM,N).

Let 7 = 0. We have H} (M,N) =Ty, (Hom(M, N)) by Lemma 2.1,(¢). Since
Hom (M, N) is finitely generated, there exists an integer k£ > 0 such that

FIM (HOID(M, N)) = (O : (IJVI)k)Hom(JVI,N)'
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Therefore
Hom(R/Ine, Hy,, (M, N)) 2 (02 In) 0:(Las) ystomar. g
2 (0 : I )Hom(M,N)
>~ Ext%(M/IM, N).
Thus the claim is true for r = 0. Let r > 0. Let x1, ..., z, be a regular sequence

of N in Ip;. From the exact sequence
0NN - N/zN -0
we have the exact sequence
H{ '(M,N)— Hj '(M,N/x\N) — Hj, (M,N) =% Hj (M,N).
Since Hj '(M,N) = H;~"(M,N) = 0 by Lemma 2.2, we get an isomorphism
Hj '(M,N/z;N)=(0: T1)Hy (MN)-
Therefore

Hom(R/In, Hi,,(M,N)) = (0: Ips)

(Oiffl)HIrM (M, N)

= Hom(R/In, Hy"(M, N/2z1N)).

On the other hand, since depth(Ips, N/z1N) =1 — 1, we get by the induction
assumption and that

Hom(R/In, H] '(M,N/z1N)) = Ext}, ' (M/IM,N/z1N).

Thus Hom(R/Ipn, Hy, (M, N)) = Extp(M/IM, N) and the claim is proved.
Now, because Hj, (M, N) is In;—torsion, we get by the claim that

Ass Hy, (M,N) = AssHom(R/In, Hf, (M, N))
= AssExty(M/IM, N).

Therefore, by Lemma 2.3 we get Ass Hf(M,N) = AssExtr(M/IM,N) as
required. O

Recall that a sequence x1,...,zs of elements in m is called a filter regular
sequence of N if x; ¢ p for all p € Ass(N/(x1,...,2;—1)N) \ {m} for all i =
1,...,s (cf. [4]). For an ideal J of R, if dim N/JN > 0 then any filter regular
sequence of N in J is of finite length, and all maximal filter regular sequences
of N in J have the same length. This common length is called f-depth of N
in J and denoted by f-depth(J, N) (cf. [10]). Now, by virtue of Theorem 2.4
we can describe concretely the set of associated primes of HY (M, N) for all
J < f—depth(IM, N)
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Theorem 2.5. Let s = f-depth(Ips, N). For any j < s, we have
Ass H} (M, N) U {m} = AssExt},(M/IM, N) U {m}.

Therefore Ass H}(M, N) is finite for all j < s.

Proof Foreach j < s, let p € Ass H}(M, N) with dim R/p > 1. Then we have
H}p(Mp, Np) # 0. Hence depth((I,)as,, Np) < j by Lemma 2.2. Let z1,...,2;
be a filter regular sequence of N in Ips. Since Ins C p, z1/1,...,2;/1 is a
regular sequence of N, in (Ins), = (Ip)ns,- Therefore depth((Zp)nr,, Np) > 7,
and hence depth((I,)ar,, Np) = j. Now, by Theorem 2.4, we have

PR, € AssExt}, (M,/I,M,, N,) = Ass Ext},(M/IM, N),.

Hence p € Ass Ext},(M/IM, N). Conversely, let p € Ass Ext%(M/IM, N) with
dim R/p > 1. Then, we can show as above that depth((I,)us,, Np) = j. There-
fore we get by Theorem 2.4 that

AssExt}, (M,/I,My, Ny) = Ass H] (M,, Ny).

Hence p € Ass HJ (M, N). O

As consequences of Theorem 2.4 and Theorem 2.5, we get the following
results on the usual local cohomology modules.

Corollary 2.6. Let r = depth(I, N) and s = f-depth(I, N'). Then we have
(¢) (cf. [8, Proposition 1.1]) Ass Hj (N) = Ass Ext%(R/I, N) for all j <,
(i1) Ass H(N) U {m} = Ass Exth(R/I, N)U {m} for all j < s.

In particular, Ass H}(N) is a finite set for all j < s.

3 The artinianness of certain generalized local
cohomology modules

The following characterization of f-depth(Ips, N) by generalized local cohomol-
ogy modules H4(M, N) is the main result of this section.

Theorem 3.1. Let s be a positive integer. Then the following statements are
equivalent:

(i) Ins contains a filter regular sequence of N of length s.

(it) H}(M, N) is artinian for all j < s.

Therefore we have

f-depth(Ips, N) = inf{i | Hi(M, N) is not artinian }.
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Proof (i) = (ii). Suppose that f-depth(Ip;, N) > s. Let 0 = N — E*, where

E*:FEO S FE'— . . S F ..

3

be a minimal injective resolution of N. Then by [2, 10.1.10] we have

I, (B)= @  E®/g* @)
I CgEAss EI

forall j < s, where p? (¢, N') = dimyq) Extg%q(k(q), N,) is the j!* — Bass number
of N with respect to q.
Note that, for any ¢ € Ass E7 \ {m} containing I)s, the sequence

OHNqHESHE;H...HEéH...

is a minimal injective resolution of Ny (cf. [2, 11.1.6]). Since Eé #0, Ny #0
and ¢ € Supp N/IyN. It follows by virtue of [9] that

depth(Ng) > depth((Iar)q, Nq) = f-depth(Ips, N) > s.

Therefore we get Extg%q (k(g), Ng) = 0 for all j < s and all ¢ € Ass E? \ {m}.
Hence
1 (g, N) = dimyq) Ext,_(k(q), Ng) =0

for all j < s and all ¢ € Ass E7\ {m}. This implies that

Pn(E)= @ BR/gH N = BR/my” "N
I Cq€eAss ET

is artinian for all j < s, and so H}(M, N) = HJ(Hom(M,Ty,,(E*))) is artinian
for all j < s as required.
(#4) = (i). We prove by induction on s that I contains a filter regular sequence
of length s. Let s = 1. Then H?(M, N) is artinian. Therefore by Lemma 2.1, (4)
we get

{m} 2 AssT;(Hom(M, N)) = Ass N N Supp R/Ip.

It follows by the Prime Advoidance Theorem that there always exists an N —filter
regular element in Ip;. Let s > 1. By the inductive hypothesis, there is an
N —filter regular element 1 € I;. Thus we obtain exact sequences

H(M,N) —H}(M,N/(0 :5 1)) — H} ™ (M, (0 :x 1))
for all j. Since £(0 :y 1) < 00, it follows by Lemma 2.1,(47) that

HI(M, (0 :n 1)) = Ext?(M, (0 :y 21))
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is artinian for all j. So, from the above exact sequences, we get by (ii) that
HJ}(M,N/(0 :nx z1)) is artinian for all j < s. On the other hand, from the
short exact sequence

0— N/(0:x x1) 25 N — N/z N — 0
we obtain the following exact sequences
HY(M,N) — H}(M, N/2,N) —H (M, N/(0 2 1)

for all j. Therefore H; (M, N/x1N) is artinian for all j < s — 1. Then by the
inductive hypothesis there exists an N/x; N—filter regular sequence of length
s — 1in I;, and the conclusion follows.

For the last conclusion of the theorem, we need only to show that if H9(M, N)
is not artinian then f-depth(Iy;, N) = 0. Indeed, if HY(M, N) is not artinian
then

Ass HY(M,N) = Ass N N Supp R/In & {m}.

Hence Ip; C p for some p € Ass N \ {m}. Therefore f-depth(Ip;, N)=0. O

As an immediate consequence of Theorem 3.1, we get a result on the artini-
anness of generalized local cohomology modules with respect to the maximal
ideal.

Corollary 3.2. (cf. [5, Theorem 2.2]) Assume that Ins is m—primary. Then
HI(M,N) is artinian for all j > 0. In particular, Hj, (M, N) is artinian for
all 7 = 0.

Proof The result follows from the fact that f-depth(In;, N) = oo. O

The next corollary shows relation between the artinianness of local coho-
mology modules and of generalized local cohomology modules.

Corollary 3.3. Let s is a positive integer. If H}(N) is artinian for all j < s
then Hj (M, N) is artinian for all finitely generated R—module M and all j < s.

Proof The result follows by Theorem 3.1 and the fact that s < f-depth(I, N) <
f-depth(Ips, N). O

Corollary 3.4. The following equality is true:
f-depth(Ins, N) = sup{i | H}(M, N) = HJ (M, N),Vj < i}.
Proof Set s = f-depth(lp;, N). Let 0 = N — E° — ... — EJ — ... be

a minimal injective resolution of N. By a similar argument as in the proof of
Theorem 3.1, we have

L1, (E7) = E(R/m)* (™M) =T, (EY)
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for all j < s. Therefore we get by Lemmas 2.1,(7), 2.3 that
H{(M,N) = H{, (M,N) = Hj,(M,N)

for all j < s. On the other hand, since Hj(M, N) is not artinian by Theorem
3.1 and HZ (M, N) is artinian by Corollary 3.2, Hj(M,N) 2 H: (M, N) as
required. O

It is known that the fact, which says that an R—module K is artinian if and
only if Supp K C {m}, is not true in general. However, the next consequence
shows that this fact is true for generalized local cohomology modules.

Corollary 3.5. The following equality is true:
f-depth(Ins, N) = inf{i | Supp Hj(M,N) & {m}}.

Therefore H}(M, N) is artinian for all j < i if and only if Supp H}(M, N) C
{m} for all j <.

Proof Let s = f-depth(Ips, N). It is enough to show that Supp Hj(M, N) ¢
{m}. Indeed, since

s = inf{depth(Ips Rp, Np) | p € Supp N/IyN,dim R/p > 1},
we have depth(Iy Ry, Np) = s for some p € Supp N/Iy N with dimR/p > 1.
Therefore p € Supp Hj (M, N) and the conclusion follows. O

Finally, the following characterizations of f-depth(I, N) in terms of local
cohomology modules are immediate consequences of Theorem 3.1, Corollaries
3.2, 3.4, 3.5.

Corollary 3.6. (cf. [9, Theorem 3.1] and [7, Lemma 2.4, Theorem 2.5])
f-depth(I, N) = inf{i | Hi(N) is not artinian }
= inf{i | Supp H;(N) € {m}}
=sup{i | H}(N) = HI (N),Vj < i}.

Therefore H}(N) is artinian for all j < i if and only if Supp H}(N) C {m}
for all j <.

References

[1] M. H. Bijan-Zadeh. A common generalization of local cohomology theories,
Glasgow Math. J. 21 (1980), 173-181.

[2] M.P. Brodmann, R.Y. Sharp, “Local cohomology: an algebraic introduc-
tion with geometric applications,” Cambridge University Press, (1998).



N. Tu CuoNG AND N. V. HOANG 115

[3] W. Bruns, J. Herzog, “Cohen-Macaulay ring,” Cambridge University
Press, (1993).

[4] N.T. Cuong, P. Schenzel and N.V. Trung, Verallgemeinerte Cohen-
Macaulay Moduln, Math. Nachr, 85 (1978), 57-73.

[5] K. Divaani-Aazar, R. Sazeedeh and M. Tousi, On vanishing of generalized
local cohomology modules, Algebra Coll., 12(2) (2005), 213-218.

[6] J. Herzog, Kompleze, Auflosungen und dualitit in der localen Algebra,
Habilitationsschrift, Universitat Regensburg, 1970.

[7] A.  Mafi, Some  results on  local  cohomology  modules,
arXiv:math.AC/0512075 v1.

[8] Th. Marley, Associated primes of local cohomology module over rings of
small dimension, Manuscripta Math. (4) 104 (2001), 519-525.

[9] L. Melkersson, Some applications of a criterion for artinianness of module,
J. Pure Appl. Algebra, 101 (1995), 291-303.

[10] R. Lii and Z. Tang, The f-depth of an ideal on a module, Proc. AMS, (7)
130 (2001), 1905-1912.

[11] N. Suzuki, On the generalized local cohomology and its duality, J. Math.
Kyoto Univ., 18 (1978), 71-78.

[12] S. Yassemi, Generalized section functors, J. Pure Appl. Algebra, 95 (1994),
103-119.



