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Abstract

Let (R, m) be a commutative Noetherian local ring, I an ideal of R
and M, N finitely generated R−modules. In this paper we prove some
finite properties of generalized local cohomology modules Hi

I(M, N). Set
IM = ann(M/IM) and r = depth(IM , N). We show that Ass Hr

I (M, N) =
Ass Extr

R(M/IM, N). We also characterize the least integer i such that
Hi

I(M, N) is not artinian by using the notion of filter regular sequences.

1 Introduction

The generalized local cohomology module of two R−modules M and N with
respect to an ideal I of R is introduced by J. Herzog [6] and it is defined by

Hi
I(M, N) = lim−→

n

Exti
R(M/InM, N).

Then Hi
I(R, N) = Hi

I(N) is just the i-th local cohomology module of N . There-
fore the notion of generalized local cohomology module is an extension of the
usual local cohomology modules. But, many basic properties of local coho-
mology modules can not extend to generalized local cohomology modules. Par
example, the well-known vanishing and non-vanishing theorems for local co-
homology modules over a local ring (R, m) state that Hdim N

m (N) �= 0 and
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108 Some finite properties of generalized local cohomology modules

Hi
m(N) = 0 for all i > dimN , while one does not know about the last in-

teger i such that Hi
m(M, N) �= 0; or Hi

I(N) = 0 for all i � 1 provided N is
I−torsion, while a similar property for generalized local cohomology modules is
not appropriate. Concretely, if N is I−torsion then Hi

I(M, N) ∼= Exti
R(M, N),

and the later does not vanish in general. However, it seems to us that several
finite properties of local cohomology can still be established for generalized lo-
cal cohomology (cf. [1], [5] and [11]). The purpose of this paper is to study
the finiteness of associated primes and the artinianness of generalized local
cohomology modules.

Let M, N be finitely generated modules over a local ring (R, m) and IM =
annR(M/IM). We prove in Section 2 that Ass Hr

I (M, N) = AssExtr
R(M/IM, N),

where r = depth(IM , N); therefore Ass Hr
I (M, N) is a finite set (Theorem 2.4).

We also show inTheorem 2.5 that the setsAss Hj
I (M, N) andAssExtj

R(M/IM,N)
are different at most the maximal ideal for all j � s, where s = f-depth(IM , N)
is the length of a maximal filter regular sequence of N in IM , and therefore
Ass Hj

I (M, N) is finite. Section 3 is devoted to study the artinianness of gen-
eralized local cohomology modules Hj

I (M, N). The main result of this section
is Theorem 3.1, which shows that

f-depth(IM , N) = inf{i | Hi
I(M, N) is not artinian }.

It should be mentioned that this theorem is an extension to generalized local
cohomology modules of a result on usual local cohomology modules of Melk-
ersson [9, Theorem 3.1]. However, a basic property of local cohomology that
used in Melkersson’s proof can not be extended for generalized local cohomol-
ogy modules. So our proof is base on the standard properties of generalized
local cohomology and the vanishing of Bass numbers. Then we can derive
from Theorem 3.1 many consequences for the artinanness of generalized local
cohomology and local cohomology modules (Corollaries 3.2, 3.4, 3.5).

2 Associated primes of certain generalized local

cohomology modules

Throughout this paper M, N are finitely generated modules over a Noetherian
local ring (R, m). For any ideal I of R we denote by IM = annR(M/IM) the
annihilator of the module M/IM and by ΓI the I−torsion functor.

The following lemma follows easily from the definition of generalized local
cohomology modules.

Lemma 2.1. The following statements are true.
(i) Let 0 → N → E• be an injective resolution of N. Then

Hi
I(M, N) ∼= Hi(ΓI(Hom(M, E•))) ∼= Hi(Hom(M, ΓI(E•)))
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for all i � 0. Therefore, Hi
I(M, N) is I−torsion and Hi

I(M, N) ∼= Hi
J(M, N)

for any ideal J satisfying rad(J) = rad(I).
(ii) If N is I−torsion then Hi

I(M, N) ∼= Exti
R(M, N) for all i � 0.

The next result was proved by M. H. Bijan-Zadeh in [1, Proposition 5.5].

Lemma 2.2. The following equality is true.

depth(IM , N) = inf{i | Hi
I(M, N) �= 0},

where we use the convention that inf(∅) = ∞.

Lemma 2.3. Let I, J be ideals of R. If rad(IM ) = rad(JM ) then Hi
I(M, N) ∼=

Hi
J(M, N) for all i � 0. In particular, Hi

I(M, N) ∼= Hi
IM

(M, N), and therefore
Hi

I(M, N) is IM−torsion.

Proof Suppose rad(IM ) = rad(JM ). Let

0 → N → E0 → E1 → . . . → Ei → . . .

be an injective resolution of N. For each i � 0, we have

ΓI(Hom(M, Ei)) = ΓI+ann(M)(Hom(M, Ei))

= Γrad(IM )(Hom(M, Ei)) =Γrad(JM )(Hom(M, Ei))

= ΓJ(Hom(M, Ei)).

Therefore we get by Lemma 2.1,(i) that Hi
I(M, N) ∼= Hi

J(M, N). �

Now we describe the set of associated primes of certain generalized local
cohomology module.

Theorem 2.4. Let r = depth(IM , N). Then we have

Ass Hr
I (M, N) = Ass Extr

R(M/IM, N).

In particular, Ass Hr
I (M, N) is a finite set.

Proof First, we claim by induction on r � 0 that

Hom(R/IM , Hr
IM

(M, N)) ∼= Extr
R(M/IM, N).

Let r = 0. We have H0
IM

(M, N) = ΓIM (Hom(M, N)) by Lemma 2.1,(i). Since
Hom(M, N) is finitely generated, there exists an integer k > 0 such that

ΓIM (Hom(M, N)) =
(
0 : (IM )k

)
Hom(M,N)

.
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Therefore

Hom(R/IM , H0
IM

(M, N)) ∼= (0 : IM )(0:(IM)k)Hom(M,N)

∼= (0 : IM )Hom(M,N)

∼= Ext0R(M/IM, N).

Thus the claim is true for r = 0. Let r > 0. Let x1, . . . , xr be a regular sequence
of N in IM . From the exact sequence

0 → N
x1−→ N → N/x1N → 0

we have the exact sequence

Hr−1
IM

(M, N) → Hr−1
IM

(M, N/x1N) → Hr
IM

(M, N) x1−→ Hr
IM

(M, N).

Since Hr−1
IM

(M, N) = Hr−1
I (M, N) = 0 by Lemma 2.2, we get an isomorphism

Hr−1
IM

(M, N/x1N) ∼= (0 : x1)Hr
IM

(M,N).

Therefore

Hom(R/IM , Hr
IM

(M, N)) ∼= (0 : IM )(0:x1)Hr
IM

(M,N)

∼= Hom(R/IM , Hr−1
IM

(M, N/x1N)).

On the other hand, since depth(IM , N/x1N) = r − 1, we get by the induction
assumption and that

Hom(R/IM , Hr−1
IM

(M, N/x1N)) ∼= Extr−1
R (M/IM, N/x1N).

Thus Hom(R/IM , Hr
IM

(M, N)) ∼= Extr
R(M/IM, N) and the claim is proved.

Now, because Hr
IM

(M, N) is IM−torsion, we get by the claim that

Ass Hr
IM

(M, N) = Ass Hom(R/IM , Hr
IM

(M, N))
= Ass Extr

R(M/IM, N).

Therefore, by Lemma 2.3 we get Ass Hr
I (M, N) = Ass Extr

R(M/IM, N) as
required. �

Recall that a sequence x1, . . . , xs of elements in m is called a filter regular
sequence of N if xi /∈ p for all p ∈ Ass(N/(x1, . . . , xi−1)N) \ {m} for all i =
1, . . . , s (cf. [4]). For an ideal J of R, if dimN/JN > 0 then any filter regular
sequence of N in J is of finite length, and all maximal filter regular sequences
of N in J have the same length. This common length is called f-depth of N
in J and denoted by f-depth(J, N) (cf. [10]). Now, by virtue of Theorem 2.4
we can describe concretely the set of associated primes of Hj

I (M, N) for all
j � f-depth(IM , N).
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Theorem 2.5. Let s = f-depth(IM , N). For any j � s, we have

Ass Hj
I (M, N) ∪ {m} = AssExtj

R(M/IM, N) ∪ {m}.

Therefore Ass Hj
I (M, N) is finite for all j � s.

Proof For each j � s, let p ∈ Ass Hj
I (M, N) with dimR/p � 1. Then we have

Hj
Ip

(Mp, Np) �= 0. Hence depth((Ip)Mp , Np) � j by Lemma 2.2. Let x1, . . . , xj

be a filter regular sequence of N in IM . Since IM ⊆ p, x1/1, . . . , xj/1 is a
regular sequence of Np in (IM )p = (Ip)Mp . Therefore depth((Ip)Mp , Np) � j,
and hence depth((Ip)Mp , Np) = j. Now, by Theorem 2.4, we have

pRp ∈ Ass Extj
Rp

(Mp/IpMp, Np) = Ass Extj
R(M/IM, N)p.

Hence p ∈ Ass Extj
R(M/IM, N). Conversely, let p ∈ AssExtj

R(M/IM, N) with
dim R/p � 1. Then, we can show as above that depth((Ip)Mp , Np) = j. There-
fore we get by Theorem 2.4 that

AssExtj
Rp

(Mp/IpMp, Np) = Ass Hj
Ip

(Mp, Np).

Hence p ∈ Ass Hj
I (M, N). �

As consequences of Theorem 2.4 and Theorem 2.5, we get the following
results on the usual local cohomology modules.

Corollary 2.6. Let r = depth(I, N) and s = f-depth(I, N). Then we have
(i) (cf. [8, Proposition 1.1]) Ass Hj

I (N) = Ass Extj
R(R/I, N) for all j � r,

(ii) Ass Hj
I (N) ∪ {m} = Ass Extj

R(R/I, N) ∪ {m} for all j � s.

In particular, Ass Hj
I (N) is a finite set for all j � s.

3 The artinianness of certain generalized local

cohomology modules

The following characterization of f-depth(IM , N) by generalized local cohomol-
ogy modules Hi

I(M, N) is the main result of this section.

Theorem 3.1. Let s be a positive integer. Then the following statements are
equivalent:
(i) IM contains a filter regular sequence of N of length s.
(ii) Hj

I (M, N) is artinian for all j < s.
Therefore we have

f-depth(IM , N) = inf{i | Hi
I(M, N) is not artinian }.
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Proof (i) ⇒ (ii). Suppose that f-depth(IM , N) � s. Let 0 → N → E•, where

E• : E0 → E1 → . . . → Ej → . . . ,

be a minimal injective resolution of N. Then by [2, 10.1.10] we have

ΓIM (Ej) =
⊕

IM⊆q∈Ass Ej

E(R/q)µj(q,N)

for all j < s, where μj(q, N) = dimk(q) Extj
Rq

(k(q), Nq) is the jth− Bass number
of N with respect to q.

Note that, for any q ∈ Ass Ej \ {m} containing IM , the sequence

0 → Nq → E0
q → E1

q → . . . → Ej
q → . . .

is a minimal injective resolution of Nq (cf. [2, 11.1.6]). Since Ej
q �= 0, Nq �= 0

and q ∈ SuppN/IMN. It follows by virtue of [9] that

depth(Nq) � depth((IM )q, Nq) � f-depth(IM , N) � s.

Therefore we get Extj
Rq

(k(q), Nq) = 0 for all j < s and all q ∈ AssEj \ {m}.
Hence

μj(q, N) = dimk(q) Extj
Rq

(k(q), Nq) = 0

for all j < s and all q ∈ Ass Ej \ {m}. This implies that

ΓIM (Ej) =
⊕

IM⊆q∈Ass Ej

E(R/q)µj(q,N) = E(R/m)µj(m,N)

is artinian for all j < s, and so Hj
I (M, N) = Hj(Hom(M, ΓIM (E•))) is artinian

for all j < s as required.
(ii) ⇒ (i). We prove by induction on s that IM contains a filter regular sequence
of length s. Let s = 1. Then H0

I (M, N) is artinian. Therefore by Lemma 2.1,(i)
we get

{m} ⊇ AssΓI(Hom(M, N)) = AssN ∩ Supp R/IM .

It follows by the Prime Advoidance Theorem that there always exists an N−filter
regular element in IM . Let s > 1. By the inductive hypothesis, there is an
N−filter regular element x1 ∈ IM . Thus we obtain exact sequences

Hj
I (M, N) −→Hj

I (M, N/(0 :N x1)) −→ Hj+1
I (M, (0 :N x1))

for all j. Since �(0 :N x1) < ∞, it follows by Lemma 2.1,(ii) that

Hj
I (M, (0 :N x1)) ∼= Extj

R(M, (0 :N x1))
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is artinian for all j. So, from the above exact sequences, we get by (ii) that
Hj

I (M, N/(0 :N x1)) is artinian for all j < s. On the other hand, from the
short exact sequence

0 → N/(0 :N x1)
x1−→ N → N/x1N → 0

we obtain the following exact sequences

Hj
I (M, N) → Hj

I (M, N/x1N) →Hj+1
I (M, N/(0 :N x1))

for all j. Therefore Hj
I (M, N/x1N) is artinian for all j < s − 1. Then by the

inductive hypothesis there exists an N/x1N−filter regular sequence of length
s − 1 in IM , and the conclusion follows.

For the last conclusion of the theorem, we need only to show that if H0
I (M, N)

is not artinian then f-depth(IM , N) = 0. Indeed, if H0
I (M, N) is not artinian

then
Ass H0

I (M, N) = AssN ∩ SuppR/IM � {m}.
Hence IM ⊆ p for some p ∈ Ass N \ {m}. Therefore f-depth(IM , N) = 0. �

As an immediate consequence of Theorem 3.1, we get a result on the artini-
anness of generalized local cohomology modules with respect to the maximal
ideal.

Corollary 3.2. (cf. [5, Theorem 2.2]) Assume that IM is m−primary. Then
Hj

I (M, N) is artinian for all j � 0. In particular, Hj
m(M, N) is artinian for

all j � 0.

Proof The result follows from the fact that f-depth(IM , N) = ∞. �

The next corollary shows relation between the artinianness of local coho-
mology modules and of generalized local cohomology modules.

Corollary 3.3. Let s is a positive integer. If Hj
I (N) is artinian for all j < s

then Hj
I (M, N) is artinian for all finitely generated R−module M and all j < s.

Proof The result follows by Theorem 3.1 and the fact that s � f-depth(I, N) �
f-depth(IM , N). �

Corollary 3.4. The following equality is true:

f-depth(IM , N) = sup{i | Hj
I (M, N) ∼= Hj

m(M, N), ∀j < i}.

Proof Set s = f-depth(IM , N). Let 0 → N → E0 → . . . → Ej → . . . be
a minimal injective resolution of N. By a similar argument as in the proof of
Theorem 3.1, we have

ΓIM (Ej) = E(R/m)µj(m,N) = Γm(Ej)
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for all j < s. Therefore we get by Lemmas 2.1,(i), 2.3 that

Hj
I (M, N) ∼= Hj

IM
(M, N) ∼= Hj

m(M, N)

for all j < s. On the other hand, since Hs
I (M, N) is not artinian by Theorem

3.1 and Hs
m(M, N) is artinian by Corollary 3.2, Hs

I (M, N) � Hs
m(M, N) as

required. �

It is known that the fact, which says that an R−module K is artinian if and
only if SuppK ⊆ {m}, is not true in general. However, the next consequence
shows that this fact is true for generalized local cohomology modules.

Corollary 3.5. The following equality is true:

f-depth(IM , N) = inf{i | SuppHi
I(M, N) � {m}}.

Therefore Hj
I (M, N) is artinian for all j < i if and only if SuppHj

I (M, N) ⊆
{m} for all j < i.

Proof Let s = f-depth(IM , N). It is enough to show that SuppHs
I (M, N) �

{m}. Indeed, since

s = inf{depth(IMRp, Np) | p ∈ SuppN/IMN, dimR/p � 1},
we have depth(IMRp, Np) = s for some p ∈ Supp N/IMN with dimR/p � 1.
Therefore p ∈ SuppHs

I (M, N) and the conclusion follows. �

Finally, the following characterizations of f-depth(I, N) in terms of local
cohomology modules are immediate consequences of Theorem 3.1, Corollaries
3.2, 3.4, 3.5.

Corollary 3.6. (cf. [9, Theorem 3.1] and [7, Lemma 2.4, Theorem 2.5])

f-depth(I, N) = inf{i | Hi
I(N) is not artinian }

= inf{i | SuppHi
I(N) � {m}}

= sup{i | Hj
I (N) ∼= Hj

m(N), ∀j < i}.

Therefore Hj
I (N) is artinian for all j < i if and only if SuppHj

I (N) ⊆ {m}
for all j < i.
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