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Abstract

New criterion of solvability of boundary value problem for system of
ordinary differential equations with functional boundary conditions are
constructed by method of a priori estimates.

Introduction

In this paper we will apply our result in [1] to get a new effective criterion for
the existence and the uniqueness of the solutions of the following problem A:

x′i(t) = fi(t, x1, . . . , xn) (i = 1, . . . , n) (1)
Φ0i(xi) = ϕi(x1, . . . , xn) (i = 1, . . . , n) (2)

where, for each i ∈ {1, . . . , n} fi : [a, b]×R
n → R

n satisfies the Carathéodory
conditions, Φ0i - the linear nondecreasing continuous functional on C

(
[a, b]

)
-

is concentrated on
[
ai, bi

] ⊆ [
a, b

]
(i.e., the value of Φ0i depends only on func-

tions restricted to [ai, bi] and the segment can be degenerated a point) and ϕi

is a continuous functional on Cn

(
[a, b]

)
. In general Φ0i(1) = Ci (i = 1, . . . , n).

Without loss of generality we can suppose that Φ0i(1) = 1 (i = 1, . . . , n) to
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70 An effective criterion of solvability...

simplify the notation.

We adopt the following notations:
[a, b]– a segment, −∞ < a ≤ ai ≤ bi ≤ b < +∞, (i = 1, . . . , n), R

n –

n-dimensional real space with point x =
(
xi

)n

i=1
normed by ‖x‖ =

n∑
i=1

|xi|.

Cn

(
[a, b]

)
is the spaces of continuous n-dimensional vector-valued functions

on [a, b] with the norm

‖x‖ = max
{ n∑

i=1

|xi(t)| : a ≤ t ≤ b
}

C+
(
[a, b]

)
=

{
x ∈ C

(
[a, b]

)
: x(t) ≥ 0, a ≤ t ≤ b

}
.

Lp
(
[a, b]

)
is the space of integrable functions on [a, b] in p-power with the

norm

‖u‖Lp
([a,b])

=

⎧⎨
⎩

[ b∫
a

|u(t)|p dt
] 1

p

for 1 ≤ p < +∞
vrai max

{|u(t)| : a ≤ t ≤ b
}

for p = +∞

Lp
(
[a, b],R+

)
=

{
u ∈ Lp

(
[a, b]

)
: u(t) ≥ 0, a ≤ t ≤ b

}

l(q, q0) =

⎧⎨
⎩

1 if 1 ≤ q and q = q0 or q = +∞(q0
q

− 1
)− 1

q0
( q0
qπ

sin
qπ

q0

) 1
q

if 1 ≤ q < q0 < +∞

Let us consider the Problem A. By a solution we mean an absolutely contin-
uous n-dimensional vector-valued function on [a, b], which satisfies the equation
(1) for almost t ∈ [a, b] and fulfills the boundary conditions (2) of Problem A.

2. Results

Definition Let G = (gi)n
i=1 : C

(
[a, b]

) → R
n, H = (hij)n

i,j=1 : [a, b] → R
n×n
+

and
Ψ = (ψi)n

i=1 : Cn(a, b) → R
n
+ is a positively homogeneous nondecreasing oper-

ator. We say that

(G,H,Ψ) ∈ Nic0
(
[a, b]; a1, . . . , an, b1, . . . , bn

)
(3)

if the system of differential inequalities (we call the Problem B)

|x′i(t) − gi(t)xi(t)| ≤
n∑

j=1

hij(t)|xj(t)| for a ≤ t ≤ b (i = 1, . . . , n) (4)
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with boundary conditions

min
{|xi(t)| : ai ≤ t ≤ bi

} ≤ ψi(|x1(t)|, . . . , |xn(t)|) (i = 1, . . . , n) (5)

has only one trivial solution.

The following Theorem 1 and Theorem 2 have been proved in [1] and we state
here for the convenience of hte readers.

Theorem 1. Suppose that the following inequalities hold:

[
fi(t, x1, . . . , xn) −gi(t)xi

]
sign xi ≤

n∑
j=1

hij(t)|xj| + ωi

(
t,

n∑
j=1

|xj|
)

if t ∈ [ai, b], x ∈ R
n, (i = 1, . . . , n)

(61)

[
fi(t, x1, . . . , xn) −gi(t)xi

]
sign xi ≥ −

n∑
j=1

hij(t)|xj| − ωi

(
t,

n∑
j=1

|xj|
)

if t ∈ [a, bi], x ∈ R
n, (i = 1, . . . , n)

(62)

|ϕi(x1, . . . , xn)| ≤ ψi(|x1|, . . . , |xn|) + ri

( n∑
j=1

|xj|
)

for all x = (xi)n
i=1 ∈ Cn([a, b]) (i = 1, . . . , n), (7)

where G = (gi)n
i=1, H = (hij)n

ij=1, and Ψ = (ψi)n
i=1 satisfy the condition (3),

the functions ωi : [a, b]× R
n → R+ are measurable with regard to the first and

nondecreasing to the second argument, ri : R+ → R+ are nondecreasing and

lim
ρ→∞

1
ρ

∫ b

a

ωi(t, ρ) dt = 0 = lim
ρ→∞

1
ρ
ri(ρ) (i = 1, . . . , n). (8)

Then the problem (1), (2) has at least one solution.

Theorem 2. Suppose that the following inequalities hold:{[
fi(t, x11, . . . , x1n)−fi(t, x21, . . . , x2n)

]−gi(t)(x1i − x2i)
}

sign (x1i − x2i)≤
≤

n∑
j=1

hij(t)|x1j − x2j|, if ai ≤ t ≤ b, x1 = (x1j)n
j=1, x2 = (x2j)n

j=1 ∈ R
n

(i = 1, . . . , n)
(91)

{[
fi(t, x11, . . . , x1n)−fi(t, x21, . . . , x2n)

]−gi(t)(x1i − x2i)
}

sign (x1i − x2i) ≥
≥ −

n∑
j=1

hij(t)|x1j − x2j|, if ai ≤ t ≤ b, x1 = (x1j)n
j=1, x2 = (x2j)n

j=1 ∈ R
n

(i = 1, . . . , n)
(92)
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and

|ϕi(x11, . . . , x1n) − ϕi(x21, . . . , x2n)| ≤ ψi(|x11 − x12|, . . . , |x1n − x2n|)
for all x1 = (x1i)n

i=1, x2 = (x2i)n
i=1 ∈ Cn([a, b]) (i = 1, . . . , n) (10)

where G = (gi)n
i=1, H = (hij)n

i,j=1, and Ψ = (ψi)n
i=1 satisfy the condition (3).

Then the Problem A has a unique solution.

The main results in our note are Theorems 3, 4, 5 and 6. For clarity, we
state our theorems first before sketching their proofs.

Theorem 3. Consider [a, b]× R
n and for each i = 1, . . . , n, let

fi(t, x1, . . . , xn) sign xi ≤
n∑

j=1

hij(t)|xj| + ωi

(
t,

n∑
j=1

|xj|
)

if ai ≤ t ≤ b

(111)

fi(t, x1, . . . , xn) sign xi ≥ −
n∑

j=1

hij(t)|xj| − ωi

(
t,

n∑
j=1

|xj|
)

if a ≤ t ≤ bi

(112)

and in Cn([a, b]),

|ϕi(x1, . . . , xn)| ≤
n∑

j=1

rij‖xj‖Lq0([a,b]) + ri

( n∑
j=1

|xj|
)

(i = 1, . . . , n) (12)

where hij ∈ L
pij

([a,b],R+)
, pij ≥ 1,

1
pij

+
1
qij

= 1, qij ≤ q0, rij ∈ R+ (i, j =

1, . . . , n), ωi : [a, b] × R+ → R+ and ri : R+ → R+, satisfy the conditions of
Theorem 1, and the spectral radius of the matrix S = (sij)n

i,j=1,

sij = (b− a)
1

q0 rij + (b− a)
1

qij l(qij, q0).h∗ij (i, j = 1, . . . , n)

h∗ij = max
{
‖hij‖Lpij

([ai,b])
, ‖hij‖L

pij
([a,bi])

}
(i, j = 1, . . . , n)

is less than 1. Then the Problem A has at least one solution.

Theorem 4. Consider [a, b]× R
n and for each i = 1, . . . , n, let[

fi(t, x11, . . . , x1n) − fi(t, x21, . . . , x2n)
]

sign (x1i − x2i) ≤

≤
n∑

j=1

hij(t)|x1j − x2j|, if ai ≤ t ≤ b (131)

[
fi(t, x11, . . . , x1n) − fi(t, x21, . . . , x2n)

]
sign (x1i − x2i) ≥

≥ −
n∑

j=1

hij(t)|x1j − x2j|, if a ≤ t ≤ bi (132)
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and in Cn([a, b]),

|ϕi(x11, . . . , x1n) − ϕi(x21, . . . , x2n)| ≤
n∑

j=1

rij‖x1j − x2j‖L
q0
([a,b])

(14)

where hij ∈ L
pij(
[a,b],R+

) and rij ∈ R+ (i, j = 1, . . . , n) satisfy the conditions of

Theorem 3. Then the Problem A has a unique solution.

The following theorem shows the existence of our problem.

Theorem 5. Let in [a, b]× R
n and for each i = 1, . . . , n

fi(t, x1, . . . , xn) sign xi ≤ gi(t)|xi|+
n∑

j=1

hij(t)|xj| + ωi

(
t,

n∑
j=1

|xj|
)

if ai ≤ t ≤ b (151)

fi(t, x1, . . . , xn) sign xi ≥ gi(t)|xi|−
n∑

j=1

hij(t)|xj| − ωi

(
t,

n∑
j=1

|xj|
)

if a ≤ t ≤ bi (152)

and in Cn([a, b]), i = 1, . . . , n

|ϕi(x1, . . . , xn)| ≤
n∑

j=1

ψij(|xj|) + ri

( n∑
j=1

|xj|
)

(i = 1, . . . , n) (16)

where hij ∈ L
pij

([a,b],R+), pij ≥ 1,
1
pij

+
1
qij

= 1, qij ≤ q0, (i, j = 1, . . . , n),

gi ∈ L([a, b]) (i = 1, . . . , n), ωi : [a, b]× R+ → R+ and ri : R+ → R+, (i =
1, . . . , n) satisfy the conditions of Theorem 1, the continuous functionals
ψij : C+([a, b]) → R+ are sublinear non-decreasing and the spectral radius
of the matrices

Ψ∗ =
(
ψ∗

ij

)n

i,j=1
=

(
γiψij(1)

)n

i,j=1
(171)

and

S = (sij)n
i,j=1 =

(
E − Ψ∗)−1((b− a)

1
qij γiψij(1)h∗∗ij

)n

i,j=1
+

+
(
(b− a)

1
qij l(qij, q0)h∗∗ij

)n

i,j=1
(172)

are less than 1 where

γi = max
{

exp

b∫
ai

|gi(τ )|dτ, exp

bi∫
a

|gi(τ )|dτ
}
, (i = 1, . . . , n)
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h∗∗ij = max
{∥∥∥hij(t) exp

b∫
ai

∣∣gi(s)|ds
∥∥∥

L
pij
([ai,b])

,
∥∥∥hij(t) exp

bi∫
a

|gi(s)|ds
∥∥∥

L
pij
([a,bi])

}

(i, j = 1, . . . , n)

Then Problem A has a solution.

And now for the uniqueness, we get

Theorem 6. Consider [a, b]× R
n and for each i = 1, . . . , n, let

[
fi(t, x11, . . . , x1n)−fi(t, x21, . . . , x2n)

]
sign (x1i − x2i) ≤ gi(t)|x1i − x2i|+

+
n∑

j=1

hij(t)|x1j − x2j|, if ai ≤ t ≤ b, (181)

[
fi(t, x11, . . . , x1n)−fi(t, x21, . . . , x2n)

]
sign (x1i − x2i) ≥ gi(t)|x1i − x2i|−

−
n∑

j=1

hij(t)|x1j − x2j|, if a ≤ t ≤ bi (182)

and in Cn([a, b]), (i = 1, . . . , n)

|ϕi(x11, . . . , x1n) − ϕi(x21, . . . , x2n)| ≤
n∑

j=1

ψij(|x1j − x2j|) (19)

where gi, hij and ψij (i, j = 1, . . . , n) satisfy the conditions in Theorem 5.
Then the Problem A has a unique solution.

The proofs of our Theorems are based on the followoing two lemmas.

Lemma 7 Let gi(t) ≡ 0, hij ∈ L
pij

([a,b],R+), pij ≥ 1,
1
pij

+
1
qij

= 1, qij ≤ q0,

(i, j = 1, . . . , n)

ψi(|x1|, . . . , |xn|) =
n∑

j=1

rij‖xj‖L
q0
([a,b])

, (i = 1, . . . , n) (20)

where each rij ∈ R+ (i, j = 1, . . . , n) and the spectral radius of the matrix
S with elements defined in Theorem 3 is less than 1. Then (3) holds for
(G,H,Ψ).

Proof Let the vector function x(t) = (xi(t))n
i=1 be the solution of the problem

(4), (5). We shall prove that this solution is zero. Choose ti ∈ [ai, bi] such that

|xi(ti)| = min
{|xi(t)| : ai ≤ t ≤ bi

}
, (i = 1, . . . , n) (21)
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Then by intergrating relations (4) and using relations (5), (20) and Hölder
inequality, we obtain

|xi(t)| ≤ |xi(ti)|+
n∑

j=1

∣∣∣
t∫

ti

hij(τ )|xj(τ )|dτ
∣∣∣ ≤

≤ |xi(ti)|+
n∑

j=1

∣∣∣
∫ t

ti

h
pij

ij (τ )dτ
∣∣∣

1
pij

∣∣∣
t∫

ti

∣∣xj(τ )
∣∣qij

dτ
∣∣∣

1
qij (22)

and

‖xi(t)‖L
q0
([a,b])

≤(b− a)
1

q0

n∑
j=1

rij‖xj‖L
q0
([a,b])

+

+
n∑

j=1

h∗ij
[ b∫

a

∣∣∣
t∫

ti

∣∣xj(τ )
∣∣qij

dτ
∣∣∣

q0
qij

] 1
q0 (i = 1, . . . , n) (23)

By a lemma of Levin (see [2] lemma 4.7)

[ b∫

a

∣∣∣
t∫

tj

∣∣xj(τ )
∣∣qij

dτ
∣∣∣

q0
qij
dt

] 1
q0 ≤ (b − a)

1
qij l(qij, q0)‖xj‖L

q0
([a,b])

(24)

Consequently we obtain from (23) that

(E − S)
(‖xi‖L

q0
([a,b])

)n

i=1
≤ 0 (25)

where the E-matrix unit S = (sij)n
i,j=1...n is defined in Theorem 3. Since the

spectral radius of the matrix is less than 1, it follows from (25) that

‖xi‖L
q0
([a,b])

= 0 (i = 1, . . . , n)

Therefore xi ≡ 0 (i = 1, . . . , n), proving our Lemma 7. �

Lemma 8 Let gi : [a, b] → R, gi ∈ L([a, b]) (i = 1, . . . , n), hij ∈ Lpij ([a, b],R+),
1
pij

+
1
qij

= 1, qij ≤ q0, (i, j = 1, . . . , n)

ψi(|x1|, . . . , |xn|) =
n∑

j=1

ψij(|xj|) (i = 1, . . . , n) (26)

where each ψij : C+([a, b]) → R+ (i = 1, . . . , n) are sublinear nondecreasing
continuous functionals and the spectral radius of the matrices Ψ∗ and S defined
in (17) is less than 1. Then (3) holds for (G,H,Ψ).
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Proof Let the vector function x(t) = (xi(t))n
i=1 be the solution of the Problem

B. We shall prove that this solution is zero.
Choose ti ∈ [ai, bi] such that

|xi(ti)| = min
{|xi(t)| : ai ≤ t ≤ bi

}
, (i = 1, . . . , n) (27)

The by integrating (4) and using (5), Hölder inequality and Lemma of Levin
(see [3], Lemma 1.7) we obtain

|xi(t)| ≤
(

exp

t∫
ti

gi(τ ) sign (τ − ti)dτ
)
|xi(ti)|+

+
n∑

j=1

∣∣∣
t∫

ti

hij(τ ) exp
( t∫

τ

g(s) sign (s− τ )ds
)|xj(τ )|dτ

∣∣∣, (i = 1, . . . , n)

(28)

∥∥∥
t∫

ti

hij(τ ) exp
( t∫

τ

gi(s) sign (s− τ )ds
)
|xj(τ )|dτ

∥∥∥
L

q0
([a,b])

≤

≤
∥∥∥∣∣

t∫
ti

h
pij

ij (τ ) exp
(
pij

t∫
τ

gi(s) sign (s− τ )ds
)
dτ

∣∣ 1
pij

∣∣
t∫

ti

|xj(τ )qijdτ
∣∣ 1

qij

∥∥∥
L

q0
([a,b])

≤ h∗∗ij

∥∥∥|
t∫

ti

|x(τ )|qijdτ |
1

qij

∥∥∥
Lqo([a,b])

≤ (b− a)
1

qij l(qij, q0)‖xj‖L
q0
([a,b])

h∗∗ij

and

‖xi‖L
q0
([a,b])

≤ (b− a)
1

q0 γi|xi(ti)| +
n∑

j=1

(b − a)
1

qij l(qij, q0)h∗∗ij ‖xj‖L
q0
([a,b])

(i = 1,. . . ,n)

(29)

Substituting the inequality (28) into boundary condition (5) and using (26),
(27) we have

|xi(ti)| ≤
n∑

j=1

ψij(|xj|) ≤ |xi(ti)|ψ∗
ij +

+
n∑

j=1

ψij

(∣∣∣
t∫

ti

h
pij

ij (τ ) exp
(
pij

t∫
τ

gi(s) sign(s− τ )ds
)
dτ

∣∣∣
1

pij

∣∣∣
t∫

ti

|xj(τ )|qijdτ
∣∣∣

1
qij

)
≤

≤ |xi(ti)|ψ∗
ij +

n∑
j=1

(b − a)
1

qij
− 1

q0 ψij(1)h∗∗ij ‖xj‖L
q0
([a,b])

, (i = 1, . . . , n).
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Since the spectral radius of the matrix Ψ∗ is less than 1, we get

(|xi(ti)|)n
i=1 ≤ (E − ψ∗)−1

(
(b− a)

1
qij

− 1
q0 ψij(1)h∗∗ij

)n

i,j=1

(‖xj‖Lqo
([a,b])

)n

j=1
(30)

Consequently, from (29), (30) we obtain
(‖xi‖L

q0
([a,b])

)n

i=1
≤ S

(‖xj‖L
q0
([a,b])

)n

j=1
(31)

Since spectral of radius of the matrix S is less than 1, we obtain
(‖xi‖L

q0
([a,b])

)n

i=1
≤ 0,

and our Lemma has been proved. �

Proofs of our Theorems We now can sketch the proofs of our results. By
the above two Lemmas and using Theorem 1 and Theorem 2, we can get
Theorem 3 and Theorem 4 easily. Applying Theorem 3 and Theorem 4, we can
get Theorem 5 and Theorem 6 immediately as corollaries of Theorem 3 and
Theorem 4.
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