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Abstract

In this paper, by using p-adic Nevanlinna theory, we prove a general-
ized Borel’s lemma in the p-adic case.

1 Introduction

Let us start by recalling Borel’s lemma in the complex case:

Theorem 1.1. Let fi,..., fn,n > 3 be non-zero holomorphic functions on C
such that
fi+--+fn=0.

Then the function {f1,..., fn—1} are linearly dependent.

It is well - known that Borel’s lemma plays an important role in the study
of hyperbolic spaces. For different purposes some generalizations of the lemma
are given. We mention here a result of Y.T. Siu and S.K. Yeung.

Theorem 1.2 ([13]). Let g;(zo,...,zn) be a homogeneous polynomial of de-
gree 0; for 0 < j <mn. Suppose there exists a holomorphic map f : C — P"(C)
so that its image lies in

n

oy
E z; 7 gj(xos. .., xn) =0,
i=0
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and k> (n+1)(n—-1)+ Z?:o d;. Then there is a nontrivial linear relation

among £¥ % g1 (o, ..., xy), ..., 2k 0 g, (x0,...,x,) on the image of f.

In [12], by using p-adic Nevanlinna-Cartan’s theorem, Nguyen Thanh Quang
and Phan Duc Tuan proved a p-adic version of Siu-Yeung’s lemma as the fol-
lows.

Theorem 1.3. Let gj(zo,...,%n) be a homogeneous polynomial of degree d;
for 0 < j < n. Suppose there exists a holomorphic map f : C, — P*(C,) so
that its image lies in

and

Then the following functions are linearly dependent on C, if they are have no
common zeros:

f_élgl(f(]a ceey fn)a R ﬁ_éngn(f(); ceey fn)

In this paper, by using p-adic Nevanlinna theory, we prove an analog of a
generalized abc-conjecture for p-adic entire functions and we then apply the
result to prove the hypothesis that the functions

f_élgl(foa . 'afn)a SER) ﬁ_éngﬂ(f()a SER) fn)

have no common zeros in Theorem 1.3 is not necessary.

2  An analog of a generalized abc-conjecture for
p-adic entire functions

Let p be a prime number, @, the field of p-adic number, and let C, be the
p-adic completion of the algebraic closure of @,. The absolute value in C,, is
normalized so that |p|, = p~*
Let a € C, and f is a p-adic meromorphic function, we write f in the form:
19
=(r—a)=
f=—a)’
Where g, h are ertire functions and g(a)h(a) # 0, then [ is called the order of
f at a and is denoted by u$, we also denote u$ , = min(k, u$). We have the
following easily proved properties of p%.
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Lemma 2.1. Let f,g be two meromorphic functions and a € Cp,, we have
a) p§y, > min(u$, pg),
b) nty = 1§ + pg,
c) uG = p§ — ug,
g
d) N;(k) 2 N; —k.

Let f be a nonconstant p-adic analytic function on C,,

f= Z anz"(an € Cp)
n=0

is well-defined whenever
lanz"|p, — 0.

Define the maximum term
_ n
w(r, f) = rggglanlf :

Let f is a meromorphic function, we can uniquely extend p to meromorphic
function f = £ by defining

Define the compensation function by

m(r, f) = max{0, log u(r, f)}.
Define the counting function by
1 0 o T
N Ira? ::ufloglr_F Z Nf10g|a|a
0<a<r,f(a)=0

and

— 1 o r
N(ﬁ}) =y logr + Z #f,110g|a|-
0<a<r,f(a)=0

As usual, we define the characteristic function by

T(Taf):m(raf)_FN(Taf)a

where



We have Jensen Formular (see [3])

N(r, <) = N(r, f) = log pu(r, f) + 0(1).

f

Now we give an analog of a generalized abc-conjecture for p-adic entire
functions.

Theorem 2.1. Let fo,..., faq1 be (n + 2) entire functions have no common
zeros and go, ..., gn+1 be (n + 2) entire functions such that fogo, ..., fngn be
linearly independent over C,, and

Jogo + -+ fugn = fnt19n+1

Then
n+1 n+1
— 1 1 n(n+1)
T gi) < N(r, — N(r,—)— —=1 0(1).
oél}lg}fﬂ (T’fjgj) _n;) (r fj)+j§0 r gj) 2 ogr +0(1)

Proof. Since fogo, ..., fngn are linearly independent, then the Wronskian W of
fogo, -, fngn does not vanish. We set

P= W(ngOa 23] fngn)
ngOfngn

Q= Jogo----fn+19n+1 .
W(fogo, -+, fngn)
Hence we have
Jnt19n+1 = PQ.

By Jensen formular, we have

L )+0(1>gzv(r,%)wv(r,lwom. )

T(r, fat1gn+1) = N(r, 7——
Jn+19n+1 P

We have

n+1

Mg =¥ ( i) FINC) 00 @)
W(f090,-sfngn) j=0 J

Suppose that « is a zero of fofi1--- fni1, by the hypothesis there exists v,0 <

v < n+ 1 such that f, # 0. By the hypothesis fogo + -+ + fngn = frni1gni1
we have

@ _ @
K 5o fngn = M o fv_1fup1Fngn
W(f090:---» frngn) W(f090:---» fo—19v—1:fu419041--» frnt+19n+1)
n+1

_ § a _ «
- 'ufj NW(f0907~~~>fu—1gu—17fu+1gu+17~~~>fn+1gn+1)
j=0
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W(.ngO; cany fu—lgu—la fu+1gu+1; cany fn+1gn+1) is the sum of follow terms

5f(¥0g010 (falgal)/ e (fozngozn)(n)a

Where «; € {0,...n+ 1}\{r},d = £1. By using Lemma 2.1 we have

[0
P foogap (Far Gay ) (Fan Gan) (™

> Yo M, n( > D)
0<5<n, fa; ()=0 0<5<n, fa;(a)=0
= D S SR V- (GRS Y
0<5<n, fa; (@)=0 0<j<n, fa; (a)=0 0<j<n, fa,(a)=0
> >ooooug -nl Y 1)
0<j<n, fa; (a)=0 0<j<n+1,fa;(a)=0
n+1

= Z K = n( Z 1).
§=0

0<j<n+1,f;(a)=0
By Lemma 2.1 we have

n+1

[e3 (073
HW (fog0sevesFomt 9ot ot 1 Gurt 1o i1 Gnn) = Z'ufaj —n( Z 1).
Jj=0 0<j<n+1,f;(a)=0
Hence
ILLa o Frtl S TL( Z 1)
090 Tnan) 0<j<nt1,f;(a)=0

By the definition of counting function, we have:

1 1
N <7’; W) STLZN(Taf_j) (3)
j=0

W(fog0,---»fngn)

By Jensen formular we have
1
N(r, ) < logp(r, P) +0(1) )

The value of P is clearly

Zifaogao ) (falgal)/' (fangan)(n)
JooYao Jo19ou Jon9on,

summed for the (n 4+ 1)! permutations (ag, ..., o) of (0,...,n), the positive
sign being taken for a positive permutation, the negative sign for a negative
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permutation. We have

max (fa190,) o (fangan)(n)>
pr.P) < e (T, Jo1 9o JonGan
— max (falgal)/> ( (fangan)(n)>
B : M(T, Jor 9o Y Jon9on,

By using the lemma of logarithmic derivative (see [2]) which states

@ 1
" ( 7 ) =5

for a nonconstant meromorphic function f in C),, we obtain

1 1 1 n(nt1)
< T
b P)S Lot 6
From (4) and (5) we have
1 1
N Ly < 20D 1 o (6)
P 2
From (1), (2), (3) and (6) we have
n+1 n+1
— 1 n(n+1
T(r, fas1gns1) <n > N(r,—)+ > N(r,—)— n{n+1) logr + 0(1).
= i = 2

By a similar argument applying to the functions fygo, ..., fngn, we have

A S TR ay L, _n(n+1),
og?ngT(Ta figj) < n;} N(r, f_j) + ;) N(r, g_j) -5 logr+ 0(1).
Theorem 2.1 is proved. O

3 A P-adic generalized Borel’s lemma

The following theorem is more general than Theorem 1.3.

Theorem 3.1. Let gj(zo,...,%,) be a homogeneous polynomial of degree d;
for 0 < j < n. Suppose there exists a holomorphic map f : C, — P*(C,) so
that its image lies in

n

k—5;
ij 7gi(zo,...,zn) =0,

7=0
and k> (n+1)(n—1) + Z?:o d;. Then there is a nontrivial linear relation

k—6
n

among £¥ % g1 (o, ..., xy), ..., 2k 0ng, (x0,...,x,) on the image of f.
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Proof. By the hypothesis we have
ka % an"'afn):Oa

Assume on the contrary that the functions

f_élgl(foa . 'afn)a SER) ﬁ_éngﬂ(f()a SER) fn)

are linearly independent. By using Theorem 2.1 we have

max (T( f5 g1 (fos o f))s oo T, £ g0 (fos s )

n+1 n+1 TL(TL _ 1)

< n—1§:N k6 +§: (hw,hﬂ_ 5— logr+0(1)

n+1 n+1

— -1
= (n—l);}N( +ZN fo,- ;fn))_ 5 logr + 0(1)

n+1 n+1

—1
(n—l)jgoN( +ZN fo,- ;fn))_ 5 logr + 0(1)

IN

We set for simplicity
max T'(r, f;) =T(r, fi,)-

0<j<n
Then we have
k—5;
T(T’fio Ogiﬂ(foa"'afn))
n+1 n+1 1 n(n—1)
< (n—1) N(r N(r, _ log 7 + 0(1).
Z ; ( gj(an---afn)) 2 (1)
Hence
N( ! )+ N( 1 )
T s ry——
i Gio(for s Fn)
n+1 n+1
1 1 n(n—1)
< (n—1) N(r,—)+ N(r, ) — logr + 0(1).
Thus
(k — diy )N (r, f}O)
1 Sy n(n—1)
< (=DOADNCg)+ 2 N grmgy) — o lsr +0(1)
' 0<j<n,j#io 0
n+1 L
< (-DE+DNE A+ Y N ) = 2 logr +0(1).
000 <n,jio 0
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So

1 (n—1)

(k—Z(Sj—(n—l)(n—Fl))N(r,fTO)S— 5 % logr +0(1).

=0

By the hypothesis & > Y°%_d; — (n — 1)(n 4 1) we have a contradiction when
r — +00. (]
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