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Abstract

Let R be a ring and S = R[xz;0,0] its Ore extension. We prove
under some conditions that R is a quasi-Baer ring if and only if the
Ore extension R[z;0,d] is a quasi-Baer ring. Examples are provided to
illustrate and delimit our results.

1 Introduction

Throughout this paper, R denotes an associative ring with unity. For a subset
X of R, rr(X) = {a € R|Xa = 0} and ¢r(X) = {a € R|aX = 0} will stand
for the right and the left annihilator of X in R respectively. By [9], a right
annihilator of X is always a right ideal, and if X is a right ideal then rr(X)
is a two-sided ideal. An Ore extension of a ring R is denoted by R[x;0, ],
where o is an endomorphism of R and § is a o-derivation, i.e., §: R — R is an
additive map such that d(ab) = o(a)d(b) + d(a)b for all a,b € R. Recall that
elements of R[z; 0, ] are polynomials in « with coefficients written on the left.
Multiplication in R[x; g, d] is given by the multiplication in R and the condition
za = o(a)x +d(a), for all a € R. We say that a subset X of R is (o, §)-stable if
o(X) C X and §(X) C X. A ring R is (quasi)-Baer if the right annihilator of
every nonempty subset (every right ideal) of R is generated by an idempotent.
From [1], an idempotent e € R is left (resp. right) semicentralin R if exe = xe
(resp. exe = ex), for all x € R. Equivalently, ¢ = ¢ € R is left (resp. right)
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semicentral if eR (resp. Re) is an ideal of R. Since the right annihilator of
a right ideal is an ideal, we see that the right annihilator of a right ideal is
generated by a left semicentral in a quasi-Baer ring. We use S¢(R) and S,.(R)
for the sets of all left and right semicentral idempotents, respectively. Also
note S¢(R) NS, (R) = B(R), where B(R) is the set of all central idempotents
of R. If R is a semiprime ring then S;(R) = S,.(R) = B(R). Recall that R
is a reduced ring if it has no nonzero nilpotent elements. A ring R is abelian
if every idempotent of R is central. We can easily observe that every reduced
ring is abelian.

According to [10], an endomorphism o of a ring R is said to be rigid if
ac(a) = 0 implies a = 0 for all a € R. We call a ring R o-rigid if there exists
a rigid endomorphism o of R. Following Hashemi and Moussavi [4], a ring R
is o-compatible if for each a,b € R, ac(b) = 0 & ab = 0. Moreover, R is said
to be §-compatible if for each a,b € R, ab = 0 = ad(b) = 0. If R is both
o-compatible and §-compatible, we say that R is (o, §)-compatible. A ring R is
o-rigid if and only if R is (o, §)-compatible and reduced [4, Lemma 2.2]. Also,
if R is o-rigid then R[x;0,d] is reduced [10, Theorem 3.3]. From [8], a ring R is
said to be a o-skew Armendariz ving if for p = 37" a2’ and ¢ = 377" bja
in R[x;0], pg = 0 implies a;0%(b;) = 0 for all 0 < i < n and 0 < j < m. From
[5], a ring R is called an (o, §)-skew Armendariz ring if for p = >  a;z" and
q= Z;n:() bjz? in R[z;0,d), pg = 0 implies a;z°b;x? = 0 for each 4, j. Note that
(0,9)-skew Armendariz rings are generalization of o-skew Armendariz rings,
o-rigid rings and Armendariz rings, see [8], for more details. It was proved in
[7, Corollary 12], that if R is a o-rigid ring then R|x;0,d] is a quasi-Baer ring
if and only if R is quasi-Baer. Also in [4, Corollary 2.8], it was shown that, if
R is (o, 0)-compatible, then R[z;o,d] is a quasi-Baer ring if and only if R is
quasi-Baer.

The aim of this paper is to show that if R is an (o, §)-skew Armendariz ring
with o an automorphism such that Re is (o, §)-stable for all e € Sy(R), then R is
a quasi-Baer ring if and only if R[x;0,d] is a quasi-Baer ring. Many examples
are provided to illustrate and delimit results and to show that they are not
consequences of [4, Corollary 2.8]. Moreover, we obtain a partial generalization
of [7, Corollary 12].

2 Preliminaries and Examples

For any 0 <i < j (i,j € N), f/ € End(R,+) will denote the map which is the
sum of all possible words in ¢, § built with ¢ letters o and j — 4 letters § (e.g.,
fr=0¢" and fJ! = 6", n € N). The next lemma appears in [11, Lemma 4.1].

n .
Lemma 2.1. For any n € N and r € R we have x"r = Y fI'(r)z" in the ring
i=0
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R[z;0,9].

Lemma 2.2. [5, Lemma 5. Let R be an (o,d)-skew Armendariz ring. If
e? = e € R[r;0,0] where e = eg + e17 + €22 + -+ + ez, then e = €.

Lemma 2.3. Let R be a ring, o an endomorphism and § be a o-derivation of
R. Then o(Re) C Re implies 6(Re) C Re for all e € B(R).

Proof. Let e € B(R) and r € R. Then d(re) = d(ere) = o(er)d(e) + d(er)e =

a(ere)d(e) + d(er)e = sed(e) + d(er)e, for some s € R, but e € B(R), then
ed(e) = ed(e)e, so §(re) = (sed(e) + d(er))e. Therefore §(Re) C Re. O

Lemma 2.4. Let R be a ring, o an endomorphism of R and  be a o-derivation
of R. If R is (o, 08)-compatible. Then for a,b € R, ab= 0= af!(b) =0 for all
j>i>0.

Proof. If ab = 0, then ac’(b) = ad?(b) = 0 for all i > 0 and j > 0, because R
is (0, d)-compatible. Then af/ (b) = 0 for all 4, j. O

Lemma 2.5. Let R be a ring, o an endomorphism of R and § be a o-derivation
of R. If R is o-rigid then R is (0, d)-skew Armendariz.

Proof. If R is o-rigid then R is (o, d)-compatible by [4, Lemma 2.2]. Let f =
Z?:o a;x', g = Z;n:() bjzd € R[x;0,8] such that fg = 0, then a;b; = 0 for all
i, j, by [7, Proposition 6]. So a;fJ(b;) =0, forall 0 < £ <i<n, 0<j<m,

by Lemma 2.4. Hence a;z'bjz! = Z[ Oalf[( ;)29 = 0. Therefore R is
(0, d)-skew Armendariz. O

The next example illustrates that there exists a ring R and an automorphism
o of R such that Re is o-stable for all e € S¢(R), but R is not o-rigid.

Example 2.6. [8, Ezample 1]. Consider the ring

r={(2 Yczacal

where Z and Q are the set of all integers and all rational numbers, respectively.
The ring R is commutative, let 0: R — R be an automorphism defined by

(66 )= )

(1) R is not o-rigid.

(8 3)"((8 o))‘“ ”“t( )#o it #0.

(2) o(Re) C Re for all e € S¢(R). R has only two idempotents:

eo = (8 8) end e = ( > let r = ( Z) € R, we have o(reg) € Reg

and o(re1) € Rey.
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Also we have an example of an endomorphism o of a ring R such that Re
is o-stable for all e € S¢(R) and R is not o-compatible.

Example 2.7. Let K be a field and R = K]t] a polynomial ring over K with
the endomorphism o given by o(f(t)) = f(0) for all f(t) € R.

(1) R is not o-compatible (so not o-rigid). Take f = ag+ait+ast?+---+ant™
and g = byt + bot? + - - -+ by t™, since g(0) = 0 so, fo(g) =0, but fg # 0.

(2) R has only two idempotents 0 and 1 so Re is o-stable for all e € S¢(R).

There is an example of a ring R and an endomorphism o of R such that R
is o-skew Armendariz and R is not o-compatible.

Example 2.8. Consider a ring of polynomials over Zo, R = Zs|z]. Leto: R —
R be an endomorphism defined by o(f(x)) = f(0). Then:

(i) R is not o-compatible. Let f =14z, g =2 € R, we have fg = (1+x)x # 0,
however fo(g) = (1+ z)o(x) = 0.

(#4) R is o-skew Armendariz [8, Example 5].

In the next example, S = R/I is a ring and & an endomorphism of S such
that S is 7-compatible and not 7-skew Armendariz.

Example 2.9. Let Z be the ring of integers and Zo be the ring of integers
modulo 4. Consider the ring

R:{(g Z) |an,56Z4}.
a

. a b —b
Let o: R — R be an endomorphism defined by o ((O a>> = (O u >

a 0
0 a

R/T= {(g g) 1@,b € 4Z}.
= = = = 2
(1) R/I is not 7-skew Armendariz. In fact, (((2) g) + ((2) % x) =0c¢€
_ 2 1\_(2 0
(R/I)[z; 7], but (O 5) o] (O 5) £ 0.

o . a b a v
(2) R/I is T-compatible. Let A = ,B = eR/I. IfAB=0

Take the ideal I = {( > la € 4Z} of R. Consider the factor ring

0 a 0 o
then aa’ = 0 and ab/ = ba’ = 0, so that AG(B) = 0. The same for the converse.
Therefore R/I is G-compatible.
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3 Ore extensions over quasi-Baer rings

It was proved in [1, Theorem 1.2], that if R is a quasi-Baer ring and o an auto-
morphism of R then R|[x; o] is a quasi-Baer ring. The following example shows
that “ o is an automorphism ” is not a superfluous condition in Proposition
3.2.

Example 3.1. [6, Ezample 2.8]. There is an example of a quasi-Baer ring R
and an endomorphism o of R such that R[x; o] is not a quasi-Baer ring. In fact,
let R =K][t] be the polynomial ring over a field K and o be the endomorphism
given by o(f(t)) = f(0). Then the ring R[z; o] is not a quasi-Baer ring.

Proposition 3.2. Let R be a ring, o an automorphism and § be a o-derivation
of R. Suppose that Re is (o, )-stable for all e € Se(R). If R is quasi-Baer then
the Ore extension R|x;0,d] is quasi-Baer.

Proof. Let S = R[x;0,d] and I be an ideal of S. We claim that rg(I) = eS,
for some idempotent e € R. We can suppose that I # 0, we set

n—1
In={0}u{a € R|Jap,a1, - ,an,—1 € Rsuch that az"+ Y a;z’ € I,n € N}.

i=0

It is clear that Iy is a nonzero left ideal of R. Given a € Iy and r € R,
n—1 .

there is an element in I of the form az™ + > a;x'. Multiplying on the right
i=0

n—1 .
by o~ "(r) gives an element of the form arz™ + > b;z’, for some elements

bo,b1, -+ ,bh_1 € R, and so ar € Iy, thus Ij is a two-sided ideal. So there

exists an idempotent e € R such that rr(ly) = eR. We have ¢S C rg(I). To

see this, let 0 # f(z) = 3 aga® € I, then f(z)e = > (3 arfi(e))z”, where
k=0 k=0 i=k

fi are sums of all possible words in o, § built with k letters o and i —k letters 4.

Re is fi-stable (0 < k < i), so there exists u} € R such that f}(e) = uie (0 <

n n X n X
k < i). Therefore f(x)e = Y. (3 agul)ez®, if we set a = Y ajule, then
k=0 i=k i=k

f(x)e = Y apz®. If a, # 0, then a,, € Iy and so, e = a,, = 0 ( because
k=0
rr(lo) = eR ). Contradiction, hence o, = 0. Now suppose that a; = 0 for

k—1
j=mn,n—1,--- k+1with k € N. But f(z)e = apx*+ > ayz’, with the same
(=0

manner as above we have o = 0. So we can get «a, = Qp_1 = =0ay=0.
Consequently eS C rg(I).
Conversely, we can claim that rs(I) C eS. Let 0 # f(z) = Y apa* € T
k=0

and A(z) = > bjz? € S, such that f(z)A(z) = 0, we shall show that \(z) =
7=0
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m

o "(e)A(z). fweset £(x) = Ax)—o " (e)A(z) = go(bj—a_"(e)bj)xj, we have
F@E(E) = (5 aia) (5 (by=0"(€)h)a7) = an0™ (b =0~ ()b )™+ 7 +Q =

0, where @ is a polynomial with deg(Q) < n+m. Thus a,o™ (b, —o " (e)by) =
0, since a, # 0, then a, € Iy. Hence ¢™ (b, — o~ ™(e)bm) € rr(ly) = eR. So
o™ (b —0o7"(€)bm) = ea™ (b, —o 7" (e)by,), then by, —o ™" (e)by, = o~ "(e)(by, —
o~ "(€e)by) = 0) (because o~ "(e) is idempotent), hence b,, — o~ "(e)b,, = 0.
Now, suppose that b; — o~ "(e)b; =0 for j = m,m —1,--- , k+1 with k €
N and showing that by — o~ "(e)by = 0. Effectively, f(x)¢(z) = ano™(by —
o~ "(e)by)z"tF + Q' = 0, where Q' is a polynomial with deg(Q’) < n + k,
then a,o™(by — o~ "(e)by) = 0, with the same manner as below, we obtain
by — o "(e)by, = 0. Therefore b; — o ™(e)b; = 0 for all 0 < j < m, then
&(x) = 0. But A(z) = o™(e)A(x) or o™(e) = we for some v € R, but e is
left semicentral then A(z) = eueA(z) . Hence rg(I) C eS. So R[z;0,d] is a
quasi-Baer ring. O

In Example 2.7, Re is (o, 0)-stable for all e € S¢(R) but R is not (o, d)-
compatible. Thus, Proposition 3.2 is not a consequence of [4, Corollary 2.8].

There is a quasi-Baer ring R, o an automorphism of R and § a o-derivation
of R such that Re is (o, d)-stable for all e € Sy(R).

7 7
: 7)
integers numbers. By [2, Example 1.3(ii)], R is a quasi-Baer ring. Define
c:R—Randd: R— R by

(6 )~ 2o )~ 3) e

Clearly, o is an automorphism of R and § is a o-derivation. The nonzero
idempotents of R are of the form

(10 (U g (01
=10 1) \o o) 2= 0 1)’

where t € Z. ey is right semicentral not left semicentral and ey is left semi-
central not right semicentral, so the only left semicentral nonzero idempo-

tents of R are eg and e1;. Reg is (o,0)-stable. Let r = (g Z) € R, since

o(rer) = (g —Oxt> € (% %) ((1) é), then Rey is o-stable, also Rey is

d-stable. Therefore Re is (o, d)-stable for all e € S¢(R).

Example 3.3. Consider the ring R = , where Z is the set of all
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D D@eD
0 D
domain which is not a division ring. By [3, Example 4.11], R is a quasi-Baer
ring and has nonzero idempotents of the form

o 1) (o %"= ),

where b,d € D, with o and § as in Example 3.3, Re is (o, 9)-stable for all
ec Sy (R)

Example 3.4. Consider the ring S = ( >, where D is a simple

Corollary 3.5. Let R be an abelian or a semiprime ring, o an automorphism
and 0 be a o-derivation of R, such that o(Re) C Re for all e € B(R). If R is
quasi-Baer then R[x; o, ] is quasi-Baer.

Proof. By Lemma 2.3 and Proposition 3.2. O

In the remainder of this section we focus on the converse of Proposition 3.2.
We begin with the next example which shows that there exists a ring R and a
derivation § of R such that R[x;d] is quasi-Baer but R is not quasi-Baer.

Example 3.6. [I, Example 1.6]. There is a ring R and a derivation § of R
such that R[z;0] is a Baer ring. But R is not quasi-Baer. Let R = Zs[t]/(t?)
with the derivation & such that 5(t) = 1 where t =t + (t2) in R and Zs|t] is the
polynomial ring over the field Zo of two elements. Consider the Ore extension
R[x;6]. If we set e11 = tx,e12 = t,e01 = tx? + 2 and ez2 = 1 + tz in R[z; 0],
then they form a system of matriz units in R[z;]. Now the centralizer of these
matriz units in R[x; 8] is Za[x?]. Therefore R[z;0) & Ma(Zz2[1?]) =2 Ma(Zs2)[y],
where Ma(Z2)[y] is the polynomial ring over My (Zs). So the ring R[z;d] is a
Baer ring, but R is not quasi-Baer.

Proposition 3.7. Let R be an (o,0)-skew Armendariz ring. If R[x;0,d] is
quasi-Baer then R is quasi-Baer.

Proof. Let I be an ideal of R and S = R]z; 0, ], then since S is quasi-Baer,
there exists an idempotent e € S such that rg(I.S) = eS with e = ep + 12 +
-+ epx™ (n € N). By Lemma 2.2, we have eg € rr(I). Thus egR C rg(I).
Conversely, let a € rr(I) then a € rg(IS) N R =eySN R, so a = eyf for
some f = fo+ fiz+-- -+ fma™ € S. Then a = eg fy and so a € eg R. Therefore
rr(I) C egR. Consequently, R is a quasi-Baer ring. O

By Example 2.8, there is a ring R and ¢ an endomorphism of R such that
R is o-skew Armendariz and R is not o-compatible. So that, Proposition 3.7
is not a consequence of [4, Corollary 2.8]. By the next result, we see that
Proposition 3.7 is a partial generalization of |7, Corollary 12].
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Corollary 3.8. Let R be an o-rigid ring. If R[x;0,0] is quasi-Baer then R is
quasi-Baer.

Proof. Tt follows from Lemma 2.5 and Proposition 3.7. O

One might expect the converse of Proposition 3.2 to hold when R is a (o, §)-
skew Armendariz ring. However [8, Example 5] and [6, Example 2.8], shows
that this converse does not hold in general.

Example 3.9. We consider a commutative polynomial ring over Zs. R =
Zslx], let 0: R — R be an endomorphism defined by o(f(x)) = f(0). By
[6, Example 2.8/, Rlx; 0] is not quasi-Baer and R is quasi-Baer. But, by [8,
Ezxample 5], R is o-skew Armendariz. Note that R has only two idempotents
0 and 1, so o(Re) C Re for all e € S¢(R). Thus “ o is an automorphism 7 is
not a superfluous condition in the next theorem.

Theorem 3.10. Let R be a (o,d)-skew Armedariz ring with o an automor-
phism such that Re is (o, 0)-stable for all e € S¢(R). Then R is a quasi-Baer
ring if and only if Rlx;0,4] is a quasi-Baer ring.

Proof. Tt follows immediately from Proposition 3.2 and Proposition 3.7. O

Example 3.11. Let R = C where C is the field of complex numbers. Then R
is a Baer (so quasi-Baer) reduced ring. Define 0: R — R and 6: R — R by
o(z) =% and §(z) = z—Z, where Z is the conjugate of z. o is an automorphism
of R and § is a o-derivation. R has only two idempotents 0 and 1, so we have
the stability indicated in Theorem 3.10.

We claim that R is a (0,0)-skew Armendariz ring. Consider R[x;o,0]. Let
p=ap+arx+---+apx™ and g =by + brx + -+ bypa™ € R[x;0,0]. Assume
that pg = 0. Since R is o-rigid, we have a;b; = 0 for all 0 < i < n and
0 < j < m, by [7, Proposition 6]. thus a;z'bjz? = 0 for all 0 < i < n and
0 < j <m, because R|x;0,d] is reduced, by [10, Theorem 3.3].
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