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Abstract

This paper is concerned with when a direct sum of lifting modules
is lifting. For example, it is proved that for any ring R, the direct sum
M = @ic1M; is lifting if and only if M is amply supplemented and there
exists i € I such that every coclosed submodule K of M with M = K+ M;
or M = K + M(I —1) is a direct summand of M. In addition, we prove
that for any right perfect ring R, the right R-module M = M; & M,
is lifting if M; is a lifting right R-module and M is a semisimple right
R-module such that Ms is N-projective for every proper submodule N
of M- 1.

1 Introduction

In this paper all rings are associative with identity element and all modules are
unital right modules. Let R be a ring and let M be an R-module. A < M (A <
M) means that A is a submodule (small submodule) of M. Let A< B< M. A
is called a coessential submodule of B in M if B/A < M/A. A submodule K of
M is called coclosed in M if K has no proper coessential submodule in M. We
will call A an s-closure or coclosure of B in M if A is a coessential submodule
of B in M and A is coclosed in M.

Let M be a module and let N and K be submodules of M. N is called a
supplement of K in M if it is minimal with respect to M = N + K, equivalently,
M =N+K and NN K < N. M is called supplemented if every submodule
of M has a supplement in M and is called amply supplemented if for any two
submodules A and B of M with M = A+ B, B contains a supplement of A in
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M. Every homomorphic image of any amply supplemented module is amply
supplemented. Let M be a module and let NV and K be submodules of M. N
is called a weak supplement of K in M if M = N+ K and NNK < M. M
is called weakly supplemented if every submodule of M has a weak supplement
in M. It is clear that every amply supplemented module is supplemented and
every supplemented module is weakly supplemented. A submodule K of any
module M is called a supplement submodule of M if there exists a submodule
N of M such that K is a supplement of N in M. It is well known that if K
is a supplement submodule of any module M, then K is a coclosed submodule
of M. If M is weakly supplemented, then every coclosed submodule of M is
a supplement submodule of M (see [4, Lemma 1.1]). Also we note that any
module M is amply supplemented if and only if M is weakly supplemented and
every submodule of M has an s-closure in M (see [4, Lemma 1.7]).

Let M be a module. M is called a lifting module (or satisfies (D)) if for any
submodule N of M, there exists a direct summand K of M such that K C N
and N/K <« M/K, equivalently, for every submodule N of M there exist
submodules K, K’ of M such that M = K@® K', K C N and NNK' <« K'.
By [7, Proposition 4.8], the module M is lifting if and only if M is amply
supplemented and every supplement (namely coclosed) submodule of M is a
direct summand of M. Lifting modules have been extensively studied in recent
years (see, for example, [1]-[6] and [8]).

One of the most interesting questions concerning lifting modules is when a
(finite or infinite) direct sum of lifting modules is also lifting. Even for the ring
Z of rational integers, the situation is very interesting. For example, for any
prime p, the Z-module Z/pZ®7Z/p?Z is lifting but not the module Z /pZ®Z/p>Z
(see [2]).

2  Arbitrary Direct Sums

Let R be any ring. Let M be an R-module such that M = @;crM; is the
direct sum of lifting R-modules M; (i € I), for some given index set I. We are
interested in when M itself is a lifting module. First we recall the following
result [4, Lemma 1.4].

Lemma 2.1. Let M be a weakly supplemented module and B C C' submodules
of M such that C/B is coclosed in M/B and B is coclosed in M. Then C is
coclosed in M .

For any set I, | I | will denote its cardinality. Let M = @®;e;M;. M (I — 1)
will denote the direct sum @;-;erM;.

Theorem 2.2. Let R be any ring and let M = ®;erM; be the direct sum of
R-modules M; (i € 1), for some index set I with | I |> 2. Assume M is amply
supplemented. Then the following are equivalent.
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(i) M is lifting.

(ii) There exists i € I such that every coclosed submodule K of M with M =
K+ M,; or M =K+ M(I —1) is a direct summand of M.

(iii) There exists i € I such that for every supplement K of M; or M(I — i)
in M, M/K is lifting and K is a direct summand of M.

(iv) There exists i € I such that every coclosed submodule K of M with (K +
M)/K <« M/K or (K+ M —14)/K <« M/K or M = K+ M; =
K + M(I —1i) is a direct summand of M.

Proof (i) < (ii) < (iv): It is a simple corollary of [4, Theorem 2.1].

(i) = (uii): Let K be a supplement of M; in M, namely, M = K + M;
and K N M; < K. By (ii), K is a direct summand of M. Since M is amply
supplemented, M /K is amply supplemented. Let T/ K be a coclosed submodule
of M/K. Then T is a coclosed submodule of M by Lemma 2.1. By (ii), T is
a direct summand of M. Therefore T/K is a direct summand of M /K. Thus
M/K is lifting. By the same proof, every supplement K of M (I —i) in M is a
direct summand of M and M/K is lifting.

(#91) = (i): Let N be a coclosed submodule of M. Since M/N is amply
supplemented, (N + M;)/N has an s-closure in M /N, namely, there exists a
submodule H/N of M/N such that H/N is a coessential submodule of (N +
M;)/N in M/N and H/N is coclosed in M/N. Then (N+M;)/H <« M/H and
so M = H+ M(I —1i). By Lemma 2.1, H is coclosed in M. Since M is amply
supplemented, there exists a submodule P of M such that M = P + M (I — 1)
and PN M(I —i) < P < H. By (iii), P is a direct summand of M and
M/P is lifting. There exists a submodule P’ of M such that M = P @ P’.
Since H is coclosed in M, H/P is coclosed in M/P. So, H/P is a direct
summand of M/P since M/P is lifting. Then there exists a submodule H’
of M with P C H’ such that M/P = H/P ® H'/P. Then M = H + H’
and P = HNH'. M = P @ P’ implies that H' = P ® (H' N P’). Then
M=H+P+(HNP)=Ha&(HNP). Lt H' = H N P'. So, H
is a direct summand of M. Now ((N & H”)/N)® (H/N) = M/N because
N = (N® H')YNH. By Lemma 2.1, N @ H” is coclosed in M. Clearly,
M = (N®H")+M;. Since M is amply supplemented, there exists a submodule
Py of M such that M = Py +M; and PPNM; < P, C NG H". By (111), M/Pl
is lifting and M = P; @ P] for some submodule P; of M. Since (N & H")/P;
is coclosed in M/Py, (N @® H")/Py) ® (Py/P;) = M/P; for some submodule
P of M with Py C P,. Then N @ H" is a direct summand of M and hence N
is a direct summand of M. Thus M is lifting. O

Let M; and My be modules. The module M; is small Ms-projective if
every homomorphism f : My — My/A, where A is a submodule of My and
Imf <« My /A, can be lifted to a homomorphism ¢ : M; — Ms. The modules
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M, and Mj are relatively small projective if M; is small M;-projective for every
i.je{1,2},i# j.

Corollary 2.3. Let M = ®;c1M; be the direct sum of modules M; (i € 1),
for some index set I with | I |> 2. Assume M is amply supplemented. If there
exists i € I such that M; and M (I — i) are relatively small projective, then M
is lifting if and only if M; and M (I —1) are lifting and any coclosed submodule
K of M with M = K +M; = K+ M(I — i) is a direct summand of M.

Proof Necessity: Clear.

Sufficiency: Let K be a coclosed submodule of M. If (K + M;)/K < M/K
or (K+M(I—-1i))/K < M/K, by [4, Lemma 2.7], K is a direct summand of
M. It M=K+ M,; =K+ M(I—1i), by hypothesis, K is a direct summand of
M. Thus by Theorem 2.2(iv), M is lifting. O

We recall the folowing result [3, Proposition 2.10].
Proposition 2.4. Let M = M; & Ms be a direct sum of modules My and Ms.

(1) Let K be a supplement of My in M and f : P — Ms an epimorphism,
where P is a projective module. Then K = {f(p) — ¢(p) | p € P} for
some homomorphism ¢ : P — M.

(2) Let f: P — Ms be a projective cover of Ma. Then K = {f(p) — ¢(p) |
p € P} is a supplement of My in M for any homomorphism ¢ : P — Mj.

We know that every module need not have a projective cover. Let R be a
ring. R is called right perfect if every right R-module has a projective cover.
By [7, Theorem 4.41], any ring R is right perfect if and only if every right
R-module is amply supplemented.

Theorem 2.5. Let R be a right perfect ring and let M = @;c; M; be the direct
sum of right R-modules M; (i € 1), for some index set I with | I |> 2. Then
the following are equivalent.

(i) M is lifting.

(ii) There exists i € I such that for any homomorphisms ¢ : P — M; and
P 1 Q — M(I —1i), the submodules L = {f(p) — v(p) | p € P} and
K = {g9(q) — ¥(q) | ¢ € Q} are direct summands of M and M/L and
M/K are lifting, where f : P — M(I—1) is a projective cover of M (I —1)
and g : Q — M; is a projective cover of M.

Proof. (i) = (i#i): By Theorem 2.2, there exists ¢ € I such that for every
supplement K of M; or M(I —4) in M, M/K is lifting and K is a direct
summand of M. Let ¢ : P — M; and ¢ : @ — M(I — i) be homomorphisms.
Assume [ : P — M(I — i) is a projective cover of M (I —i) and g : Q — M;
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is a projective cover of M;. By Proposition 2.4, L = {f(p) — ¢(p) | p € P} is
a supplement of M; in M and K = {g(q) —¥(q) | ¢ € Q} is a supplement of
M(I — i) in M. Therefore M/K and M/L are lifting and K and L are direct
summands of M.

(#3) = (¢): Let K be a supplement of M (I — i) in M. Then K = {g(q) —
¥(q) | g € Q} for some homomorphism 1) : @ — M (I—i) by Proposition 2.4. By
(ii), K is a direct summand of M and M/K is lifting. Let L be a supplement of
M;in M. Then L = {f(p)—¢(p) | p € P} for some homomorphism ¢ : P — M;
by Proposition 2.4. By (ii), L is a direct summand of M and M/L is lifting.
Thus by Theorem 2.2(iii), M is lifting. O

3 UCC-Modules

Ganesan and Vanaja define the UCC-modules in [1] as follows.

Definition 3.1. A module M is called a unique coclosure module (denoted by
UCC-module) if every submodule of M has a unique coclosure in M. Hollow
modules and semisimple modules are UCC-modules. By [4, Lemma 1.7], every
weakly supplemented UCC-module is amply supplemented.

Theorem 3.2. Let M = ®;c;M; be a weakly supplemented UCC-module with
| I |>2. Then the folowing are equivalent.

(i) M is lifting.

(ii) There exists i € I such that M (I — i) is lifting and every coclosed sub-
module K of M with M = K + M; is a direct summand of M.

(iii) There exists i € I such that M (I —1i) is lifting and for every supplement
K of M; in M, M/K is lifting and K is a direct summand of M.

(iv) There exist i # j in I such that M(I — i) is lifting and every coclosed
submodule K of M with (K + M;)/K < M/K or M = K + M, is a
direct summand of M.

(v) There exist i # j in I such that M(I —1i) is lifting and every coclosed
submodule K of M with (K+M;)/K < M/K orM = K+M; = K+M;
is a direct summand of M.

Proof (i) = (i1), (i) = (iv), and (iv) = (v) are clear.

(#4) = (uit): By (ii), there exists ¢ € I such that every coclosed submodule
K of M with M = K+ M is a direct summand of M and M (I —3i) is lifting. Let
K be a supplement of M; in M. By (ii), K is a direct summand of M. By [4,
Lemma 1.7], M is amply supplemented. Hence M/K is amply supplemented.
Let N/K be coclosed in M/K. By Lemma 2.1, N is coclosed in M, and clearly
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M = N+ M;. By (ii), N is a direct summand of M. There exists N’ of M such
that M = N®N'. Now M/K = N/K®(N'® K)/K since K = NN(N' @ K).
Therefore M/K is lifting.

(#3i) = (i): Let H be a coclosed submodule of M. By [1, Proposition 3.14
and Theorem 3.16], (H + M;)/M; is coclosed in M/M;. Since M/M,; is lifting,
(H + M;)/M; is a direct summand of M/M; and hence H + M; is a direct
summand of M. Then M = (H + M,;)® H' for some submodule H' of M. Now
M/H =((H+ M;)/H)® (H ® H)/H) since H=(H + M;) N (H' @ H). By
Lemma 2.1, H @ H' is coclosed in M. Since M = (H' ® H) + M; and M is
amply supplemented, there exists a submodule P of M such that M = P+ M;
and PN M; < P C H @& H. By hypothesis, P is a direct summand of M
and M/ P is lifting. Since H @ H' is coclosed in M, (H @ H')/P is coclosed in
M/P. Therefore (H ® H')/P is a direct summand of M/P. Thus M is lifting
because H is a direct summand of M.

(v) = (i1): Let K be a coclosed submodule of M with M = K + M,;.
If M = K + Mj, then by (v), K is a direct summand of M. Assume that
M # K+ M;. Now by [4, Lemma 1.7], (K 4+ M;)/K has an s-closure in M /K,
namely, there exists a submodule H/K of M/K such that H/K is a coessential
submodule of (K +M;)/K in M/K and H/K is coclosed in M/K. By Lemma
2.1, H is coclosed in M. Since H+M; = K+ M;, (H+M;)/H < M/H. Then
by (v), H is a direct summand of M. Now M = H@® H’ for some submodule H’
of M. Since K = (K®&H')NH, M/K = (K®H')/K)®(H/K). Then K & H’
is coclosed in M by Lemma 2.1. Since M = (K ¢ H')+ M, = (K & H') + M;,
K @ H' is a direct summand of M by (v). Thus K is a direct summand of M.
U

Corollary 3.3. Let M = ®;ec1 M; be a weakly supplemented UCC-module with
| I|>2. If there exist i # j € I such that M; is small M (I — j)-projective, then
M is lifting if and only if M(I — j) and M(I — i) are lifting and any coclosed
submodule K of M with M = K + M; = K 4+ M; is a direct summand of M.

Proof Necessity: Clear.

Sufficiency: Let K be a coclosed submodule of M. If (K+M;)/K < M/K,
K is a direct summand of M by [4, Lemma 2.7]. If M = K + M; = K + M,
K is a direct summand of M by hypothesis. Thus M is lifting by Theorem
3.2(v). O

Theorem 3.4. Let R be a right perfect ring. Let M be a UCC right R-module
such that M = @;c; M; is the direct sum of right R-modules M; (i € I) with
| I |>2. Then the following are equivalent.

(i) M is lifting.
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(ii) There existsi € I such that M (I—1) is lifting and for each homomorphism
¢ : P — M; the submodule K = {f(p)—¢(p) | p € P} is a direct summand
of M and M/K is lifting, where f : P — M(I — i) is a projective cover
of M(I —1).

Proof (i) = (ii): By Theorem 3.2, there exists ¢ € I such that M (I — 1) is
lifting and for every supplement K of M; in M, M/K is lifting and K is a direct
summand of M. Let ¢ : P — M; be a homomorphism and f : P — M (I —1) be
a projective cover of M (I —¢). Then K = {f(p)—¢(p) | p € P} is a supplement
of M; by Proposition 2.4. So, K is a direct summand of M and M/K is lifting.

(#3) = (i): Let K be a supplement of M; in M. Then K = {f(p) — ¢(p) |
p € P} for some homomorphism ¢ : P — M;. By (ii), K is a direct summand
of M and M/K is lifting. Thus M is lifting by Theorem 3.2(iii). O

4 Modules With Semisimple Summands

As we remarked before in this note, for any prime number p, the Z-module
7.]pZ & 7./p*Z is lifting, but the Z-module Z/pZ & Z/p3Z is not lifting. Note
that Z/pZ is a simple Z-module. From this it is natural to ask for which
modules M; and semisimple modules M5 is the module M7 & M, lifting. First
we recall the following theorem.

Theorem 4.1. ([2, Theorem 6]) Let the module M = My @ My be a direct
sum of relatively projective modules My and My such that My is semisimple
and My is lifting. Then M is lifting.

Proposition 4.2. Let M be a UCC-module such that M = My ® Ms is the
direct sum of any module My and a semisimple module Ms. Then M is lifting
if and only if My is lifting.

Proof Necessity: Clear.

Sufficiency: Assume M, is lifting. Then by [9, 41.2], M is weakly supple-
mented. Let K be a supplement of My in M. Then it is easy to check that
K N M =0 and so, K is a direct summand of M. Since M/K = My and Ms
is lifting, M/K is lifting. Thus M is lifting by Theorem 3.2(iii). d

Lemma 4.3. Let M, and My be modules with My semisimple. Then M = M, &®
Ms is lifting if and only if M is amply supplemented and for every supplement
K of My in M, M/K is lifting and K is a direct summand of M.

Proof By Theorem 2.2(iii) and the proof of Proposition 4.2. O
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Theorem 4.4. Let R be a right perfect ring, let My be a lifting right R-module
and let Ms be a semisimple right R-module such that My is N-projective for
every proper submodule N of M. Then the right R-module M = My ®& Ms is
lifting.

Proof Assume that f: P — Ms is a projective cover of My. Let K be a
supplement of M; in M. Then by Proposition 2.4, K = {f(p) — ¢(p) | p € P}
for some homomorphism ¢ : P — Mj. Let my : My — M/K, m1(m1) =m + K
and w3 : My — M/K, ma(mg) = mao+K. If we check the proof of [3, Proposition
2.10(1)], we see that maf = m1p. Therefore f~1(Kerm) = f~1(K N M) =
o Y Kermy) = ¢} (KN M), namely, Kerp C f~1(K N Ms). Suppose Imp =
M. Then M = K + M>. Since M> is semisimple, K N My is a direct summand
of M. There exists a submodule T' of M such that My = (KN Ms) @ T. Then
M=K+ (KNM)+T=K®&T. Therefore K is a direct summand of M.
Now M/K 2T and T is a semisimple module. Thus M/K is also lifting.
Now suppose that Imep # M. By hypothesis, Ms is Imp-projective. Then
(M2 + K)/K is (P/Kery)-projective. Define the epimorphism « : P/Kerg —
(Ms + K)/K, a(p+ Kerp) = f(p) + K (p € P). Therefore Kera = f~'(K N
Ms)/Kerg is a direct summand of P/Kery. There exists a submodule H of
P with Kerg C H such that P/Keryp = (f~1(K N My)/Keryp) @& (H/Kery).
So P= f"Y{(KNMs)+ H and Kerp = HN f~1(K N M,). Define  : P — Mj,
O(x+h) = @(h), where x € f~1(K N M) and h € H. Clearly 6 is well defined.
Let K' = {f(p) — 0(p) | p € P}. It is easy to check that M = K' ® M;. We
claim that K’ C K. Let f(p) — 0(p) € K', where p € P and p = z + h, where
x € fTY (KN M) and h € H. Then f(p) —0(p) = f(z) + f(h) — p(h) € K,
since f(h) — ¢(h) € K and f(z) € K N Ms. Since K is a supplement of M in
M, K = K’ and hence K is a direct summand of M. Since M/K = M; and
M is lifting, M /K is lifting. By Lemma 4.3, M is lifting. t

Note that we can give the following alternative proof to Theorem 4.4:

Proof Note that M is amply supplemented because R is a right perfect
ring. Since M is N-projective for evey proper submodule N of M;, M, is
X-projective for every small submodule X of M;. Now we claim that Ms is
small Mj-projective. For, let A < My and f : My — M;j/A be a homomor-
phism such that Imf = T/A <« M;/A. Since M is amply supplemented, A has
a supplement B in M. Let B/(ANB) = (T'NB)/(ANB)+L/(ANB) for any
submodule L/(ANB) of B/(ANB). Then M; = A+B = A+(TNB)+L = T+L.
Since T/A <« My /A, M1/A = (L+ A)/A and hence M; = L + A. By the min-
imality of B in My, L = B. Therefore (T N B)/(ANB) <« B/(AN B). Now
TNB < B. Let X =TnNB. Since T = A+ X, we define the epimorphism
¢ : X — T/A such that ¢(z) = z + A, where z € X. So there exists a
homomorphism « : Ms — X such that pa = f. Hence f can be lifted to the



N. ORHAN AND D. KESKIN TUTUNCU 61

homomorphism ia, where i : X — Mj is the inclusion map. Therefore M, is
small M;-projective. By [4, Theorem 2.8], M is lifting. O

Let R be any ring and let M be an R-module. The module M is called

small if M < E(M), where E(M) is the injective hull of M. In [8], Talebi and
Vanaja define Z(M)={Kerg | g : M — N and N is small}. They call M
cosingular if Z(M) = 0 and noncosingular it Z(M) = M.
_ Let M be a module. Talebi and Vanaja define Z°(M) = M, Z'(M) =
Z (M) and define inductively Z (M) for any ordinal a. Thus, if « is not a
limit ordinal they set Z*(M) = Z(Z* '(M)), while if a is a limit ordinal
they set Z* (M) = Ns<a ZB(M ). This gives the descending sequence M =
Z°(M) 2 Z(M) 2 Z°(M) 2 ... of submodules of M (see [8]).

Let M be a module. Talebi and Vanaja prove in [8, Theorem 4.1] that M is
lifting if and only if M = Z (M) @ N for some submodule N of M such that N

and Z~ (M) are lifting, N is ZQ(M )-projective and M is amply supplemented.

Lemma 4.5. Let My be a lifting module and let My be a semisimple module.
Suppose that My = My, ® Mo and that My = Moy @ Mss, where My, and
M1 are noncosingular and Mo and Mao are cosingular. Then the module
M = M; & Ms is lifting if and only if M is amply supplemented, Mys & Moo
is lifting and M1 -projective.

Proof Assume that M = M; & M, is lifting. Then M is amply supplemented
and M2 @ Mag is lifting. By [8, Corollary 2.2 and Proposition 2.4], M1 & Mo
is noncosingular and M@ Mps is cosingular. Then ZQ(M) = 72(M11 O M) D
7" (Mya ® Mas) = Myy ® My implies that M = Z- (M) @ Mys ® Mas. By [8,
Theorem 4.1], M2 @ Mag is ZQ(M) = My1 ® May-projective and so M1o @ Moo
is Mj1-projective.

Conversely, assume that M is amply supplemented, Mo ® Mo, is lifting and
Mi1-projective. My ®May is UCC by [1, Proposition 4.2]. Now by Proposition
4.2, since My is semisimple and M is lifting, M1, @& Msq is lifting. Also,
Mis @ Mas is My, & May-projective. Therefore M = Z- (M) @ Miz @ May =
M1 ® May @ Mia @ Mag = My @ Ms is lifting by [8, Theorem 4.1]. O

Let R be a ring. Consider the following (*) property:
(*) Every cosingular right R-module is projective.

Corollary 4.6. Let R satisfy (*). Let My be a lifting right R-module and
Ms be a semisimple right R-module. Suppose that M = My & Ms is amply
supplemented. Then M 1is lifting.

Proof By [8, Theorem 3.8(4)], M; = My1 & Miz and My = My @ Moo,
where M7, and M3, are noncosingular and M7, and Mao are cosingular. Since
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Mis ® Mss is cosingular, by hypothesis, Mio & Mo is projective and so it
is Mji-projective. Since Mo @ Moo is projective and amply supplemented,
Mis @ Mys is lifting by [3, Proposition 2.3]. Hence M is lifting by Lemma 4.5
U

Let M be a module. M is called quasi-discrete if M is lifting and for any
direct summands M; and My of M with M = My + M,, My N Ms is also a
direct summand of M.

Corollary 4.7. Let R satisfy (*). Let My be a quasi-discrete right R-module
and My be a semisimple right R-module. Suppose that M = My ® Ms is amply
supplemented. Then M 1is lifting.

Proof By [8, Theorem 3.8(4)], M1 = M1 ® M2 and My = Ma; @ Maa, where
M1 and M3 are noncosingular and Mys and Mg are cosingular. Since M is
quasi-discrete, by [7, Lemma 4.23], M3 is M7;1-projective. By assumption, Moo
is projective, and so it is M1i-projective and Mis-projective. Then Mio @ Moo
is My1-projective and by Theorem 4.1, Mi, & Myo is lifting. Thus by Lemma
4.5, M is lifting. O
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