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Abstract

Let R be an alternative ring. We study the additivity of maps ¢ :
R — R satisfying the following condition d(an o (---(az 0 a1)--+)) =
Son_jano(---(6(ar)o(- - (azoar)--+))---) forallai, - ,an € R, where
aob = ab+ ba is the Jordan product of a and b in R. We prove that if
R contains a non-trivial idempotent satisfying some conditions, then ¢ is
additive.

1 Introduction

A ring PR not necessarily associative or commutative is called alternative if
(xy)y = zy? and y*x = y(yx), for all 2,y € R. Any associative ring is alterna-
tive, but the converse is not true.

An alternative ring R is called k-torsion freeif kx = 0 implies x = 0, for any
x € R, where k is a positive integer, and prime if aRb = 0 implies either a = 0
or b = 0. We consider the following convention for its multiplication operation:
that ajas---a, = (---(a1a2) -+ )a, and an---aza1 = ay(---(aza1)---) and
define the Jordan product a o b of elements a,b in R as aob = ab + ba. A
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nonzero element e; € R is called an idempotent if e;e; = e; and a non-trivial
idempotent if it is an idempotent different from the multiplicative identity of fR.
Let us consider R an alternative ring and fix a non-trivial idempotent e; € *R.
Let ea: R — R and e : R — R be linear operators given by es(a) = a—eja and
eh(a) = a — aey. Clearly €2 = eq, (€})? = €}, and we note that if % has a unity,
then we can consider ez = 1—e; € . Let us denote e3(a) by exa and €, (a) by
aez. Then R has a Peirce decomposition R = Ry & Riz D Ro1 D Roo, where
Ri; = eiRe; (1,7 = 1,2), satisfying the following multiplicative relations: (i)
RiiR C R (i) KRRy C© Ry (@ # §); (i) Ry = 0 if j # k and
(,5) # (k,1) and (iv) 23; = 0 (i # j).

Let R be an alternative ring and J : R — R be a map. We call § a Jordan
derivable map or multiplicative Jordan derivation if 6(aob) = §(a)ob+aos(b)
for all a,b € R and a Jordan n-tuple derivable map or multiplicative Jordan
n-tuple derivation if

5(ano(...(a20al)...)):Zano(...(5(ak)o(...(QQOal)...))...)
k=1

for all ay,---,a, € R.

It is easy to verify that every Jordan n-tuple derivable map on R is also a
Jordan (pn — p + 1)-tuple derivable map for each integer p = 2,3, - - .

The authors in [2] studied the additivity of Jordan derivable maps defined
on rings having at least one non-trivial idempotent element. They proved the
following main theorem.

Theorem 1.1. [2, Theorem 2.8.] Let R be a ring with a nontrivial idempotent
and satisfy

(P1) If a;jxji = 0 for all i € Rjg, then a;; = 0;

(P2) If zijaj, =0 for all z;; € Ryj;, then a;r =0;

(P3) If ajixi; + xiiai = 0 for all xy; € Ry, then ay; = 0,

fori, j,k € {1,2}. If a mapping § : R — R satisfies
d(ab+ba) = d(a)b+ ad(b) + §(b)a + bd(a)

for all a,b € 2R, then ¢ is additive.
In addition, if R is 2-torsion free, then § is a Jordan derivation.

The authors in [1] generalized the Theorem 1.1 for the class of Jordan n-
tuple derivable maps. They proved the following main theorem.

Theorem 1.2. [1, Theorem 2.1.] Let R be a ring 2 and (2"~! —1)-torsion free
containing a non-trivial idempotent e; and satisfying the following conditions:
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(i) e;ae;Rey, =0 or exRe;ae; = 0 implies e;ae; =0 (1 <14,j,k < 2);
(i) rog 0 (- (rog 0ags) -+ ) = 0 for all rog € Raa, implies aza = 0.
Then every Jordan n-tuple derivable map 6 : R — R is additive.

The aim of this article is to generalize the Theorem 1.2 to the class of Jordan
n-tuple derivable maps on alternative rings.

2 The main result

Our main result reads as follows.

Theorem 2.1. Let R be an alternative ring 2 and (2"~% — 1)-torsion free
containing a non-trivial idempotent ey and satisfying the following conditions:

(i) e;ae;Rer, =0 or exRe;ae; = 0 implies e;ae; =0 (1 <14,j,k < 2);
(i) rog 0 (- (rog0ags) -+ ) = 0 for all rog € Rag, implies azs = 0.
Then every Jordan n-tuple derivable map 6 : R — R is additive.

Based on the techniques used by Ferreira et al. [1] and Jing and Lu [2],
we shall organize the proof of Theorem 2.1 in a series of lemmas. We observe
that many formulas and relations presented in this paper are based in the
mathematical induction principle. For sake of clarity of the whole text we have
omitted their proofs.

The following three lemmas will be used throughout this paper whose proofs
are elementary and therefore omitted.

Lemma 2.1. Let a = ay1 + a1o + as1 + ags € R. Then:

(i) rija;x = 0 for all rij € Ry (1 < 4,4,k < 2) implies a;r = 0. Dually,
a;jkskr = 0 for all spr € Ry (1 < 4, k,1 < 2) implies a;j, = 0;

(ii) rizo (- - (rioay)-+-) = 0 for all 7y € Ry (@ = 1,2), implies
—_——

(n—1)—times
Qi = 0.

Lemma 2.2. §(0) = 0.

Lemma 2.3. For arbitrary elements a11 € Ri1, b1z € Riz, c21 € Roy and
dao € Rao the following holds

S(rP"P of--- (T’Llljl o(ar1 +bia+co1 +d22)) )

tpn—pJpn—p
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= Tf:n_—ijpn—p o+ (T’Llljl od(aiy + b1z +co1 +da2)) )
pn—p
+Z pn—p o (- (6(rF Yo (- (rt; oai)--))--+)
TV ipn—pdipn—p ikJk 1151 11
pn—p

+ Z Z’:L iﬂpn —-p '”(5(715“&)0('”(71111]'1 obl?)"'))"')

pn—p
+ Z 7';::; i]:ﬂn —» ° '”(5(715“&)0('”(71111]'1 0021)"'))"')
pn—p

+ Z 7';::; Zﬂpn -p o "'(5(Tfkjk)o (”'(Tilljl Odgg)---))---) (1)

for all r¥
p=12--

e € Rigge (ks gk = 1,25k = 1,--- ,pn — p) and for each integer

Lemma 2.4. For arbitrary elements a11 € Ri1, b1z € Riz, c21 € Roy and
dao € Rao the following hold: (Z) 5(@11—|—b12) = 5(@11)+5(b12); (ZZ) 5(&11+021) =
5(@11) + 5(021) (ZZZ) 5(()12 + dgg) = 5(()12) + 5(d22) and (ZU) 5(021 + dgg) =
5(021) + 5(d22)

Proof. For arbitrary elements rfkjk € R (k=1,---,n—1), with (i1,71) =
(15 1) and (ikajk) = (252) (k =2, ,Tl—l), or (ikajk) = (252) (k =1, ,n—

1), we have
5(7’?;_11]'"_1 o (7'1'113'1 o(ain +b12)) - +))
= O(rp, o((rly 0a11) 1))
+O(rf oo (i, 0 b))
= o (ryy, 00(an)) )

Jpn1 o(--(rl. od(b2))---)

tn—1Jn—1 1171
n—1
+y o o (B(rf ) 0 (- (g 0a1n) ) )
k=1
n

+Y o o (0l ) o (o (g, 0 biz) ) ) (2)

Taking into account co; = des = 0 and p = 1, in (1), and subtracting (1) from
(2), we obtain

o (om0 (8(ann + bia) — 8(anr) — 8(b12))) -+ ) = 0. (3)
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It follows that, if (i1, j1) = (1,1) and (ix, jx) = (2,2) (k =2,--- ,n — 1), then
from (3) we obtain
(ri1(8(ary +bra) — 6(as1) — 8(b12)))ras - 55 '
+ 755 " r3o((6(arn + biz) — 8(ax1) — 6(bi2))ri;) = 0,
by multiplication table of the R;;, which implies

(r11(6(a11 + bi2) — 6(a11) — 6(br2)))r3g - - 75y '
=7y " r3e((8(an1 + biz) — 6(anr) — 6(b12))riy) =0,
by the directness of the Peirce decomposition. Thus (§(a11 + b12) — d(a11) —
5(512))12 = (5(CL11 + 512) - 5(CL11) - 5(512))21 =0, by Lema 2-1(1)- If (ik,jk) =
(2,2) and rlm =rd, forall (k=1,---,n—1), then from (3), we have
7390 (+++ (rgg 0 (6(a11 + b1z) — 8(a11) — d(b12)))-++) =0

which results (5(&11 + blg) — 5(&11) — 5(()12))22 =0, by Lema 21(11) Now,
for arbitrary elements le]k € Rijo (kK =1,---,2n—2), (i1,/1) = (2,1),

(i, i) = (2,2) (k=2,---,n—1) and (i, jx) = (1,1) (k=mn,---,2n —2), we
have

S(ror 2. o (riy, o (a1 +b12)) )
= 5(T?;j§j2n_2 o (7’1'113'1 oair)--))
+o(rpr 2 o (- (ri, obia) )

T?;ingn—Q ° ( o (Tilljd 0 5(&11)) o )

Ao o (rj 00(b12)) )
2n—2
D T a0 (Ol ) 0 (o (i, o) ) )
k=1
2n—2

+ Z 12211 §J2n 2 "'(5(Tfkjk)o (”'(Tilljl obl?)))) (4)

Taking into account co; = deo = 0 and p = 2, in (1), and subtracting (1) from
(4), we obtain

P 0 (o (], 0 (8(an 4 biz) = 8(an1) = 3(br2))) -++) =0
which allows us to conclude that
(rgs ' r3argy (6(ary + b12) — 6(a11) — 0(b12)))rfy -+ rip 2 =0.

This yields (5(&11—|—b12) —5(&11) —5(()12))11 =0, by Lema 21(1) Consequently,
5(@11 + b12) — 5(&11) — 5(()12) =0.
The other cases are proven similarly. O
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Lemma 2.5. For arbitrary elements aiz,bia € Rz, ba1,co1 € Roy and tay €
Roao the following hold: (Z) 5(&12 =+ b12t22) = 5(&12) + 5(b12t22); (ZZ) 5(()21 +
toacor) = 0(ba1) + d(tazcar).

Proof. First, we observe that the following identity is valid

a2 + biatan
= €1 0 (--'(61 o((a12—|—t22) o (61 —|—b12))))

—_——
(n—2)—times

Hence, by Lemma 2.4 we have

d(a12 + biata2)
= d(ero(---(e10((ar2 +t22) o (e1 +b12))) - +))
—_———

(n—2)—times

— ero(--(e10 (- ((arz +taz) 0 6(er +br2))---))---)
te1 o (- (ero (- (6(arz +t22) o (er +b12)) )+ +)

F Y ero (o (3ler) o (- (a2 + taa) o ex + bio)) ) )
k=3

k—times

= e1o(---(ezo(-+-(arz08(er))--+))--)
tero(---(exo(---(arz08(bia))---))---)
tero(---(ero(---(taz0d(er)) ) ++)
tero(---(exo (- (tag08(ba)) ) ++)
t+ero(---(ero(---(6(arz) oer)---)) )
ter0(---(exo(---(8(arz) o bia)---))---)
tero(---(ero(---(A(taa) oer)--+)) )
tero(---(exo(---(6(taz) o byg)--+))-++)
+Z€1o(---(5(61)O(---(alzoel)---))---)
k=3 k—times
+§_:€1o(...(5(61)o(...(a120512)...))...)
k=3 k—times
+§_:€1o(---(5(61)O(---(tzzoel)---))---)
k=3 k—times
+§_:€1o(...(5(61)o(...(twobu)...))...)
k=3

k—times
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= d(ero(---(e1o(arzoer)) ) +d(ero(---(e10(arzobiz)) --))
+6(ero (- (e1o(tagoer)) ) +d(ero(---(er10(taz0biz))+))
d(ar2) + 6(b1ates).

Using a similar argument to the case (i), we prove that §(ba1 + tosce1) =
5(()21) + 5(t22021), from the identity
ba1 + tazcon
= ero(---(e1o((car +e1)o(bar +t22))) ).
—_———

(n—2)—times
t

Lemma 2.6. For arbitrary elements ai2,b12 € Riz and bay,co1 € Roy the
following hold: (i) 6(ai2 + b12) = d(a12) + 6(b12); (ii) d(bar + c21) = d(b21) +
5(021).

Proof. For arbitrary elements rfkjk € Ripjr (k=1,---,n—1) with (i1,71) =
(1,1) and (ig, jx) = (2,2) (k=2,--- ,n—1),0r (ig, jx) = (2,2) (k=1,--- ,n—
1), or (i1,41) = (1,2) and (i, jx) = (2,2) (k =2,--- ,n—1), we have by Lemma

2.5 that
S(rp =t o (rfy, 0 (12 +b12)) )
= O(rp o (rfy 0a12) 1))

_|_5(7,n—1 ° ( .. (7:1,1“,1 o b12) .. ))

in—1Jn—1
= o (o (riy, 06(a)) )
+T?n_—11jn—1 ( (Tllljl 0 5(b12)) o )

n—1
+y o o (B(rf ) 0 (- (g, 0a12) ) )
k=1

+ E_:T?n__lljn_l o (- (8(rf ) 0 (o (ri j, 0 baz) ) +). (5)
k=1

Taking into account a1; = c21 = doo = 0 and replacing b1s by a12 +byo, in (1),
and subtracting (1) from (5), it results

et o (-+(r} ;, 0 (6(arz + bi2) — 6(ar2) — 6(b12)))--+) = 0. (6)

in—1Jn—1

Hence, if (i1,41) = (1,1) and (ix, jx) = (2,2) (k=2,---,n— 1), from (6) we
obtain
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(r11(8(ar2 + bi2) — 6(ar2) — 6(b12)))rdy - 55 "
+ 15y 135 ((8(a12 + brz) — 8(a12) — 8(b12))riy) =0,

which implies

(r11(8(ars + bi2) — 8(ar1) — 6(b12)))rdy - -5y "
=1y " r3p((8(ary + bi2) — 8(ar1) — 6(b12))ryy) = 0,

by directness of the Peirce decomposition. Thus

(0(a12 + bi2) — d(a12) — 0(b12))12 = (6(a12 + b12) — 6(ai2) — 6(b12))21 = 0.

If (g, jr) = (2,2) and rf ;, =73, for all (k =1,---,n —1), then from (6) we
get

7390 (-++ (r35 0 (6(ar2 + b12) — 8(a12) — 8(b12)))---) = 0.
which shows that (5(&12 + blg) — 5(&12) — 5(()12))22 =0, by Lema 21(11) If

(i1,71) = (1,2) and (ig, jr) = (2,2) (k = 2,---,n— 1), then from (6) yet and
the previous cases, we conclude that

(0(arz + bra) — 6(arz) — 6(b12))rigrae -+ 155 - =0.

This implies (5(&12—|—b12)—5(&12)—5(()12))11 =0, by Lema 21(1) Consequently,
5(@12 + b12) — 5(&12) — 5(()12) =0.
The other case is proven similarly. O

Lemma 2.7. For arbitrary elements ai1,b11 € Ri1 and cao,daa € Ros the
following hold: (i) 6(a11 + b11) = 6(a11) + 6(b11); (4i) §(caz + daz) = d(c22) +
5(da2).

Proof. For arbitrary elements rfkjk € Ripjr (k=1,---,n—1) with (i1,71) =
(1,1) and (ig, jx) = (2,2) (k=2,--- ,n—1),0r (ig, jx) = (2,2) (k=1,--- ,n—
1), or (i1,41) = (1,2) and (i, jx) = (2,2) (k =2,--- ,n—1), we have by Lemma

2.6(i) that
5(7,11—1 ° ( .. (Tilljl o (all + bll)) .. ))
= O(rp o (- (riy 0a11) )
+8(rp o (o (riy, 0 b))
= o (riy 068(an)) )

—|—7'n_1 o (...(7’1 O(S(bll)))
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D DL IEY G GG Ko G (Y JPO RERD ) RERD P (7)

Taking into account bia = ¢91 = do2 = 0 and replacing ai; by a11 +b11, in (1),
and subtracting (1) from (7), we obtain

el o ("'(7"1'113'1 o (6(a11 + b11) — d(ar1) — 0(b11)))---) = 0. (8)

in—1Jn—1

Hence, if (i1,41) = (1,1) and (ix, jx) = (2,2) (k=2,---,n— 1), from (8) we
get

(r11(6(a11 4 bi1) — 6(a11) — 6(b11)))r3g - - 75y
=7y " r3e((8(ar1 + b11) — 8(ar1) — 6(b11))ryy) =0

which shows that
(0(a11 4+ b11) — 6(a11) — 0(b11))12 = (8(@11 + b11) — d(@11) — 6(b11))21 = 0.

If (ik;jk) = (2, 2) and Tk

Fjr = T3 forall (k =1,---,n — 1), then from (8) we
obtain

7950 (- (rgg 0 (6(a11 + b11) — 8(a11) — d(b11)))-++) =0

which results (5(&114—()11)—5(&11)—5 bll))gg = O, by Lema 21(11) If (il,jl) =
(1,2) and (ix, jx) = (2,2) (k = 2,--- ,n—1), then from (8) yet and the previous
cases, we obtain

(6(a11 + b11) — 6(a11) — 6(b11))riarag - 1oy 1 =0,

which yields (5(&11 —|—b11) — 5(&11) — 5(()11))11 =0. Consequently, 5(&11 —|—b11) —
5(&11) — 5(()11) =0.
The other case is proven similarly. O

Lemma 2.8. For arbitrary elements bia € Ri2 and co1 € Ra1 the following
holds 5(()12 =+ 021) = 5(()12) =+ 5((}21).

TkJk
(L) (k=1,---,n—2) and (in-1,Jn-1) = (1,2), or (ix,Jr) = (2 (
1; e, — 2) and (in—lgjn—l) = (25 1)) or (ilajl) = (152) and (ikajk) = (
(k=2,---,n—1), we have that

S(rp =t om0 (biztc21)) <))
= S(rpt  o(-(riy 0bi2) )

_|_5(7,n—1 ° ( .. (Tilljd o 021) .. ))

in—1Jn—1

Proof. For arbitrary elements rf . € R, ;. (k=1,---,n— 1) with (ix, jx) =
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= o (i, 06(bi2)) )
+7{Ln__11jn_1 o (7’1'113'1 0d(ca1)) )

+Zm Lo (0 ) 0 (o 0bia) ) )

+Zm iy © (B0 ) 0 (oo (0 ca1) ) ) 9)

Taking into account a;; = dag = 0 in (1) and subtracting (1) from (9), we
obtain

o (e (riy, o (0(biz + c21) — 8(bi2) — 0(car)))---) = 0. (10)

Hence, if (ig,jrx) = (1,1) (k= 1,---,n —2) and (in—1,Jn-1) = (1,2), from
(10) we get

iy o (2o (- (riy o (8(b1z + c21) — 8(b12) — 8(c21)))---)) = 0. (11)
Multiplying (11) from right by ¢11, then
(75 ((0(b12 + c21) — 6(br2) — 6(ca1))riy -+ iy 2))tr =0

2) — d(c21))21 = 0. If (ix, i) = (2,2) (k =

which implies 0(b12 + c21) — 6(b12
= (2,1), from (10) we have

1, e, N — 2) and (in—lajn—l)
it o (rhy 2o (- (rgg 0 (8(b1z + c21) — 8(b12) — 8(c21)))-++)) = 0. (12)
Multiplying (12) from right by o2, then
(3 ((0(b12 + ca1) — 6(bra) — 6(ca1))rag -+ 155 2))t22 = 0

which results (5(()12 + 021) — 5(()12) — 5(021))12 = 0. Now, let us prove that
(5(()12 + 021) — 5(()12) — 5(021))11 = 0. In fact, first note that

bia+co1 =ero(---(ero(bra+c21)) - -).
—_———
(n—1)—times
Hence
5(()12 + 021)

d(ero(---(er0(brz+ca1))--+))
= elo(---(elO5(b12+021))"')
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—|—i€10("'(5(€1)°("'(61o(b12+021))"'))"'>
k=1

= elo(---(elO5(b12+021))"')

n—1

+Z€10("'(5(€1)O("'(€1Ole)"'))"')

k=1

+Z€10(---(5(61)0(---(610021)---))---)- (13)

Also, note that

b12:€10(...(€10b12)...)
—_——

(n—1)—times
which implies

d(b12)
= 5(@10(---(6101912)"'))
= elo(---(€105(b12))"')

+Z€1O("'(5(61)0("'(elob12)"'))"')- (14)

Similarly, we have

0212610("'(610021)"')
—_——

(n—1)—times

which results

5(021)
= 5(@10(---(610021)"'))
= 610("'(6105(021))"')

+Z€1o("'(5(61)0("'(610021)"'))"')' (15)

Hence, subtracting (13) from (14) and (15), we obtain

§(b12 + c21) — 6(b12) — d(c21)
= ero(---(e10(d(br2 +c21) — 6(b12) — d(ca1))) -+ ). (16)
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which implies (2"_1 — 1)61 (5(()12 + 021) — 5(()12) — 5(021))61 = 0. Thus (5(()12 +
c21) —8(b12) —8(c21))11 = 0, since R is a (2"~ —1)-torsion free ring. Finally, if
(i1,71) = (1,2) and (i, jx) = (1,1) (k =2,--- ,n — 1), from (10) yet, we have

riy o (P2 o (- (riy o (8(biz + c21) — (b12) — 6(ca1)))--+)) = 0.

which yields
rir o (8(biz + c21) — 6(bi2) — 8(ca1)) =0, (17)

by the previous cases. The identity (17) allows us to conclude that (6(b12 +
c21) = 0(b12) —d(c21))22 = 0. Consequently, §(b12+c21) —(b12) —d(c21) = 0. O

Lemma 2.9. For arbitrary elements a11 € Ri1, b1z € Riz, c21 € Roy and
daa € Rag the following hold: (i) §(a11 + b1z + c21) = 0(a11) + d(b12) + d(c21);
(ii) §(b12 + c21 + da2) = 0(b12) + d(ca1) + 0(d22).

Proof. For arbitrary elements 7‘1 e € Rij (k=1,---,n—1) with (i1,71) =
(1 1) a’nd(lk;]k) ( )(k_z n—l),or(ik,jk):(2,2) (k:l,,n_
1), or (i1, 1) = (1,2) and (ig, jx) = (2, 2) (k=2,---,n—1), we have by Lemma
2.8 that
S(rp =t o (rly, 0 (a1 + bzt c21)) <))
= O(rp o (- (rly 0a11) )
FO(rp oo (i, 0 b))
+5( 1n 1Jn 1 o ( : '(Tilljl o 021) o ))
= ol o((riy 068(an)) )
A o (riy, 06(bi2)) )

"‘7'?"_113' . © (- (7’1'113'1 0d(co1))--+)

+Zm 0 (k) 0 (ol oan) ) )
+Zm Lo (o (B ) 0 (o o biz) ) )

+Zm vy 0 (o (O0rE ) 0 (o (i 0e1) - -0)) o). (18)
Taking into account des = 0 in (1) and subtracting (1) from (18), we conclude

ey © (o (rig, 0 (8(ann + biz + ca1) = 8(anr) = 6(bir) — (e21))) -+ -)
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0. (19)

Hence, if (i1,71) = (1,1) and (ig, jx) = (2,2) (k=2,--- ,n— 1), from (19) we
obtain

(r11(8(ar1 + bia + c21) — 6(ar1) — 6(br2) — 6(ca1)))rdy - -5y "
+ 75y e r5y((8(arn + biz + e21) — 8(ar1) — 6(bi2) — 8(ca1))riy) =0,

which yields

(r11(6(a11 + bi2) — 6(a11) — 6(br2) — 6(ca1)))riy - 155 '
=7y " r3e((8(ans + brz) — 8(ar1) — 8(br2) — 6(ca1))riy) = 0.

This results

(0(a11 + b1z + c21) — d(a11) — d(b12) — d(c21))12
= (8(a11 + b1z + c21) — 6(a11) — 6(b12) — 6(c21))21 = 0.

If (i, ji) = (2,2) and rf ;= ri, for all (k = 1,---,n — 1), then from (19),
we obtain

7350 (+++ (rgg 0 6(ar1 4 brz + c21) — 6(ar1) — 8(br2) — d(ca1))) -+ +) = 0.

which yields (5(@11 + b1a + 021) — 5(@11) — 5(()12) — 5(021))22 = 0, by Lema
2.1(11). If (i1,71) = (1,2) and (ix,jx) = (2,2) (k = 2,---,n — 1), then from
(19) yet and the previous cases, we conclude that

(6(ar1 + biz + c21) — 0(arr) — 0(bya) — 6(c21))T 1972 - - -0y L = 0.

This implies (6(a11 +b12+c21) —d(a11) — 6(b12) —d(c21))11 = 0. Consequently,
5(&11 + b2 + 021) — 5(@11) — 5(()12) — 5(021) =0.
The other case is proven similarly. O

Lemma 2.10. For arbitrary elements a11 € Ri1, b1z € Ri2, co1 € Koy and
dao € Ry holds 6(a11 + b1z + co1 + da2) = d(a11) + 0(b12) + 6(ca1) + I(d22).
Proof. For arbitrary elements rfkjk € Ripjr (k=1,---,n—1) with (i1,71) =
(1,1) and (ig, jr) = (2,2) (k=2,---,n—1),0r (ig,jx) = (1,1) (k=1,--- ,n—
1), or (i, jr) = (2,2) (k=1,---,n— 1), we have by Lemma 2.9 that

5(7,11—1 o ("'(T’Llljl o (CL11 +b12+021+d22))---))

in—1Jn—1
= O(rp o (rly 0a11) 1))

_|_5(7,n—1 ° ( .. (Tilljd o b12) .. ))

in—1Jn—1
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+5(7{Ln__11jn_1 o (7’1'113'1 odaz) )
= ol o( e (riy 068(an)) )
At o (i, 06(bi2)) )

4l o(---(Tl 05(021))"')

11
n—1 1
+Tin—1jn—1 ° ( o (Tiljl 0 5(d22)) o )

+n—1rz1n__11jn_l ° ( . (5(7{1],@) ° ( . (T'Llljl o all) . )) . )
k=1
+§T?n_—lljn—1 °© ( o (5(Tfkﬂk) °© ( o (Tilljl ° b12) o )) e )
k=1
+§T?n_—lljn—1 © ( o (5(Tfkﬂk) ° ( o (Tilljl ° 021) o )) o )
k=1
+n_17“?n__11jn_1 o (- (8(rfz) 0 (- (rjy, 0daz)---))---). (20)
k=1

Subtracting (1) from (20), it implies

T?n__lljn_l o (7’1'113'1 o (0(a11 + b1z + co1 + d22)
—8(a11) — 8(br1) — 6(ca1) — 6(da2)))---) = 0. (21)

Hence, if (i1,71) = (1,1) and (ig, jx) = (2,2) (k=2,--- ,n— 1), from (21) we
obtain (5(@11 + bio + co1 + dzg) — 5(@11) — 5(()12) — 5(021) — 5(d22))12 =0 and
(5(@11—|—b12—|—021—|—d22)—5(a11)—5(b12)—5(021)—5(d22))21 =0.If (ik,jk) = (1, 1)
and Irfkjk = Th for all (k‘ =1, ,Tl—l), then (5(&11+b12+021+d22)—5(&11)—
5(()12) —5(021) —5(d22))11 = O, from (21) and Lemma 21(11) If (ik;jk) = (2, 2)
and rfkjk =rd, forall (k=1,---,n—1), from (21) and Lemma 2.1(ii) again
we have (5(@11 +bio+co1+ d22) — 5(@11) — 5(()12) — 5(021) — 5(d22))22 = 0. Thus
we conclude that 5(&11 +bio+co1 + dzg) — 5(@11) — 5(()12) — 5(021) — 5(d22) =0.
U

Now we are able to prove the Theorem 2.1. Our proof is similar those
presented by Ferreira et al. [1] and Jing and Lu [2].

Proof of Theorem 2.1. Let a = a1 + a2 + as1 + ase and b = by + bio +
ba1 + boo be two arbitrary elements of SR. From Lemmas 2.6, 2.7 and 2.10 we
have
d(a+b)
= ((a11 + b11) + (a12 + b12) + (ag1 + ba1) + (a2 + ba2))
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5(&11 + bll) + 5(&12 + b12) + 5(&21 + b21) + 5(&22 + b22)

5(@11) + 5(()11) (alz) + 5(()12) + 5(@21) + 5(()21) + 5(@22) + 5(()22)
(
(

= d(ay1 + a1z + a1 + CLQQ) + 5(()11 + b1 + bay + b22)

d(a) +0(b).

Thus, ¢ is additive. The prove is complete. ([

Corollary 2.1. Let R be a prime alternative ring 2 and (2"~1 —1)-torsion free,
containing a non-trivial idempotent e; and satisfying the following condition:
eares o (- -+ (eareg oegaes) -+ ) = 0, for all v € R, implies eqaea = 0. Then

(n—1)—times
every Jordan n-tuple derivable map § : R — R is additive.
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