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Abstract

Let G be a graph with n edges and let k be a positive integer. A
G-design of order k is a G-decomposition of K. A labeling of G is an
assignment of non-negative integers to the vertices of G. Some labelings
of such a G lead to cyclic G-designs of order 2nz + 1. Until recently, such
labelings were restricted to bipartite graphs only. An almost-bipartite
graph is a non-bipartite graph with the property that the removal of a
particular single edge renders the graph bipartite. A graph labeling of
an almost-bipartite graph G with n edges that yields cyclic G-designs of
order 2nx + 1 was recently introduced by Blinco, El-Zanati, and Vanden
Eynden. They called such a labeling a ~-labeling. In this note, we
survey almost-bipartite graphs that admit y-labelings and find necessary
and sufficient conditions for a v-labeling of K, + €.

1 Introduction
If a and b are integers we denote {a,a+1,...,b} by [a,b] (if a > b, [a, b] = 0).

Let N denote the set of nonnegative integers and Z, the group of integers
modulo n. For a graph G, let V(G) and E(G) denote the vertex set of G and
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the edge set of G, respectively. The order and the size of a graph G are |V (G)]
and |E(G)|, respectively.

Let V(Kj) = Zi, and let G be a subgraph of K. By clicking G, we mean
applying the isomorphism ¢ — i+1 to V(G). Let H and G be graphs such that
G is a subgraph of H. A G-decomposition of H is a set A = {G1,Ga,...,G}
of pairwise edge-disjoint subgraphs of H each of which is isomorphic to G and
such that E(H) = Ule E(G;). A G-decomposition of K}, is also known as a
(K, G)-design. A (K, G)-design A is cyclic if clicking is a permutation of A.
For a comprehensive source on graph decompositions we refer the reader to [5].
For recent surveys on G-designs, see [1] and [6].

Let V(Ky) ={0,1,...,k—1}. The length of an edge {i, j} in K}, is min{|i—
jl, k—1]i—j|}. Note that clicking an edge does not change its length. Also note
that if k is odd, then K} consists of k edges of length i for i =1,2,..., %

For any graph G, a one-to-one function f : V(G) — N is called a labeling
(or a waluation) of G. In [12], Rosa introduced a hierarchy of labelings. We add
a few items to this hierarchy. Let G be a graph with n edges and no isolated
vertices and let f be alabeling of G. Let f(V(G)) = {f(u) : w € V(G)}. Define
a function f : E(G) — ZT by f(e) = |f(u) — f(v)|, where e = {u,v} € E(G).
We will refer to f(e) as the label of e. Let E(G) = {f(e) : e € E(G)}. Consider
the following conditions:

a1 f(V(@)) < [0, 2n],
02: f(V(G)) < [0,n],

03: E(G) = {x1,22,...,2,}, where for each i € [1,n] either x; = i or x; =
2n+ 1 —1,
t4: E(G) =1[1,n].

If in addition G is bipartite with bipartition {A, B} of V(G) (with every edge
in G having one endvertex in A and the other in B) consider also

¢5: for each {a,b} € E(G) with a € A and b € B, we have f(a) < f(b),

06: there exists an integer A (called the boundary value of f) such that f(a) <
Afor alla € A and f(b) > A for all b € B.

Then a labeling satisfying the conditions:

£1,¢43: is called a p-labeling;
01,¢04: is called a o-labeling;
02, 04: is called a (-labeling.
A [(-labeling is necessarily a o-labeling which in turn is a p-labeling. If G is

bipartite and a p, o or S-labeling of G also satisfies (¢5), then the labeling is
ordered and is denoted by p*, ot or BT, respectively. If in addition (£6) is
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satisfied, the labeling is uniformly-ordered and is denoted by p™*, o+ or 1+,
respectively.

A (-labeling is better known as a graceful labeling and a uniformly-ordered
(-labeling is an «a-labeling as introduced in [12]. Labelings of the types above
are called Rosa-type because of Rosa’s original article [12] on the topic. For a
survey of Rosa-type labelings and their graph decomposition applications, see
[9]. A dynamic survey on general graph labelings is maintained by Gallian [11].

Labelings are critical to the study of cyclic graph decompositions as seen
in the following two results from Rosa [12] and El-Zanati, Vanden Eynden and
Punnim [10], respectively.

Theorem 1 Let G be a graph withn edges. There ezists a cyclic G-decomposition
of Kont1 if and only if G has a p-labeling.

Theorem 2 Let G be a graph with n edges that has a pT-labeling. Then there
exists a cyclic G-decomposition of Konz+1 for all positive integers x.

If G with n edges is not bipartite, then the best that could be obtained until
recently from a Rosa-type labeling was a cyclic G-decomposition of Kop1.
A non-bipartite graph G is almost-bipartite if G contains an edge e whose
removal renders the remaining graph bipartite (for example, odd cycles are
almost-bipartite). In [4], Blinco, El-Zanati, and Vanden Eynden introduced a
variation of a p-labeling of an almost-bipartite graph G of size n that yields
cyclic G-decompositions of Ko,,+1. They called this labeling a y-labeling.

In this note, we survey the known ~y-labelings of almost-bipartite graphs
and show that the class of almost-bipartite graphs obtained from K,,, by
adding an edge joining distinct vertices in the n-vertex part of V(K,, ) has a
~-labeling if and only if n > 3.

2 Definition of y-labeling and Some Known Re-
sults

Let G be a graph with n edges and h a labeling of the vertices of G. We call
h a ~v-labeling of G if the following conditions hold.

gl: The function h is a p-labeling of G.

g2: The graph G is tripartite with vertex tripartition A, B, C with C' = {c}
and b € B such that {b, c} is the unique edge joining an element of B to
c.

g3: If {a,v} is an edge of G with a € A, then h(a) < h(v).

g4: We have h(c) — h(b) = n.
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Note that if a non-bipartite graph G has a ~-labeling, then it is almost-
bipartite as defined earlier. In this case, removing the edge {c,b} from G
produces a bipartite graph. Figure 1 shows ~v-labelings of C5 and of C7, re-
spectively.

0 1 2 3 0

Figure 1: y-labelings of Cs and of Cx.

Theorem 3 Let G be a graph with n edges having a y-labeling. Then G divides
Kongzt1 cyclically for all positive integers x.

We illustrate how Theorem 3 works. See [4] for a complete proof. Let G have
n edges and let h be a v-labeling for G, with A, B, C, ¢, and b as in the
above definition. Let By, Bs, ..., B; be x vertex-disjoint copies of B, and let
c1,C2,...,Cy be x new vertices. The vertex in B; corresponding to b € B will
be called b;. Let B* = |J] B; and C* = {c1,¢a, ..., ¢z }. We define a new graph
G* with vertex set A|JB*|JC* and edges {a,v;}, 1 <i < z, whenever a € A
and {a,v} is an edge of G, and {I;i,ci}, 1 < ¢ < z. Clearly G* has nx edges
and G divides G*. Define a labeling h* on G* by

h(v) v E A,
h*(v) = h(b) + (i —1)2n v =1b; € B;,
hic)+ (z—1)2n v=c;.

The labeling h* is a p-labeling of G* and thus the result follows by Theorem 1.

We illustrate the previous result with an example where G = C5 and x = 3.
Figure 2 shows a A ~-labeling of Cs and the three starters in a cyclic Cs-
decomposition of K3;.

A D DN D

Figure 2: A ~-labeling of C5 and the three starters in a cyclic (K31, Cs)-design.
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Blinco, El-Zanati, and Vanden Eynden [4] showed that odd cycles other
than C3 admit y-labelings. These results were extended in [8].

Theorem 4 FEvery 2-regular graph with exactly one odd component, except for
Cs and C3 U Cy, admits a y-labeling.

In his PhD dissertation [3], Blinco showed that if m > 5 is odd, then C,, +e
admits a y-labeling. In [2], it is shown that if Ca,, + € is almost-bipartite, then
it admits a ~-labeling if and only if m > 2. In [7], it is shown that P, + e,
where m > 4 and e is an edge joining two vertices in the same part in the
bipartition of V(P,,) admits a y-labeling.

3 ~-labelings of K,,,, +¢

Theorem 5 Let G denote the almost-bipartite graph obtained from Ky, , by
adding an edge e between two vertices in the part of V(Kp,.n) of size n. Then
G has a y-labeling if and only if n > 2.

Proof. We show sufficiency first. Assume n > 3. Let U = {(u1,ug, ..., Umn}
and V = {v1,v2,...,v,} be the vertex sets in the bipartition of K,, , and let
e = {v2,v,}. Define a labeling f of G as follows:

(i—1)n ifx=u;, 1<i<m,
flxy=<¢ (m—1)n+i ifz=v;, 1<j<n-1,
2m—-1)n+3 ifx=uwv,.

Figure 3 shows such labelings of K5 4+e and of K3 5+e. We will show that fisa
~-labeling of G. Clearly G is almost-bipartite with tripartition (4, B, C) where
A=U,B=V\{v,} and C = {v,,}. If welet b = vy and ¢ = v,,, then condition
g2 is satisfied. Moreover, since f(c) — f(b) = 2m—1)n+3—((m—1)n+2) =
mn + 1, condition g4 is satisfied. Also note that since f(u;) < f(v;), for
every edge {u;, v}, condition g3 is satisfied. Thus it remains to show that the

induced labeling is a p-labeling.

Figure 3: y-labelings of K3 4 + e and of K35 +e.
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For1 <i<mand1l<j<n-—1, the edge {u;,v;} has label (m — 1)n +
j—(m—1i)n= (i —1)n+j, which is also its length. While the edge {u —i,v,}
has label (2m — 1)n+ 3 — (m —i)n = mn + (i — 1)n + 3, which is edge length
(m — i+ 1)n. Thus in G — v, the set of labels of edges incident with u; is
{i—-1)n+j:1<j<n—-1}=[(i—-1)n+1,(i—1)n+n—1]. These edge labels
are distinct for different i’s and their union is J;" ,[(i—1)n+1, (i—1)n+n—1] =
[0,mn] \ {({)n : 1 < i < m}. Finally, the set of labels of edges incident with
vy is {(m+i—1)n+3:1<i<m}J{mn+ 1}. But these labels correspond
precisely to edge lengths {(i)n : 1 <i < m}J{mn+1}. Thus f is a p-labeling
and hence a ~-labeling.

Now let n = 2 and let U and V be as before. In a vy-labeling of K,, > + e,
the edge e must have label 2m + 1. Without loss of generality, assume b = v,
(and thus ¢ = v9). Let u; be the vertex in A incident with the edge f of length
1. Note that f(ve) — f(u;) = f(v1) +2m+ 1 — f(u;). Thus if the label of f is
1, u; must be adjacent to v1, while if the label on f is 2m 4 2, then u; must be
adjacent to vy. In the first case f(ve) — f(u;) = 2m + 2, while in the second
case f(v1)—f(u;) = 2m+1. Either way we have two edges with length 2m+1. O

In light of Theorem 3, we have the following corollary.

Corollary 6 Let G denote the almost-bipartite graph obtained from Ky, , by
adding an edge e between two vertices in the part of V(K n) of size n and let
k = mn + 1. Then there exists a cyclic (Kakz11,G)-design for every positive
integer x.

Although the graph G in Corollary 6 does not admit a v-labeling when
n = 2, we expect that a cyclic (Kogzt1, G)-design will exist in that case too.
However, this design cannot be found using a y-labeling of G.
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