East-West J. of Mathematics: Vol. 10, No 1 (2008) pp. 45-55

ON A NEW GENERALIZED BETA
DISTRIBUTION

M.A. Pathan*, Mridula Garg* and Jaya Agrawal**

* Department of Mathematics
Aligarh Muslim University, Aligarh-202002, India
e-mail: mapathan@gmail.com

Unwersity of Rajasthan, Jaipur-302004, India
Department of Mathematics
e-mail:gargmridula@gmail.com; jaya_agrawal2005@yahoo.co.in

Abstract

In the present paper we introduce a generalized beta distribution
with five parameters and derive expressions for its distribution function,
characteristic function and the r*® moment. The other main findings
are the probability density function (p.d.f.) of the product of two and
‘n’ generalized beta random variables and the distribution of the mixed
product of the new generalized beta random variables with H-function
random variables. A number of known and new special cases have also
been mentioned.

1 Introduction

The beta distribution is a commonly used distribution and is frequently em-
ployed to model data. In reliability and life testing experiments, many times
the data are modeled by finite range distributions. Looking into the applica-
tions of finite range distributions, in this paper we define a new distribution,
which is a generalization of the well known beta distribution and study its
properties.
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A new generalized beta distribution

_f Ca Y1 —2)P (1 — o) Pexp(-nx) ;0<z<1
) = { 0 ; elsewhere '’ (1.1)
a, >0, 0<0<1,nand p are real and
C_l = B(aaﬁ)(pl(aap; ()[-'—6, g, _77)) (12)

B(a, 8) is the well known beta function and ®;(-) is Humbert’s confluent hy-
pergeometric function given in Srivastava and Manocha [12, p.58, Eq.(36)].

Particular cases

1. On taking n = 0 in p.d.f. (1.1), we get the following distribution

@) = { Ciz® (1 —2)1(1 —ox)Pexp(—nz) ;0<x<1 (1.3)

0 ; elsewhere

a, #>0,0<o0 <1,pisreal, where C;' = B(a,B)2F1(a, p;a +
B; o) and 9Fi(-) is Gauss hypergeometric function given in Srivastava
and Manocha [12, p.29].

2. On taking p = 0 or 0 = 0 in p.d.f. (1.1), we obtain the following distri-
bution

_ Cox® 11 — z)PLexp(—nz) ;0< <1,
@) = { 0 ;elsewhere ' (1.4)

o, >0, nis real, where C; ' = B(a, 3)1Fi(a;a+8; —n) and 1 Fy (-) is
confluent hypergeometric function given in Srivastava and Manocha [12,
p.36].

3. On taking 8 =1 in (1.1), we obtain the following p.d.f.

@) = { C32% Y1 —ox) Pexp(—nx) ;0<z<1 , (1.5)

- 0 ; elsewhere

1
a>0, 0<o<1,nand p are real and 03_1 = —®y(a,p;a+1; 0,—7).
«

4. On taking 8 =1 and = 0 in (1.1), we obtain the following p.d.f.

: (1.6)

_ Cyr® Y1 —0oz)™ ;0<z<1
fl) = { 0 : elsewhere

1
a >0, O§a<1,pisrea1and04_1 = —oF(a,p;a+1;0).
e
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(¢) Fig-3 a=1, 0=0, p=1, n=4 (d) Fig-4 a=2, 8=2, 0=0.5, n=0

(e) Fig-5 a=2, =2, p=4, n=0

Figure 1: Different shapes of the pdf (1.1) w.r.t. the change in parameters p,
a, 3, n, o. illustrates the shape of p.d.f. (1.1) with different sets of values for
the parameters «, 3, p, 1, 0. The effect of the parameters can clearly be seen.
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5. On taking n = 0 = p in (1.1), we get the well known beta distribution
given in Johnson and Kotz [4, p.37]. On further taking « = 1 = 3 we get
the uniform distribution given in Mathai [5].

Now we study some important properties of our p.d.f. f(z) defined by (1.1).

The characteristic function

The characteristic function of p.d.f. f(x) is given by
B(t) = Elexplitz)) = / explite) f(z) dz (1.7)

Substituting the value of f(z) from (1.1) in (1.7) and using a known result
given in Gradshteyn and Ryzhik [3, p.367, eq.(3.385)], we get

(I)(t) = CB(aaﬁ)(I)l(aap; a"—ﬁa g, —(77—”)), a, 6 > Oa 0 S o< 1; (18)
where i = /—1, E(-) stands for mathematical expectation and C' is given by
eq.(1.2).

The distribution function

The distribution function F(x) or the cumulative density function for the

p.d.f. f(z) is given by
- [ e

Substituting the value of f(z) from (1.1) and evaluating the integral, we get
o | @ @=Bs (e
F(z) = Cx“Fih..0 z,oc,—nz |, (1.9)
(a+1):

) —_— )

a, $>0,0<0<1,nand p are real. Here F(-) is the generalized Lauricella
function given in the book Srivastava and Manocha [12, p.65] and C is given
by (1.2).
The moments
The r*" moment of the p.d.f. f(x) about the origin is given by
b= B = [ o f@ds

—00

Substituting the value of f(z) from eq.(1.1) and evaluating the integral using
a result given in Gradshteyn and Ryzhik [3, p.367, Eq.(3.385)], we get

1.CBa+7,B)®i(a+ r,p; v+ a+ f; o,-n), (1.10)
a, >0, 0<c<1,nand p are real and the constant C is given by (1.2).
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2 Distribution of the product of independent
generalized beta random variables

Theorem 1(a). Let X; and X5 be two independent random variables (i.r.v.)
following the generalized beta distribution given by (1.1), then the p.d.f. of the
r.v. Y = X; X, is given by

o0

h(y) = CiCT(BIT(B2) > (p1)r (p2)ry

T1,81,72,52=0

- a1+ —14+r1+s1,as+ G —14+72+ 52
xGya | Y
a1 —1+7r1+ 81,2 —1+7r9+ 59

()™ (=m1)° (02)™ (=1m2)*? 2.1)

X
7’1! 51! 7’2! 52!

i, B >0,0<0; <1, n; and p; are real
C;t = Blai, i) ®1(ai, pis @i+ Bi; 00, —mi), i=1,2 (2.2)

Here G(-) stands for the Meijer’s G-function given in Mathai and Saxena [9].
It is assumed that the series on the r.h.s. of (2.1) is convergent.

Proof. The p.d.f. of the product Y = X3 X5 is given by Fox [2], as follows

By) = M MAf @)} f2(22)} | (2:3)
c+i00
= /_y Y  Ms{fi(x1)} Ms{f2(x2)} ds (2.4)

where M{f;(z;)} denotes the Mellin transform of f;(z;) and M ~1(-) denotes
the inverse Mellin transform. Using the definition (1.1) and a known result
from Gradshteyn and Ryzhik [3, p.367, eq.(3.385.1)], we get

1

x®(s+a;—1,pi a0, +0i+s—1; 00, —1) (2.5)
where C; is given by (2.2).

We now substitute these values in (2.4), write the functions ®4(-) in the se-
ries forms and interchange the order of summation and integration. Evaluating
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the inner integral thus obtained by using a known result from Gradshteyn and
Ryzhik [3, p.687, eq.(6.422.19)], we arrive at the required result (2.1).

The above theorem can be generalized for the product of ‘n’ i.r.v. and the
result can be stated in the following form:

Theorem 1(b). Let Xi, Xo, -+, X, be ‘n’ i.r.v. following the generalized
beta distribution given by (1.1), then the p.d.f. of Y = X3 X5--- X, is given
by

ny) =[cre) Y (M%
i=1 ri,8;=0 i Si-

a1 +p1—14+r1+s1, a0+ P — 1472+ 89,
xGro |y
a1 —1+7r1+ 51, as — 1+ 19 + 59,

o+ Py =141, 48,
(2.6)
'aan_1+7'n+5n

i, B >0,0<0; <1, n; and p; are real.
C; ' = Blau, Bi)®1 (v, pis i + Bis 03, =), i=1,--+,m.

In Theorem 1(b) if we specialize the generalized beta distribution to stan-
dard beta distribution, we obtain the result obtained by Springer and Thomp-
son [10].

On reducing the generalized beta distribution occurring in Theorems 1(a)
and 1(b) to the distributions as mentioned in Section 1, we can obtain the
distributions of products of random variables having these probability density
functions.

3 Distribution of the mixed product of inde-
pendent random variables

We shall now obtain the distribution of the mixed product of i.r.v. X and
Y when X follows the generalized beta distribution given by (1.1) and Y the
H-function distribution given as follows



M.A. PATHAN, M. GARG AND J. AGRAWAL 51

H-function distribution (Mathai and Saxena [7])

Kar—1 FMN m (@5 0)1.p ) >0
o(z) = z* texp(—yx)Hpy | ax ;x>
(bj; Bi).Q
0 ;  elsewhere
(3.1)
where
(=X w)(aj, aj)1,p
_ X M,N —u
K=t = 42 Hp Y ay (3.2)

(bj, Bi)1.Q

Here H %N [ax*] denotes the well known Fox H-function [1]. Throughout
the paper it is assumed that this function always satisfies the conditions given
in the books by Srivastava, Gupta and Goyal [11, p.11] and Mathai and Saxena

[8].
Also

(i) p>0,7>0

(i) A+ p min (%) >0

1<j<m \ Dy

(iii) The parameters involved are so restricted that f(z) remains non negative
and

/OO f@)de = 1 (3.3)
0

The above distribution is very general in nature and generalizes many dis-
tributions such as generalized beta and gamma distribution, student-¢ distribu-
tion, normal distribution, exponential distribution, Cauchy, Rayleigh, Weibull,
Maxwell distribution, generalized F-distribution, generalized hypergeometric
distribution defined by Mathai and Saxena [6] and a distribution involving
H-function defined by Srivastava and Singhal [13].

Theorem 2(a). The p.d.f. h(z) of the product Z = XY when X and Y are
ir.v. with p.d.f.s f(z) and g(y) given by (1.1) and (3.1) respectively is given
as follows

W) = CKT(8) Y () O 1

| |
+om0 t! s!
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M N
M oo [I T(b; = B;€) 1:[1 L1 —a; + ay8)

I I

Q
h=1r=0 T[] T(aj —;§) I T —0b;+ B¢

j=N+1 j=M+1
_ +B—1+t+s
(=1)"(ay )" “
s a—14+t+s, N+pus—1

b
Q, 6>0,0§a<1,77andparerea1,,u>0,)\>0,)\+u1£ni<11 (5_J> > 0,
<j<m \ B3;

gzbk—FT

that the series on the r.h.s. of (3.4) is convergent.

and C and K are given by (1.2) and (3.2) respectively. It is assume

Proof. Following the lines of proof of Theorem 1(a) we can write the p.d.f. of
the product Z = XY as follows

c+i00
W) = [ M) Mgl ds (3.5)
The value of M {f(x)} follows directly from the result given by eq.(2.5) and

M{g(y)} can be obtained using a known result from Srivastava, Gupta and
Goyal [11, p.16, eq.(2.4.2)], as follows

(2—=X—=s,u)(aj,aj)1,p

1
M{g(y)} = / y gy =y HRTS |y
’ (bj: Bi)1.@

(3.6)

. b
w>0, v>0, )\+u1£1§nM (6—J> >0,

Now, we substitute these values in (3.5), write the functions ®4(-) and H(-)
in their series forms (Srivastava, Gupta and Goyal [11, p.12]) and interchange
the order of summation and integration. Evaluating the inner integral by using
a known result from Gradshteyn and Ryzhik[3, p.687, eq.(6.422.19)] we arrive
at the required result (3.4).

The above result can be generalized to give the p.d.f. h(z) of the mixed
product of ‘n’ generalized beta variables and ‘m — n’ H-function random vari-
ables and the result can be stated in the following form:

Theorem 2(b). Let X, Xo, -+, X, be i.r.v. following the generalized beta
distribution given by (1.1) and Y1Y5 - - - Y;,,—,, be i.r.v. following the H-function
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distribution given by (3.1), then the p.d.f. of Z = X1 Xs--- X,,Y1Yo - Y,
(1 <n < m)is given by

he) = T[T G0 S (o T T g
g =1

i=1 7i,8i=0 ril Si:
J\/IZ Nl
y 1o —50¢) -H1 r(1—al +al’g) l
o0 j=1 = r —
l j#h ! (=1)" (ary, ")"

XZZ B O W & O, 40 (r) Y
h=tr=0 ] F(aj - &) 11 F(l_bj + 5; £0) h
j=N;+1 j=M;+1
a1 +B1— 14711 +81, a0+ P — 1472+ 59,
G | nz
oy — 1471451, ,an—14+7r, +8n, M1 +p1& — 1,
'aan+6n_1+rn+5n
(3.7)
';)\m—n+,um—n§m—n_1

b
i, B; >0,0<0; <1,n; and p; are real, yu; > 0, \; > 0, \j+ 1y 1Lm<1[1 (—J> >
<j<m

Bj

0,
where

Cl,_l = 3(01,61)(1)1((11;91, (073 +613 04, _771)) 1= 1) 2) R

b(l) l

gl = hf_gr and

h

IV (1 - )‘la,ul)(ag'l)aag'l))l,Pz—l
Kl_l _ VZ_AZHJP}/l[i]l\fal al,yl—#l l l , | = 1, 2, S Mm—n.
(bg )a 63( ))17Qz

It is assumed that the series on the r.h.s. of (3.7) is convergent.

In theorem 2(b) if we reduce the generalized beta distribution and the H-
function distribution to standard beta and gamma distributions respectively,
we obtain the p.d.f. of the product of ‘n’ beta and ‘m-n’ gamma random
variables, as obtained by Springer and Thompson [10].

In theorem 2(a) and 2(b), we reduce the generalized beta distribution to
the distribution as listed as listd in section I and the H-function distribution
(3.1) to the distribution mentioned after equation (3.3), we can obtain their
ditribution of the mixed product of independent variables having these p.d.f.’s
which are defined on both finite and infinite ranges.
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