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Abstract

A homomorphism of a graph G = (V, E) into a graph H = (V', E’)
is a mapping f : V — V' which preserves edges: for all 2,y € V, if
{z,y} € E, then {f(z), f(y)} € E’. Let Hom(G, H) be the class of all
homomorphisms from graph G into graph H. The diamond product of
a graph G = (V, E) with a graph H = (V', E’) (denoted by G o H) is a
graph defined by the vertex set V(Go H) = Hom(G, H) and the edge set
E(GoH)={{f,g} C Hom(G,H)|{f(z),g9(z)} € E' for all z € V}. Let
Kp,,n be a complete bipartite graph on m+n vertices. This research aims
to study the diamond product of two common complete bipartite graphs
Kp,,n. We find that the resulting graph is also a complete bipartite graph
on m™n" +n"m" vertices with diameter equal to two.

1. Introduction

In graph theory [2, 4], graph G = (V, E) consists of a finite nonempty set V
of objects called vertices, and a set E of 2-element subsets of V' called edges.
There are a vocabulary and classification of graphs needed in this paper as
shown in the following.
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Diamond Product of Two Common Complete Bipartite Graphs.

P,, denotes a path on n 4 1 vertices if one can label vertices so that
E = {{v1,v2},{v2,v3}, ..., {vn, vnt1}}, where V = {v1, v2, ..., vn41}.

C,, denotes a cycle on n vertices if one can label vertices so that
E = {{v1,v2},{v2,v3}, ..., {vn_1,vn}, {vn,v1}}, where V = {v1, va, ..., vn}.

K, denotes a complete graph on n vertices if every two distinct vertices
of G are adjacent.

A graph G is called a bipartite graph if V(G) can be partitioned into two
subsets U and W, called partite sets, such that every edge of G joins a
vertex of U and a vertex of W.

K,,.n denotes a complete bipartite graph if one can partition V' into two
subsets U and W such that every edge of G joins a vertex of U and a
vertex of W. Also every vertex of U is adjacent to every vertex of W.

a u — v walk in G is a sequence of vertices in G, beginning with v and
ending at v such that consecutive vertices in the sequence are adjacent.

a u — v path in G is a u — v walk in which no vertices are repeated.

A graph @ is called connected if G contains a u — v path for every pair
u, v of distinct vertices in G.

A regular graph is a graph where each vertex has the same number of
neighbors, i.e. every vertex has the same degree or valency. A regular
graph with vertices of degree k is called a k-regular graph or regular graph
of degree k.

The distance between two vertices u and v in a graph (denoted by d(u, v))
is the number of edges in a shortest path connecting them. This is also
known as the geodesic distance because it is the length of the graph
geodesic between those two vertices. If there is no path connecting the
two vertices, i.e., if they belong to different connected components, then
conventionally the distance is defined as infinite.

The diameter of a graph (denoted by diam(G)) is the maximum eccen-
tricity of any vertex in the graph, i.e. the greatest distance between any
two vertices.

Definition 1.1 [1] A homomorphism of a graph G = (V, E) into a graph
H = (V' E’) is a mapping f : V — V' which preserves edges: for allz,y € V,
if {z,y} € E, then {f(z), f(y)} € E’. Let Hom(G, H) be the class of all ho-
momorphisms from graph G into graph H.
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From this definition, one can easily see that Hom(G, H) may or may not ex-
ist. For example, Hom(Py, C3) consists of 6 homomorphisms, while Hom/(Cs, P;)
is an empty set.

Ex.1 Hom(P;, G;)
r = ’A
1 2

={(12),(13),(23),(21),(31),(32)}

Figure 1: Hom(Py, Cs)

Definition 1.2 [1] The diamond product of a graph G = (V, E) with a graph
H = (V' E’) (denoted by GoH ) is a graph defined by the vertex set V(GoH) =
Hom(G, H) and the edge set E(GoH) = {{f,g} C Hom(G, H)|{f(x),g(x)} €
E' for allz € V}.

An example of graph P; ¢ C3 is shown below.

(31p o(13)

(12 / e(21)
(23p e(32)
Figure 2: Graph P; ¢ Cs

With this definition, there are some interesting results as follows:

Theorem 1.1 [3] The graph P, ¢ P, are always connected for all positive
integers m,n and diam(P,, ¢ P,) = n.

Theorem 1.2 [3] The graph P, ¢ Cy,, and Cy, ¢ P, are always connected.
diam(Pp, ¢ Cp) < m+n and diam(Cy, ¢ Pp,) = n.

Theorem 1.3 [3] If G is a connected graph, then the graph P, ¢ G is always
connected, and diam(Py, © G) = diam(G) + 2m.
2. Preliminaries

In this paper, we study the diamond product of two common complete bipartite
graphs K, », where each consists of m + n vertices.
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e Denote V(K ) =4{1,2,3,...,m,m+1,m+2,...,m+n}, where
Vi ={z € V(Kp) |z <m}, and
Vo={zeV(Kpny) |m+1<z<m+n}.
Since K, is a complete bipartite graph, each vertex of V,,, is adjacent
to all vertices of V,,. Every edge joins a vertex of V,,, and a vertex of V,.
We can define a function h : V(K,, ) — {0, 1} such that

0 ifzeV,
h@*‘{1 ifz €V,

By the definition of a complete bipartite graph, we obtain Vz,y € V (K, ),
{z,y} € E(Kp,) if and only if | h(x) — h(y) |= 1.

o Let f:V(Kyn)— V(Kmun) be a homomorphism.
Then f € V(K n o Ky n) if and only if

= {§ e

or
. 1 ifieVy,
Mﬂm:{Oiﬁew

For example, let’s take a look at K32 ¢ Kj a.

(1133) (1134) (1144) __ (2233) (2234) (2244)

4 b4
/X N

R

(3311) (3312) (3322) _ (4411) (4412) (4422)
Figure 3: Graph Ks 20 Ka 9
e Define a norm

If =gl = max [h(f(i) = h(g(?)]

Vi€V (Kpm.m)
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3. Results

Lemma 3.1 For f,g € V(KunoKmn), {f,9} € E(Kmn ¢ Kn.n) if and only
ifllf—gll =1

Proof. (=) Let {f,g} € E(Kmn ¢ Kmn).
We have {f(i),g(:)} € E(Kmn), Vi€ V(Kmn).
Thus |h(f(7)) — h(g(?))| = 1,V¥i € V(K ). That means ||f —g|| = 1.

(<) Let ||f — gl =1, where f,g € V(Kmn ¢ Kpn)-
From the definition of norm, 3 ig € V (K, ) such that [h(f(ig)) —h(g(i0))| = 1
Without loss of generality, assume h(f(ig)) =0, h(g(ip)) = 1.
If ig € V,,, then we obtain

= {§ e

and
. 1 ifieV,
Mg() _{ 0 ifieV,
So [h(f(i)) — h(g(i))| = 1, Vi € V(Kmn).
If ig € V,,, then we obtain

. 1 ifieVy,
h(f(’)):{ 0 ifieV,
and
. 0 ifi€Vp
h(g(l)):{1 ifieV,

So |h(f(i)) — h(g(i))| =1, Vi € V(Kyn).

From both cases, we obtain |h(f(7)) — h(g(?))| =1, Vi € V(Km.n).

By the definitions of function h and diamond product, {f, g} € E(Kpm noKm.n).
O

Lemma 3.2 K,, ,, ¢ Ky, , is a bipartite graph.

Proof. First let’s define V,° — { FEV(En o Kmn) | h(f(i)) = { . S
. (1 ifieV,
and V,° = {f € V(Ko o Kma) | R@) =1 o oS

Obviously, V(Kyn © Kmn) = Vi, U VLS, and V,,° N V,,° = 0.

To show that the graph of K., , ¢ K, is bipartite, we need to prove that

b
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{f,9} € E(Kynn ¢ K ) if and only if f and g belong to different sets of ver-
tices V,,,¢ and V,,°.

(=) Proof by contrapositive.

Let f and g belong to the same set of vertices.

Without loss of generality: let f,g € V;,°.

We have

If =gl = max [h(f(7)) = h(g(i))].

VieV(Km,n)

If i € Vy, then h(f(i)) = 0, h(g(i)) = 0

mmax [h(f()) — h(g(i))| = max|0 - 0] =0.

If i € V,,, then A(f(i)) = 1, h(g(i)) = 1

max |B(f(0)) ~ h(g(0))| = max|1 ~ 1] 0.

Therefore || f — g|| = 0 implies that f,g ¢ E(Km.n ¢ Kmpn) by Lemma 3.1.
We then conclude that if f and g belong to the same sets of vertices, there is
no edge {f, g} in the graph K, , ¢ Kp p.

(<) Without loss of generality: let f € V,,,* and g € V;,°.

We have

If =gl = max [h(f(i) = h(g(?)]

VieV (Km,n)
If i € V;, then h(f(i)) = 0, h(g(i)) = 1
max [A(f(0) ~ h(g(0))| = max|0 1] = 1

If i € V,,, then h(f(i)) = 1, h(g(i)) = 0

max |h(f(i)) — h(g(i))| = max|1 — 0] = 1

VieV,
Then [h(f(i)) — h(g(i))| =1, Vi € V(Kyn), and | f — gl = 1.
Therefore {f, g} € E(Km.n ¢ Knn). O

Lemma 3.3 K., ,, © Ky, s a connected graph with diam(Kpp ¢ Kpmpn) = 2.
In particular, Vf,g € V(Kpmn o Kmn) and f # g, there exists an f — g path.

Proof. Let f and g be two distinct vertices in Ky, 5, ¢ Ky . Consider || f—g||
in two cases.

Casel: If || f —g|| = 1, then {f, g} € E(Kmn ¢ Kn.n), by Lemma 3.1.

The distance d(f,g) = 1.

Case2: If || f —g|| =0, then {f, g} ¢ E(Km,n ¢ Kmn).
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Without loss of generality, we may assume f,g € V,,,°
Thus,
. . 0 ifieV,
i) =nto) = { | HLEY

—_

ifieV,
ifieV,

>
—~
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—~
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N

I

—
o

Therefore,||f — k|| = 1 and ||k — g|| = 1. Hence, there is a f — g path in
this graph and the distance d(f,g) = 2. With both possible cases, we have
diam (Ko © Kppp) = 2. O

Theorem 3.1 K, , © Ky, ., 15 a complete bipartite graph on m™n™ 4+ n""m”
vertices.

Proof. From all above lemmas, all vertices f € V,,,° have the same value of
h(f(i)),Vi € V and all vertices g € V,,° have the same value of h(g(i)),Vi € V
such that ||f — g|| = 1. It means that each vertex of V,,° is adjacent to all
vertices of V,,°, making it a complete bipartite graph.

A number of vertices is counted from the number of homomorphisms from
K. to itself. We know Ky, ,, 0 Ky, , have two partite sets V;,,* and V,,°. From
the definition of V;,,°, a homomorphism maps each vertex of V,, to a vertex of
Vi giving us m™ choices and maps each vertex of V,, to a vertex of V,, with
n™ choices. Thus |V;,°] = m™n™. On the other hand, a homomorphism in V,,°
maps each vertex of V,,, to a vertex of V,, giving us n" choices and maps each
vertex of V, to a vertex of V,, with m™ choices. Thus |V,°| = n™m™. Both
cases combined, we obtain the number of vertices in the theorem. ([

Corollary 3.1 K., , ¢ K, 15 a Tegular graph if and only if m = n.

Proof. Since K, ,© K, , is a complete bipartite graph, we may pick f € V,,,°
and g € V,,°.
From Theorem 3.1, we have the following.

o {fk} € E(KmnoKmn), Vk € V,,°
Thus deg(f) = |[V,.°| =n™ -m", Vf € V,,°

e {g,h} € E(KpmpnoKmpn), VheV,°
Thus deg(g) = |Vn°| = m™ -n", Vg € V,,°
Hence, Ky, n ¢ K is a regular graph, if and only if

deg(f) = deg(g)

Mmoo — ™M

n
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Z—rg—;:lsincem,n#o
m n—m_l
() m=
n—m=20
m=n.
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