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1

A semiring is a triple (S, +, ) such that (S,+) and (S, -) are semigroups and
forallz,y,z€ S, z-(y+2) =z-y+z-zand (y+2)-x =y-T+2-x. A semiring
(S, +,-) is called additively [multiplicatively] commutative if x +y = y + =
[t -y = y-x] for all z,y € S. We call (S,+,-) commutative if it is both
additively and multiplicatively commutative. An element 0 € S is called a zero
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86 Invertible Matrices over Semifields

of a semiring (S, +, ) ift+0=0+2z =2 and z-0=0-2 =0 for all z € S and
by an identity of (S, +,-) we mean an element 1 € S such that x-1=1-2z ==z
for all z € S. Note that a zero and an identity of a semiring are unique.

If a semiring (S, +, ) has a zero 0 [an identity 1], we say that an element
x € S is additively [multiplicatively] invertible over S if there exists an element
y € Ssuch that t+y = y+2 =0 [z-y = y-= = 1]. Note that such a y is unique
and may be written as —z [x7!]. Observe that if x is additively invertible, then
foralla € S, az+a(—x) = a(x—x) = a0 =0, a(—2x)+azx = a(—z+zx) = a0 =0,
za+ (—z)a = (x —x)a=0a=0and (—x)a +za = (—z + x)a = 0a = 0. Thus
—ax = a(—x) and —za = (—x)a. Since - is distributive over 4 in a semiring
(S, +,-), the following fact holds.

Proposition 1.1. Let S be a additively commutative semiring with zero 0.

k k
If x1,...,x, are additively invertible over S, then Zaixi and inai are
i=1 i=1
k
additively invertible over S for all ai,...,ar € S. Moreover, —Zaixi =
i=1
k k k ’
Z ai(—x;) and — inai = Z(—xi)ai.
i=1 i=1 i=1

Proof Let zy,...,x; be additively invertible in S and ai,...,a;r € S. Then
k k

a;(—x;), Z(—xi)ai € S. Since S is additively commutative,
—1 i=1

K3

k k k k k
a;z; + Z a;(—x;) = Z(aixi +ai(—z;)) = Zai(xi —x;) = Z a;0=0
i=1 i=1 i=1 i=1 i=1
k k k k k
inai + Z(—xi)ai = Z(%‘CM + (—zi)a;) = Z(xl —xi)a; = Z 0a; = 0.
i=1 i=1 i=1 i=1 i=1
Hence the lemma is proved. O

A commutative semiring (S, +,-) with zero 0 and identity 1 is called a
semifield if (S~.{0},-) is a group. Then every field is a semifield. It is clearly
seen that the following fact holds in any semifield.

Proposition 1.2. If S is a semifield, then for all xz,y € S, xy = 0 implies
rz=0o0ry=0.

Let R be the set of real numbers, Q the set of rational numbers, Rt =
{r eR|z >0}, Rf =RTU{0}, QT = {2z € Q|z > 0} and Qf = Q" U {0}.
Then (RJ, +,-) and (Qg, +, -) are semifields which are not fields.
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For an n x n matrix A over a semiring S and ¢,j € {1,...,n}, let A;; be the
entry of A in the it2row and j& column. Let A* denote the transpose of A , that
is, Aj; = Aji for all 4,5 € {1,...,n}. Then (A")" = A and (A + B)" = A" + B*
for all n x n matrices A, B over S. We have that for all n x n matrices A, B
over a commutative semiring S, (AB)! = B'A'.

Let S = (S, +, ) be a commutative semiring with zero 0 and identity 1. An
n X n matrix A over S is called invertible over S if there is an n x n matrix B
over S such that AB = BA = [,, where I, is the identity n X n matrix over S.
Note that such a B is unique.

It is well-known that a square matrix A over a field F' is invertible if and
only if det A # 0. A generalization of this result can be found in [1, page 160]
as follows: A square matrix A over a commutative ring R with identity 1
is invertible over R if and only if det A is a multiplicatively invertible in R,
that is, there exists an element r € R such that (det A)r = r(det A) = 1.
Characterizations of invertible matrices over some kinds of semirings can be
found in [2] and [4].

The above examples of semifields which are not fields have the property
that 0 is the only additively invertible element, that is, for xz,y € S,z +y =0
implies x = y = 0. In fact, this property is generally true.

Proposition 1.3. ([5]) If S is a semifield which is not a field, then 0 is the

only additively invertible element of S.

The purpose of this paper is to show that a square matrix A over a semi-
field S which is not a field is invertible over S if and only if every row and every
column of A contains exactly one nonzero element.

2 Main Result

First, we give some necessary conditions for a square matrix over a commutative
semiring S with zero and identity to be invertible over S.

Proposition 2.1. Let S be a commutative semiring with zero 0 and identity 1

and A an n x n matriz over S. If A is invertible over S, then for all i,j,k €
{1,...,n},j#k, Ai;Aix and Aj; Ay, are additively invertible.

Proof Let B be an n X n matrix over S such that AB = BA = I,,. Then for
all distinct p,q € {1,...,n}, (AB)pq = 0= (BA),q, so

> ApBiy =Y BuAy, =0.
=1 =1

This shows that
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forall I,p,q € {1,...n} with p # q, ApBiy and By Ay
are additively invertible in S. (1)

Next, let 4, j,k € {1,...,n} be such that j # k. Then
AijAi = (A Aik)(AB)i; = Aiink(Z AuBii)
=1
= A;j Ai Air B + Z AijAiAy Bl
Ik
= A% (Bridyj) + Z AijAi(Bii Air) (2)

1=1
I#£k

AjiAg, = (BA)Aji Ay = (Z B Ap)A i Ak
=1

[
WE

BiA1i AjiAgi + BijAjiAji Ay

W
Sl

[
NE

AriAli(AjiBit) + A% (AiBij). (3)

S
L

From (1), (2), (3) and Proposition 1.1, we deduce that A,; A;;, and Aj; Ay, are
both additively invertible in S. |

Example 1. Define @ on [0, 1] by
z®y= max{z,y} for all z,y € [0, 1].

Then ([0, 1], @, ) is clearly a commutative semiring with zero 0 and identity 1.
Moreover, 0 is the only additively invertible element of ([0, 1], ®,-). Let A
be an n X n matrix whose entries are in [0,1]. Assume that A is invertible
over ([0,1],®,-). Then AB = BA = I, for some n x n matrix B over [0, 1].
Thus A and B contain neither a zero row nor a zero column. Since 0 is the
only additively invertible in ([0,1],®, ), by Proposition 2.1, every row and
every column of A and B contain exactly one nonzero element. Since for
x,y € [0,1],2zy = 1 implies = y = 1, we deduce that a nonzero element of A
and B in each row and each column must be 1.

If Ais an n x n matrix over [0,1] of this form, then A is invertible over
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([0,1],®, ). In fact, this is true for such an A in any commutative semiring
with zero 0 and identity 1 that AA* = A*A = I,,. Since fori,j € {1,...,n},

" " 0 ifi#j,
(44D =S AgAl =3 aga, =0 A
Py Py 1 ifi=y,

n n O .f . .,
(AA)y =" AL Ay = AyAy = {1 . f‘;
=1 =1 P

it follows that AA* = A'A = I,,.

Theorem 2.2. Let S be a semifield which is not a field and A an n xn matriz
over S. Then A is invertible over S if and only if every row and every column
of A contains exactly one nonzero element.

Proof It is evident if n = 1. Assume that n > 1 and A is invertible over S.

Let B be an n x n matrix over S such that AB = BA = I,,. Note that every
row and every column must contain at least one nonzero element. To show
that every row of A has exactly one nonzero element, suppose on the contrary
that there are p,q,¢’ € {1,...,n} such that ¢ # ¢’, Apq # 0 and Apy # 0. Let
j€{l,...,n} be such that j # p. Then

0= (In)p; = (AB)p; = ZAplBlj-
=1

By Proposition 1.3, Ay Bj; = 0foralll € {1,...,n}. In particular, Ay, Bq; = 0.
Since Apq # 0, by Proposition 1.2, By; = 0. This shows that

By =0forall j € {1,...,n} with j #p. (1)

Also, we have .
1= (In)qq = (BA)qq = Z BqAig (2)

=1

and N
0= (In)qq’ = (BA)qq’ = Z By Ay - 3)

=1
Then (1) and (2) yield BypApg = 1. Also, from Proposition 1.3 and (3), we
have By, Apq = 0. Hence

Apg = 1Apgy = (BgpApg) Apg = Apg(BapApg') = Apg) =0
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which is a contradiction. Hence every row contains exactly one nonzero element.

Since A'B' = (BA)! = (AB)! = B'A* = (I,,)! = I,,, from the above proof,
we have that every row of A’ contains exactly one nonzero element. Hence
every column of A contains exactly one nonzero element.

Conversely, assume that every row and every column contains exactly one
nonzero element of S. Then

for each 7 € {1,...,n}, there is a unique k; € {1,...,n}
such that A;, # 0 (4)

and
for all distinct 4, j in {1,...,n}, k; # k;. (5)

Define an n X n matrix B over S by

Al if A
By =i TAEO (6)
0 otherwise.

Let 4,5 € {1,...,n} be given. Then it follows from (4) and (6) that (AB);; =
ZAusz = Ak, By, j, or

=1

A, A5 i A, #£0, [ A, AL ifi=jg, |1 ifi=j,
(AB);j= ke o a = oo = e, = In)ij-
0 if Ajp, =0, |0 ifi#£7, |0 ifis#j,
From (4) and (5), we have {k1,...,kn} = {1,...,n}. It follows that ¢ = k,
and j = k; for some s,t € {1,...,n}, thus it follows from (4) and (6) that

(BA)ij = (BA)k,k, = Y BraiAw, = Br,iAu, or
=1

(BA), = Apt A, i A, #0, _ {A;,thtkt if by = ki, _ {1 ifi=j,
0 if Ay, =0, 0 if ks # ky, 0 ifi# 7,

(In)ij. This shows that AB = BA = I,,. Hence A is invertible over S, proving

our Theorem. O

We note here that Reutenauer and Straubing [3] have shown that if A and
B are n X n matrices over any commutative semiring with zero and identity,
then AB = I,, implies BA = I,,. However, its given proof is quite complicated.
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Example 2. Let n > 1 and

O =
— =
— =
— =

000 -+ 1
Since det A = 1, A is invertible over the field R [Q]. However, by Theorem 2.2,
A is not invertible over the semifield (R, +,-) [(Qd, +,-)]. If

0 0 0 0 n

n—1 0 0 0 0

0 n—-2 0 0 0
B=1 o 0 n-—3 0 0]

| 0 0 0 1 0]

then B is invertible over the semifield (R{, +,-) [(Qf, +, )], so B is invertible
over the field (R, +,) [(Q, +,-)].
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