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Abstract

In this paper we introduce the notion of right strongly prime ternary
semiring and study some interesting properties of right strongly prime
ternary semiring.

1 Introduction

The literature of the theory of ternary operations is vast and scatter over diverse
areas of mathematics. The notion of ternary semiring is introduced by T. K.
Dutta and S. Kar [1] in the year 2003 as a natural generalization of ternary
ring introduced by W. G. Lister [15] in 1971. Subsequently, many notions of
semiring and ring have been generalized to ternary semirings. Some earlier
works of ternary semiring may be found in [1, 2, 3, 4, 5, 6, 7, 8, 9, 12, 13,
14]. The notion of strongly prime ring was introduced by Handelman and
Lawrence [11] in the year 1975 and they characterized strongly prime rings.
The class of strongly prime rings is an interesting class of rings because it has
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some interesting properties which are similar to the properties of commutative
domains. In 2007, T. K. Dutta and M. L. Das [10] introduced and studied
(right) strongly prime semiring.

In this paper we introduce and study the notion of right strongly prime
ternary semiring.

2 Preliminaries

Definition 2.1. A non-empty set S together with a binary operation, called
addition and a ternary multiplication, denoted by juxtaposition, is said to be
a ternary semiring if S is an additive commutative semigroup satisfying the
following conditions :

(1) (abc)de = a(bed)e = ab(cde);

(7) (a +b)ed = acd + bed,

(7i) a(b+ c)d = abd + acd,

() ab(c + d) = abc+ abd for all a,b,c,d,e€ S.

Definition 2.2. Let S be a ternary semiring. If there exists an element 0 € S
such that 0+ z = z and Ozy = 20y = zy0 = 0 for all z,y € S then ‘0’ is called
the zero element or simply the zero of the ternary semiring S. In this case we
say that S is a ternary semiring with zero.

Throughout the paper S will always denote a ternary semiring with zero
and S* =S\ {0}.

We note that a ternary semiring may not contain an identity but there are
certain ternary semirings which generate identities in the sense defined below :

Definition 2.3. A ternary semiring S admits an identity provided that there
exist elements {(e;, fi) € SxS (i = 1,2,...,n)} such that Zeifix = Z exrf; =

i=1 =1

n
Z ze; f; = x for all x € S. In this case, the ternary semiring S is said to be a
i=1
ternary semiring with identity {(e;, f;) :4=1,2,...,n}.
In particular, if there exists an element e € S such that eex = exe = ree =z
for all z € S, then ‘e’ is called a unital element of the ternary semiring S.

It is easy to see that xye = (exe)ye = ex(eye) = exy and xye = x(eye)e =
ze(yee) = xey for all x,y € S. So we have the following result :

Proposition 2.4. If e is a unital element of a ternary semiring S, then exy =
zey = xye for allz,y € S.

Example 2.5. Let Z; be the set of all negative integers with zero. Then
with the usual binary addition and ternary multiplication, Z, forms a ternary
semiring with zero element ‘0’ and unital element ‘—1°.
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Definition 2.6. An additive subsemigroup T of a ternary semiring S is called
a ternary subsemiring if ¢1tot3 € T for all t1,to,t3 € T.

Definition 2.7. An additive subsemigroup I of a ternary semiring S is called
a left (right, lateral) ideal of S if s1s2i (respectively isysq, s1ise) € I for all
s1,82 € Sand i € I. If I is a left, a right, a lateral ideal of S, then I is called
an ideal of S.

Proposition 2.8. Let S be a ternary semiring and a € .S. Then the principal
(7) left ideal generated by ‘a’ is given by < a >;= SSa + na
(47) right ideal generated by ‘a’ is given by < a >,= aSS + na
(7i1) two-sided ideal generated by ‘a’ is given by < a >;= SSa + aSS +
S5SaSS + na
(iv) lateral ideal generated by ‘a’ is given by < a >,,= SaS + 5SaSS + na
(v) ideal generated by ‘a’is given by < a >= SSa+aSS+SaS+SSaSS+na,
where n € Z§ ( set of all positive integers with zero).

Definition 2.9. Anideal I of a ternary semiring S is called a k-ideal if x+y € I;
xz €S,y el imply that z € I.

Definition 2.10. A proper ideal P of a ternary semiring S is called a prime
ideal of S if for any three ideals A, B,C of S; ABC C P implies A C P or
BCPorCCP.

Definition 2.11. A ternary semiring S is called a prime ternary semiring if
the zero ideal {0} is a prime ideal of S.

3 Right Strongly Prime Ternary Semirings

Definition 3.1. A ternary semiring S is called right strongly prime if for every
a € S*, there exist finite subsets Fy, Fy, F3 of S such that aFy FoFyy = {0} =
y=0forallyesS.

Proposition 3.2. A ternary semiring S is right strongly prime if and only
if for every a € S*, there exists a finite subset F' of S such that aFFFy =
{0} = y=0foralyesS.

Proof Suppose S is a right strongly prime ternary semiring. Let a € S*. Then
there exist finite subsets Fy, Fy, F3 of S such that aFy FoF3y = {0} = y =0
forally € S. Let F = Fy U Fy U F3. Then Fy, Fy, F3 C F and F is finite.
Suppose aFFFy = {0} for all y € S. Then aF1F>F3y C aF FFy = {0} for all
y € S. This implies that y =0 for all y € S.

Converse part is obvious.
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Example 3.3. Let S = {ri: 7 € R, i = —1}, where R is the set of all real
numbers. Then together with usual binary addition and ternary multiplication,
S forms a ternary semiring. Let 7i(# 0) € S and F' = {ri}. Then (ri)FFFy =
0 implies that y = 0 for all y € S. Hence S is a right strongly prime ternary
semiring.

Theorem 3.4. Fvery right strongly prime ternary semiring is a prime ternary
semiring.

Proof Suppose that S is a right strongly prime ternary semiring. Let A, B,
C' Dbe three ideals of S such that ABC' = {0}. Suppose that A # {0} and
B # {0}. Since A # {0}, there exists a(# 0) € A. Since S is a right strongly
prime ternary semiring, by Proposition 3.2, there exists a finite subset F' of S
such that a FFFy = {0} implies that y = 0 for ally € S. Now a FFF(BSC) =
(aFF)(FBS)C C (ASS)(SBS)C' C ABC = {0}. This implies that BSC =
{0}. Again, since B # {0}, there exists b(# 0) € B and for this b # 0, there
exists a finite subset F’ of S such that bF'F'F'c C BSSSC C BSC = {0} for
¢ € C. This implies that ¢ = 0. Since c¢ is an arbitrary element of C, we find
that C' = {0}. This shows that {0} is a prime ideal of S and hence S is a prime
ternary semiring.

Theorem 3.5. Let S be a ternary semiring with unital element ‘¢’. Then the
following are equivalent :
(1) S is right strongly prime;
(i) If I is a non-zero ideal of S, there exist finite subsets F' of I and F of
S such that
F'Fy = {0} implies that y =0 for ally € S;
(#9t) If x € S*, there exists s € S and finite subsets F', F of S such that
xsF'Fy ={0}
implies that y = 0 for ally € S.

Proof (i) = (ii).

Suppose that S is a right strongly prime ternary semiring and I be a non-
zero ideal of S. Since I is a non-zero ideal of S, there exists x(# 0) € I.
Again since S is right strongly prime, there exists a finite subset F' of S such
that zFFFy = 0 implies that y = 0 for all y € S. Let F’ = zFF. Then
F'=xFF CIFF C [ie. F'is a finite subset of I. Thus there exist finite
subsets F’ of I and F' of S such that F'Fy = {0} implies that y = 0 for all
yes.

(i1) => ().

Suppose that condition (i7) holds. Let a(# 0) € S. Then < a > is a non-
zero ideal of S. Now by (i%), there exists finite subsets F’ of < a > and F
of S such that F'Fy = {0} implies that y = 0 for all y € S. If possible, let
aSS = {0}. Then < a > SS = {0}. Since F'Fa C< a > SS = {0}, we have
F'Fa = {0}. This implies that a = 0, a contradiction. Therefore, aSS # {0}.
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Thus there exists r,z € S such that arz # 0. Then I =< arx > is a non-zero
ideal of S. By (i7), there exists a finite subset G’ of I and a finite subset G of
S such that G’Gy = {0} implies that y = 0 for all y € S. Since G’ is a finite
subset of I, we find that

m l s t
G'= { narz + Z arxa;B; + Z vi0;arT + Z HrarTV) + Z cpdparzuyvy o ;
i=1 j=1 k=1 p=1
where n,m,l, s, t € Z(T; o, Biy iy 05y [okes Vi, Cpy A,y Up, Vp € S.
m l s t
=4 nars —|—Z arzo;f; —|—Z vi0;arT —|—Z e(ugarzvy)e —|—Z cpdparzuyvy
i=1 j=1 k=1 p=1
Let F" = {z,z0a;f3;, xvpe, zupvp = 1 = 1,2,..mik = 1,2,..,5;p = 1,2, .., t;
m,s,t € Zg}, and let arF"Gy = {0}. Then G’Gy = {0}. By (ii), we have
y=0.

Suppose (iii) holds. Let a € S*. Then by (iii), there exists s € S and finite
subsets F’, F of S such that xsF'Fy = {0} implies that y = 0 for all y € S.
Now taking Fy = {s}, F» = F’ and F3 = F we find that there exist finite
subset Fy, Fy, F3 of S such that aFy F5F5y = {0} implies that y = 0. Hence S
is right strongly prime.

Example 3.6. Let S be the set of all 2 x 2 matrices over Zg , set of all non-
positive integers. Then S is a ternary semiring with usual matriz addition
and matriz multiplication. Let I be a non-zero ideal of S. Then I has a
non-zero element, say (a;j)ax2. Then (aij)ox2 has at least one non-zero el-
ement, say ars. Since I is an ideal of S, E11E1,(aij)2x2Es1E11 € I, where
E,.s is the 2 x 2 matriz whose (r, s)th element is 1 and all others elements
are zero. This shows that I has an element, say fi whose (1,1)*" element
is non-zero and all others elements are zero. Similarly, we can get an ele-
ment, say fo in I whose (2,2)'" element is non-zero and all others elements

are zero. Letflz{(g 8) aEZ_}, fg:{(g 2) bEZ_}. Let

0
F = {f1, fo} and G = {g1,92}, where g1 = g K CEZ_}, g2 =

0 d Y
Then fig1z = fog22 = f1922 = fog1z = 0. This implies that acu = acv =
bdr = bdy = 0. Since a,b,c,d € Z—, we must have u = v =z =y = 0.
Consequently, z =0 and hence S is a right strongly prime ternary semiring.

{(O O): dEZ_}. Suppose that FGz = 0, whereZZ(z N > e s.

Definition 3.7. Let A be a non-empty subset of a ternary semiring S. Then
the right annihilator of A with respect to B(C S) in S, denoted by r,(A, B),
is defined by r, (A4, B) = {z € S : ABzx = {0}}.
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Proposition 3.8. The right annihilator of a subset A with respect to a subset
B of a ternary semiring S is a right ideal of S.

Proof We note that 0 € r,(A4, B), since ABO = {0}. So r,(A, B) is non-empty.
Let s,t € r4(A, B). Then ABs = ABt = {0}. Now AB(s+t) = ABs+ ABt =
{0} + {0} = {0} implies that s + ¢ € 7,(4, B). Again, AB(szy) = (ABs)ry =
{0}zy = {0} for all z,y € S implies that sxy € r,(A, B). Hence r,(A4, B) is a
right ideal of S.

Proposition 3.9. The right annihilator of a subset A with respect to a right
ideal B of a ternary semiring S with unital element ‘€’ is an ideal (i.e. left
ideal, lateral ideal and right ideal) of S.

Proof From Proposition 3.8, it follows that r,(A, B) is a right ideal of S.
Now it remain to show that r,(A4, B) is a left and a lateral ideal of S. Let
s € r4(A, B). Then ABs = {0}. Now since B is a right ideal of S, we find that
AB(zys) = A(Bzy)s C A(BSS)s C ABs = {0} for all z,y € S implies that
xys € rq4(A, B). This implies that r,(A, B) is a left ideal of S. Again, since B is
a right ideal of S, we find that AB(xsy) = AB(exe)(ese)y = A(Bex)(eesey) C
A(BSS)(eesey) C AB(eesey) = A(Bee)(sey) C A(BSS)(sey) C AB(sey) =
(ABs)ey = {0}ey = {0} for all z,y € S implies that zsy € r,(A, B). This
implies that r,(A, B) is a lateral ideal of S. Hence r,(A, B) is an ideal of S.

Definition 3.10. A ternary semiring S is said to satisfy descending chain con-
dition (DCC) on right ideals of S if for each sequence of right ideals Iy, I, I3, ...
of S with I D I, D I3 O ... there exists a positive integer n such that
Iy=I 1 =..

We have shown that every right strongly prime ternary semiring is a prime
ternary semiring. But a prime ternary semiring may not be a right strongly
prime ternary semiring.

In particular we have the following result :

Theorem 3.11. If S is a prime ternary semiring with descending chain con-
dition (DCC) on right annihilator ideals of S then S is a right strongly prime
ternary semiring.

Proof Let I be a non-zero ideal of S and let C,, denotes the class of all right
annihilators of the form r,(F’, F'), where F’ and F' are finite subsets of I and
S respectively. Since S satisfies descending chain condition (DCC) on right
annihilator ideals of S, C,, contains a minimal element J = r,(F{, Fo), say.
We claim that J = {0}. If possible, let J # {0}. Since S is a prime ternary
semiring, ISJ # {0}. Then there exist x € I, s € S and y € J such that
xsy # 0. Let F”' = FjU {z} and F"" = Fy U {s}. Since FyFys C F"F"'s,
ro(F", F"") C J. Again, y € J and zsy # 0 imply that r,(F", F""") C J which
contradicts the minimality of J. Hence J = {0}. Therefore, by using Theorem
3.5(i%), we find that S is right strongly prime.
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Definition 3.12. Let I be a proper ideal of a ternary semiring S. Then the
congruence on S, denoted by p; and defined by sprs’ if and only if s+a; = s'+as
for some a1, as € I, is called the Bourne congruence on S defined by the ideal
I

We denote the Bourne congruence (pr) class of an element r of S by r/p;
or simply by /I and denote the set of all such congruence classes of S by S/p;
or simply by S/I.

Definition 3.13. For any proper ideal I of a ternary semiring S if the Bourne
congruence pj, defined by I, is proper i.e. 0/ # S/I, then we define the
addition and ternary multiplication on S/I by a/I + b/I = (a + b)/I and
(a/I)(b/I)(c/I) = (abe)/I for all a,b,c € S.

With these two operations S/I forms a ternary semiring and is called the
Bourne factor ternary semiring or simply the factor ternary semiring.

Definition 3.14. An ideal I of a ternary semiring S is called a right strongly
prime ideal if the factor ternary semiring S/1 is right strongly prime.

Theorem 3.15. Let Q) be a k-ideal of a ternary semiring S. Then Q is a right
strongly prime ideal of S if and only if for every ideal I of S not contained in
Q, there exist finite subsets F' of I and F of S such that F'Fy C Q implies
that y € Q for ally € S.

Proof Let @ be a right strongly prime ideal of the ternary semiring S. Then
the factor ternary semiring S/@ is right strongly prime. Let I be an ideal
of S not contained in . Then (I + @)/Q is a non-zero ideal of the right
strongly prime factor ternary semiring S/Q. Thus there exist finite subsets
P = {(i1 +0)/Q, (i2+42)/ @ o, (in + 00)/Q} of (I +Q)/Q and F/Q of $/Q
such that F"(F/Q)(y/Q) = 0/Q implies that y/Q = 0/Q for all y/Q € S/Q.
Let F' = {i1,42,...,1n}. Then F' is a finite subset of I. Let ¢ € F’. Then i/Q =
(i44q)/Q, since ipg (i+q) as i+q = (i+¢)+0, where ¢ € Q. Let F'Fy C Q. Then
(F'/Q)(F/Q)(y/Q) = 0/Q i.e. F'(FIQ)(y/Q) = (F//Q)(F/Q)(y/Q) = 0/Q
which implies that y/Q = 0/Q for all y/Q € S/Q. Since @ is a k-ideal of S,
yeforallyeS.

Conversely, let I/Q be a non-zero ideal of S/Q. Then I is an ideal of
S not contained in @. Then by hypothesis there exist finite subsets F’ and
F of I and S respectively such that F'Fy C @ implies that y € @ for all
y € S. Since F’ is a finite subset of I, F’/Q is a finite subset of I/Q. Let
(F'/Q)(F/Q)(y/Q) = 0/Q. Then F'Fy C Q and hence y € Q i.e. y/Q = 0/Q.
Thus S/Q is aright strongly prime ternary semiring. Hence @ is a right strongly
prime ideal of S.

Corollary 3.16. A k-ideal I of a ternary semiring S is a right strongly prime
ideal if for a & I, there exist finite subsets F' of < a > and F of S such that
F'Fb C I implies that b e I.
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Proof : Since a & I, < a > is not properly contained in I. Then by above
Theorem 3.15, there exist finite subsets F’ and F of < a > and S respectively
such that F'Fb C I implies that b € I.

Definition 3.17. [3/ A non-empty subset A of a ternary semiring S is called
an m-system if for each a, b, c € A there exist elements 1, zo, x3, x4 of S such
that ax1bxac € A or axix2brzzsc € A or avizabrscry € A or xraxobrsrsc € A.

Theorem 3.18. [3] A proper ideal P of a ternary semiring S is prime if and
only if its complement S\ P is an m-system.

A similar type of result we obtain for right strongly prime ternary semiring.
For this we introduce the following notion :

Definition 3.19. A non-empty subset G of a ternary semiring S is called an
sp-system if for any g € G there is a finite subset Fy C< g > and a finite subset
Fy of S such that F1Foz NG # 0 for all z € G.

Theorem 3.20. A proper ideal I of a semiring S is a right strongly prime if
and only if S\ I is an sp-system.

Proof Let I be a right strongly prime ideal of S. Let g € S\ I. Then g ¢ I.
So there exist finite subsets F’ of < g > and F of S such that F'Fb C I implies
that b € I, by using Corollary 3.15. This implies that F'Fzn (S\ I) # 0 for
all z € (S\ ). Hence S\ I is an sp-system.

Conversely, suppose that (S'\ I) is an sp-system. Let a ¢ I. Then a € S\ I.
So there exist a finite subset F’ of < a > and F' of S such that F'FzN(S\I) # 0
for all z € S\ I. Let F’Fb C I. Then F'Fbon (S\ I) = (. If possible, let
b ¢ I. Then b € S\ I which implies that F'FbN (S\) # 0, a contradiction.
Consequently, b € I and hence I is a right strongly prime ideal of S.

Now we consider the matrix ternary semiring M,,(S), where S is a ternary
semiring.

Let S be a ternary semiring with unital element ‘e’ and M, (S) be the set
of all square matrices of order n (n € N) with entries from S.

Suppose A= (aij)nxn; B = (bij)nxn; C= (Cij)nxn S Mn(S)

We define binary addition and ternary multiplication in M, (S) as follows :

(@ij)nxn + (bij)nxn = (@ij +bij)nxn and (aij)nxn(bij)nxn(Cij)nxn = (dij)nxn;
n
where d;; = Z airbricy; 1 <14,5 < n.
k, 1=1
It can be easily verified that together with above defined addition and mul-
tiplication M,,(S) is a ternary semiring with unital element. We call M,,(S)
the matrix ternary semiring.
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Let x € S. Then the notation xE;; will be used to denote the n x n matrix
in which the (4, j)-th entry is = and all other entries are zero. Then we can
n

write A = (@ij)nxn = Z a;; E;; and it can be easily verified that
=1

| (xy2)Epy, if g=rands=u
(TEpq) Y Ers ) (2Euv) —{ 0, i g oor s#u for all z,y,z € S.

Theorem 3.21. Let S be a ternary semiring with unital element e. Then S is
a right strongly prime ternary semiring if and only if M, (S) is a right strongly
prime ternary semiring.

Proof Let S is a right strongly prime ternary semiring. We shall show that
M, (S) is a right strongly prime ternary semiring. Let (a;j)nxn # (0)nxn,
(Dij)nxn # (0)nxn € Mp(S). Then there exists apq # 0 € S and b5 # 0 € S
for some integers p, q,r, s such that 1 < p,q,r, s < n. Since S is right strongly
prime, there exist finite subsets F = {fi, f2, ..., fs}, G = {91, 92, ..., qi} and
H = {h1,ha, ..., hy} of S such that a,qfiguhobrs # 0 for some f; € F,g, €
G,h, € H. Now (ps)th entry of the matrix (a;;)(fiEq1)(guEr1)(hoE1r)(bij)
i apqfiguhobrs which is non-zero. Therefore F' = {fiE; : 1 < i < n},
G’ = {guF11} and H = {h,E1; : 1 < j <n} are finite subsets of M, (S) such
that for any (a;j)nxn # (0)nxns (Dij)nxn # (0)nxn € My (S), we have

(@i)nxcn (frEi1)(guEr11) (Mo E15)(bij)nxn 7 (0)nxn
and hence M, (S) is a right strongly prime ternary semiring.

Conversely, suppose that M,,(S) is a right strongly prime ternary semiring
and a(# 0) € S, b(# 0) € S. Then aF1; and bEj; are non-zero elements
in M,(S). Since M,(S) is right strongly prime, there exist finite subsets
A = {(CL@j)an}, B = {(b”)an} and C = {(Cij)an} of Mn(S) such that
(aE11(aij)nxn(bij)nxn(Cij)nxn(0E11) 7# (0)nxn-

Now (aF11)(@ij)nxn(Dij)nxn(Cij)nxn(bE11) = (dij)nxn, where

n
Z aaisbgiepb, if i=j5=1,
1=1
0, elsewhere .

dl'j = 5.

Since (dij)nxn # (0)nxn, we have Z aaisbsicp1b # 0. Hence aaysbsicb #
s, =1
0 for some s and [; 1 < s, < n. Now choose A’ = {a1; : 1 < j <n} CS,
B ={bj;:1<i,j<n}CSand C'"={¢;1:1<i<n}CS. Then aafByb#0
for some a« € A’, B € B’ and v € C’ and hence S is a right strongly prime
ternary semiring.
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