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Abstract

The convolution with a weight-function for the Fourier sine integral
transform is formulated and its properties are studied. A Titchmarch
type theorem, non-existence of the unit element of the convolution are
proved. The application to solve some particular cases of the Toeplitz
plus Hankel integral equations is outlined.

1 Introduction

The convolutions for integral transforms were studied at the beginning of 20 th
century, at first the convolution for the Fourier transform (see, e.g. [17]), for
the Fourier cosine transform, for the Laplace transform (see [16, 17]) and the
references therein for the Mellin transform [15] and after that the convolution
for the Hilbert transform [15, 17], the Hankel transform [8], the Kontorovich -
Lebedev transform [8], the Stieltjes transform [15] after-wards.
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34 On the convolution with a weight - function for...

In 1967, V. A. Kakichev [8] proposed a constructive method for defining
the convolution with a weight-function which is more general than the convo-
lution. And as by-products, convolutions of many integral transforms such as
the Meijer, Hankel, Fourier sine, Sommerfeld were found [9]. For instance, the
convolution with the weight-function v(y) = siny of the functions f and g for
the Fourier sine integral transform (F;) was studied in [8], [11]

“+o00 +oo
1
(f *9)(@) :W / / [eml# el sign (z + u — v) + e * 7T sign (2 — u + v)
0 0

— e~ (wtute) _ pmlzmu—vl Gion (g —u — )] f(u)g(v)dudv, x > 0.

The convolutions for many integral transforms have numerous applications in
several contexts of sciences and mathematics [3, 4, 6, 7, 16, 17, 20]. Specially,
studying convolutions may shed light on how to solve the integral equation
with the Toeplitz plus Hankel kernel [18]

—+oo

flz) + /[kl(x+u)—|—k‘2(x—u)]f(u)du=g(x), (1.1)

0

in closed form. The general case of this integral equation is still open.

In this paper we introduce another convolution with the weight - function
W =13 2
the new convolution. Also we will show that there does not exist the unit
element for the calculus of this convolution as well as there is not aliquote of

zero. In applications, we apply this notion to solve some special cases of the
Toeplitz plus Hankel integral equations.

for the Fourier sine transform. We obtain some properties for

2 The convolution with a weight-function for
the Fourier sine integral transform

Y
1—|——2 of two

functions f, g for the Fourier sine integral transform is defined by

Definition 1. The convolution with the weight-function v(y) =

+oo +oo

1

) Z—/ / [eml#Tuvlsign (2 + u — v) + e~ """ lsign (2 — u + )
2y/2

"o %

— e~ (wtute) _ pmlzmu—vl Gion (g —u — )] f(u)g(v)dudv, x > 0.
(2.1)

(f *9)(z
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Theorem 1. Let f,g € L(R,), then their convolution with the weight-function

v(y) = lf 5 for the Fourier sine integral transform (2.1) belongs to L(Ry)
Y
and the following factorization property holds

F(f39)) = T3 (BN W) (Fsg) ), vy > 0. (2.2)

Here, the Fourier sine integral transform is defined by [16]

“+o00
z\/g/f(x)sin(yx)dx, y € Ry.
0

Proof We have

—|z+u—v|

le sign (z +u —v)| =
Similarly, we get

|€—|fc—u+v| sign (z —u + U)| <1, Vz,u,veRy,

|€_|fE+u+’U|| gl, Vx,u,'UeR_,’_,

|e_|‘"“_“_”| sign (v — u — v)| <1, Vz,u,veRy.
Hence, we have

“+o00 +oo

|f*9 \/7//|f )| |g(v)|dudv < +o0.

It shows that the convolution (2.2) is well defined in L(R.). Moreover, from
(2.1) we obtain

“+o0 1 “+00 400 400
vy
dr < —|fE+’LL—’L)|_|_ —|z—u+v|
O/I(f*g)(x)l o< %0/ / O/{e ‘

e | emlemu=vly ()] |g(v) | dudvda

On the other hand, with the substitution  +u — v = ¢, we have

“+00 “+o00 0
dz dt dt
elztu—v| - eltl - et
0 Uu—v u—v 0
0 +oo
— ¢t et
u—v 0
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Similarly
“+oo
dz
/ m<2, Yu,v > 0,
0
+oo
dz
/W<2, Yu,v > 0,
0
“+oo
dz
/ — <2, VYu,v>0.
e|fc—u—v|
0
Hence
+oo+o0o+o00

1
oWor _27T///{6_|r+“_”|+6_|r_“+”|+6_(r+“+”)+e_|r_“_”|}|f(u)||g(v)|dudvdx
0 0 0

“+o00 +oo

< 2\/30/ 0/ £ ()] |g(v)]dudv < +o0.

So (f*g)(x) € L(R4). We now prove the factorization property (2.2). Applying
formula (2.2.15, page 65) in [2] we obtain

“+oo
2
\/; / N ny sin(yx) sin(yu) sin(yv)dy
0
17
= ——[siny(z +u —v)+siny(r —u+v)—siny(z +u +v)
2v2 / L+ y?
7r0 Y

—siny(z —u —v)|dy

—+oo
1 Yy : .
= ——|sign(xr +u—v)smy|r +u—v
= | Tl e u—)sing |
0
+ sign(z —u+v)siny|lz —u+v| —siny(z +u + v)
+ sign (z — u — v) siny|z — u — v||dy
V2T

=5 [e_(‘r"’“_”) sign (z +u —v) + e~ @7 gign (z — u + v)

— e~ (@tutv) _ o=@mu=v) gion (2 — u — v)].
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From that, we have

y
sin(yu) sin ’U =
5 (yu) sin(y \/7 /

0
+e el sign (z — w4 v) — e ) — elrmumtl gion (2 — u — v)] da.

_l"”+“ I sign (z + u — v)

Hence
9 “+00 400
Y Y . .
1+ (Fs f)(y)(Fsg)(y) = - b/ ~0/ T3 7 sin(yu) sin(yv) f (u)g(v)dudv

1 400 +oo o0
=5 / / { / sinyx[(e_lrJr“_”l sign (z +u — v)
0 0
+ e~ 1Tt gign (2 — u + v) — e~ @Hutv)

_ e—le—U_vl Sign (x —u — ’U)):| dx}dudv

0 0 0
+ e 1Tl gign ( — u + v) — e~ (@FUFY)

— e lTmulgion (¢ —u — v)] f(u)g(v)dudv}dx
= Fu(f *9)w).
The proof is complete. g

Proposition 2.1. In the space of functions belonging to L(Ry), the convo-
lution with a weight-function for the Fourier sine integral transform (2.1) is
commutative, associative and distributive.

Proof We prove that the convolution (2.1) is associative, i.e.,

(f*g)%h=f*(g*h).

Indeed,
F(F = h) () =1 j_’y F(f39)W) (Fh) )
=1 + SN W) T 5 (F) W) (Fh) )
= 7 BNWE 1))
=F(f*(g+m)(y), Vy>0.
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It implies that
(f*g)*h=[%(g%h).

The commutative, distributive properties are similarly proved. ]

Definition 2. The norm in the space L(Ry) is defined by

“+oo
|f|L(]R+):2\/g/ | f(z)|dz. (2.3)
0

Proposition 2.2. If f and g are functions belonging to L(R,.), then the fol-
lowing inequality holds

Y
||(f*9)||L(R+) < flleeyy gl (2.4)

Proof From the proof of Theorem 1 we get

+/Ool(f “9)(@)|dz < 2\/3 70|f(u)ldu 70|g<v>|dv.
0 0 0

Hence
2\/3 70|<f¥g><x>|dx < 2\/3 70|f(u)ldu2\/g 70|g<v>|dv.
0 0 0

||(f’>))<lg)||L R < |‘fHL(R+) |‘gHL(R+)-
(Ry)

Thus

The proof is complete. g

Theorem 2. In the space of functions in L(R,) there does not exist the unit
element for the convolution operation (2.1).

Proof From Proposition 2.2 we have

1 *9ll ey < 1@ lgleee,)-

The remaining properties of the ring is clear. The commutative property of the
ring can be easily obtained from Proposition 2.2. Now, we prove this normed
ring no having the unit element. Suppose that there exists the unit element
e of the convolution operation in the space of functions in L(R,), it means

(e i 9)= (g i e) = g, for any function g belonging to L(R;). Then we have

Fu(e+9)(y) = (Fsg)(y), ¥y > 0.
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Hence
Y

W(Fse)(y)(ﬂg)(y) = (Fsg)(y), Yy >0.

The last is equivalent to the equality

(Feg) ) [ (Fe)w) — 1] =0, ¥y >0,

for any function g(y) belongs to L(R).
It is posibility to choose g so that (Fsg)(y) # 0, Yy > 0, therefore

Yy 1=
T+ 42 (Fse)(y) —1=0, Vy > 0. (2.5)

If y > 0 and tends to 0, then Y 5
1+y

_Yy

L+ y?

to formula (2.5). Therefore, this normed ring does not have the unit element.

The theorem is proved. 0O Let L(R4,e*) be denoted the space of functions f

such that

tends to 0. On the other hand, since

e € L(R,), it follows that (Fse)(y) — 0asy — 0. This is a contradiction

“+oo

/ e’ f(z)|dx < +o0.

0
Theorem 3 (A Titchmarch type theorem). Let f,g € L(R;,e”). If (fl
9)(x) =0, then either f(x) =0 or g(x) = 0.
Proof Under the hypothesis (f X 9)(y) =0, Vz >0, it follows that Fj (fl
9)(y) =0, ¥y > 0. Due to Theorem 1 we have

T (PN W)(Fag)() =0, vy >0. (2.6)

Since
dn
A (sntya) (@) = |(@)e s e+ 5|
<|f@)a"| = |e7"ame" ()| = le~"a"] " f(2)] < Cle” f()];

for x large enough, due to Weierstrass criterion, the integral

+oo g
/ @[Sin(yx)f(x)]dx
0

uniformly converges on R . Therefore, based on the differentiability of integrals
depending on parameter, we conclude that (Fsf)(y) is analytic for y > 0.
Similarly, (Fsg)(y) analytic for y > 0. So from (2.6) we have (F,f)(y) =
0, Vy>0or (Fsg)(y) =0,Vy > 0. If follows that either f(z) =0, Vz > 0 or
g(x) =0Vz > 0.

The theorem is proved. O
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3 Application to solving integral equations

Consider the integral equation

“+oo
1
@) + A5 0/ Fu)(z, w)du = h(z), z> 0. (3.1)

Here

“+o00
Yz, u) = / [elete="l sign (z + u — v) + e *7* sign (v — u + v)
0

— e~ @hut) _ omlemuvl oy (g — u — v)] g(v)dv,

and A € R, g and h are functions in L(Ry), f is the unknown function.
Theorem 4. With the condition

Ay

1 -
+14—y2

(Fsg)(y) #0, Yy >0

there exists a unique solution in L(Ry) of (3.1) which is defined by

Here, p(x) € L(R4) and it is defined by

(Fsg)(y) .
1+ 73255 (Fog)(y)

(Fsp)(y) =

Proof The equation (3.1) can be rewritten in the from

F(@) + A(f * g)(x) = h(z).

Suppose that equation (3.1) exists solution f € (R4). Due to Theorem 1, we
have

(FoD)®) + A 2 (Fo D) (Fag) ) = (Fh)(w), ¥y >0,
Since
Ay

TP = (ER @), >0

(F)w)|1+

Therefore 1

1+ 35 (Fg)(y)

(Fsf)(y) = (Fsh)(y)
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Due to Wiener-Levy’s theorem [1, 14] there exists a function ¢ € L(R;) such

that
(Fsg) (y)

Fap)(y) = '
(Fep)(y) = 2 (Fug)(y)

It follows that

(Ff)w) = (Fh)(w) [1 -

L+y?

Hence 5

f(@) = h(z) = A(h * @) ().
By Theorem 1, f € L(R,). We can easily check that f(x) = h(x)—)\Fs(hlgo) (x)
is the unique solution of equation (3.1) in L(Ry). The theorem is proved. O

remark 1. Theorem 4 shows that the Toeplitz plus Hankel integral equation
(1.1) with

“+oo
_ 1 e 10 sign (t — v) — e~ g(v)dv
kl(t)—zmo/[ gn(t - v) - e~ g(w)dv,
“+o0
ko(t) 22\/1% /[e_lt"’”l sign (t +v) — e~ " sign (t — v)]g(v)dv,
0

has a unique solution in L1(Ry) which is defined by

f(@) = h(z) = A(h + o) (x).

For solving the new class of integral equations we will used the following known
generalized convolutions.

The generalized convolution for the Fourier sine and cosine transforms is of the
form [15]

1

“+o00
1
(f x9)(z) = Ner 0/ fWly(lz —ul) = g(z + w)ldu. (3-2)

This convolution satisfies the following factorization property
Fo(fx9)(y) = (F ) @) (Feg)(v)- (3.3)

The generalized convolution for the Fourier cosine and sine integral transforms
is defined by [13]

“+o00
(39w = 2= / F)lg(lz — ul) sign (= —w) + glx + w)ldu,  (3.4)
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for which the following factorization equality holds

Fe(fx9)(y) = (Fsf) () (Fs9)(y)- (3.5)

We now consider the integral equation

+oo +oo
flx) + M / Fu)b (z, u)du + A2 / fw)ba(x,u)du = h(zx), >0. (3.6)
0 0

Here
7
01 (x,u) = e lPtu=vlgion (& + u —v) + e P sign (. —u 4 v
e =g= [ | g o+ —v) gz —u+v)
0
— e~ (@tutv) _ omlzmu—vl Gion (g —u — v)] g(v)dv,

0z, 1) :#[mx —u]) - k(z + ),

and A1, Ay € R, g, k and h are given functions of L(R), f is unknown function.

Theorem 5. With the condition

L n (D) 0 Fa)0) + el FR)) 20, ¥ >0,

there exist a unique solution in L(R4) of (3.6) which is defined by
f(x) = h(z) = (hxD)(@).

Proof The equation (3.6) can be rewriten in the form

Y

f(z) +)\1W

(Fs ) () (Fsg)(y) + A2 (Fs ) (9) (Fek) (y) = (Fsh)(y).

Due to Theorem 1 and the factorization equalities (3.3), (3.5) we have

(Fsf)(y) + 1fy2 (Fs )W) (Fsg)(y) + X2 (Fo f)(y) (Fek)(y) = (Fsh)(y).

By the formula (2.2.15, p. 65) in [5] we obtain

= n (2w

It follows that

(Fsf) ()1 + AlFs(%e‘”) () (Fs9)(y) + A2(Fok)(y) = (Fsh)(y).
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Since 1+ Ay F (;f _T)(y)(Fgg)(y) + X2 (Fek)(y) # 0, Yy > 0, we have

MF (2 -r)@(ﬂg)( ) + Ao (Fek)(y)

o :(Egh)(y)(l - 1+ M\ F. ( ) y)( y) + Ao (Feok)(y ))
77\/_ —z g J(F.,
~(F) (1 - ME(FEe 5 9)(y) + da(Feh)(v) )

14+ M F.(Z ge T;g)(y)%—)a(Fck')(y)

Due to the Wiener-Levi’s Theorem [1, 14], there exists a function | € L;(Ry)
such that

MEF(55e7 5 9)(y) + Aa(Fek)(y)

F.l '
(Fel)(y) = 9)(y) + Ao (Fek) (y)

*
2
—x

1+ M F (L\/—_

N %

It follows that

Hence

(From h,l € L(R,), we have (h
can easily check the f(x) = h(z

the equation (3.6).
The theorem is proved. O

I)(x) € L(Ry), and therefore f € L(Ry). One

*
1
)— (h )(x) € L(R,) is the unique solution of

remark 2. The equation (3.6) is a particular case of the Toeplitz plus Hankel
integral equation (1.1) with

“+o0
tat) =57= [ 17 st =) = e g(u)do - STkt
0
_ 1 —|t4v| s —|t—v| ; A2
ko (t) N [e sign(t+v) —e sign (t — v)]g(v)dv + 2mk(|t|)
0
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Finally, consider the system of integral equations

—+oo

@)+ M / o(un (z, u)du =p(z)

0

“+oo
A2 / fw)s(x, u)du + g(z) =q(x), x> 0.
0

Here,
T
o) =57 [ e s (o o)+ e g o o)
0
— e~ (@tutv) _pmlemu—vl Gion (g —y — )] h(v)do,
1
P2 (x, u) =\/—2—7T[k<lx —u|) = k(z +u)],

and A1, A2 € R, k, h, p, q are given functions in L(R4); f, g are unknown func-
tions.

Theorem 6. With the condition 1 — M\ A2 F, (k X (%e‘r x h))(y) # 0, for

all y > 0, there exists the unique solution in L(R4) of (3.7), which is defined
by

@) =pte) (a5 (3 5 0) 0= (or ((Y5e 51) 1) o)
9(x) =q(z) = Xa(px k) (@) + (¢ (@) = Ao ((p 4 k) £ D)(2), = >0.
Here, I € L(R4.) and is defined by

)\1)\2Fc(k * (%e‘rzh))(y)
h

F,

(Fel)(y) = - -
! L= XAF(k (55 1)) ()

Proof The system (3.7) can be rewriten in the form

fl@) + (b4 g)(x) = p(z), = > 0,
Aa(f H k)(x) + g(z) = q(x), x > 0.

(From Theorem 1 and the factorization equality (3.3) we get

Y

(Fsf)(y) + Alw(ﬂh)(y)(ﬂg)(y) = (Fip)(v),

A (Fsf)(y)(Fek)(y) = (Fsg)(y) = (Fsq)(y), y > 0.
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On the other hand, since

)(y), we obtain

y VT
1_|_y2 Fg(

(1)) + ME(EZ e s O)E9)0) = () 1> 0
Ao (Fs f)(y) (Fek)(y) = (Fsg)(y) = (Fsq)(y), y > 0.
Since
T
A 1 AlFC(me $h)(y)
A2 (Fek)(y) 1
T .
=1-XMX\F (k; * (2\/56 >5/1))(y) #0,
we see that
i:1+ Al)\QF( F, u _“5 )
A 1= MAoF (k;(”? o h)()

is well defined.
Due to Wiener-Levy’s theorem [1], there exists a continuous function I €
L(R,) such that

MeF(k 5 (2Fe b)) ()
(Fcl)(y) = - N
1= AP (k 5 (e y n) ()
It follows 1
Now we have
T
(FH)w) = (1 + (B | FPO MF(GZe )
(Fsq)(y 1
=1+ (F)(®) (Fep) () = M Fy(a * (%72_76“” 1))
—~ED) - M (Y5 1 10)0) + o D)

_ )\1Fs((q>i< (;\/ge—fﬂ x h)) Tl) (y).

Hence

) =pla) =i (3 e 5)) 0= rtke-nfor (35 e 51) 1) (@)
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On the other hand,

(Fsg)(y) =1 + (Fel)(y)) /\Q(Fik)(y) giggy)

=1+ (F)() ((Fsq)(y) — A2 Fs(p
=(Fsq)(y) = Mo Fs(p k) () + Fi(g

Hence

9(x) = q(x) = Xa(px k) (@) + (¢4 (@) = Xa((px k) + D)(2), > 0.

From the hypothesis, we have (p H l)(x),(qT(ﬂe_”*h))(x),

(q>’1< (%e‘r >511) Tl) (z) € L(Ry). Therefore, f € L(R4).

Similarly, we have g € L(R;). The theorem has been proved. O
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