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Abstract

A Hamiltonian walk in a graph G is a closed spanning walk of minimum
length. The length of a Hamiltonian walk in G will be denoted by h(G).
Thus if G is a connected graph of order n ≥ 3, then h(G) = n if and only
if G is Hamiltonian. Thus h may be considered as a measure of how far
a given graph is from being Hamiltonian. Let G be a connected graph of
order n. The Hamiltonian coefficient of G, denoted by hc(G), is defined as

hc(G) = h(G)
n . It has been shown in [6] that for every graph G of order n,

hc(G) ≤ 2n−2
n

< 2, and hc(G) = 2n−2
n

if and only if G is a tree. Let CR(3n)
be the class of connected cubic graphs of order n. By putting

h(3n) = {h(G) : G ∈ CR(3n)},

we obtained in [10] that if G is a 2-connected cubic graph of order n ≥ 10
and h(G) ≥ n + 2, then there exists a connected cubic graph G′ of order
n containing a cut edge such that h(G) ≤ h(G′). We obtained in the same
paper concerning the results on Hamiltonian number in the class of connected
cubic graphs as follows. For an even integer n ≥ 4 and n �= 14. There exists
an integer b such that h(3n) = {k ∈ Z : n ≤ k ≤ b}. Moreover, an explicit
formula for the integer b is given by the following.

1. b = n if and only if n = 4, 6, 8.

2. b = n + 2 if and only if n = 10, 12.

3. If n = 14 + 2i and i ≥ 0, then b = 18 + 3i.
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It should be noted that a cubic graph Gi of order 14 + 2i with h(Gi) =
18 + 3i is a graph containing as many cut edges as possible. Furthermore,
h(Gi)
|v(Gi)| = 18+3i

14+2i
< 3

2
and

lim
i→∞

hc(Gi) =
3

2
.

The problem of finding the maximum value of hc(G) in the class of 2-
connected cubic graphs of order n is not easy. We introduce three classes of
2-connected cubic graphs with relatively small circumference and obtain sev-
eral significant results on their Hamiltonian numbers and their Hamiltonian
coefficients.

1 Introduction

Robinson and Wormald proved in [9] that if H is the number of Hamiltonian cycles
in a cubic graph chosen uniformly at random from all labeled cubic graphs on 2n
vertices, then

lim
n→∞Pr(H > 0) = 1.

This means that almost all cubic graphs are Hamiltonian. In contrast of their
result, we are seeking for non-Hamiltonian cubic graphs of order 2n.

We limit our discussion to graphs that are simple and finite. For the most part,
our notation and terminology follows that of Chartrand and Lesniak [4]. A walk W
in a graph G is a sequence x1, x2, . . . , xt of vertices of G in which xixi+1 ∈ E(G)
for all i = 1, 2, . . . , t− 1. If x1 = xt, then W is called a closed walk. A walk in G
which contains all vertices of G is called a spanning walk of G and a closed walk in
G which contains all vertices is called a closed spanning walk of G. For a walk W
of G the length of W , denoted by |W |, is the number of edges used in W . It is clear
that for given a connected graph G, it is possible to start at an arbitrary vertex u
of G, walk in some sequence along the edges of G and return to the starting vertex
u having passed through every vertex in G at least once. In general such a walk
might pass through some vertices, and traverse some edges, more than once. We
call such a walk a closed spanning walk in G. A Hamiltonian walk in G is a closed
spanning walk of minimum length. The length of a Hamiltonian walk in G will
be denoted by h(G). Thus if G is a connected graph of order n, then h(G) = n if
and only if G is Hamiltonian. Thus h may be considered as a measure of how far
a given graph is from being Hamiltonian.

In [5] an alternative way to define the length h(G) of a Hamiltonian walk in a
connected graph G was presented. A Hamiltonian graph G contains a spanning
cycle C : v1, v2, · · · , vn, vn+1 = v1, where then vivi+1 ∈ E(G) for 1 ≤ i ≤ n. Thus
Hamiltonian graphs of order n ≥ 3 are those graphs for which there is a cyclic
ordering C : v1, v2, · · · , vn, vn+1 = v1 of V (G) such that

∑n
i=1 d(vi, vi+1) = n,

where d(vi, vi+1) is the distance between vi and vi+1 for 1 ≤ i ≤ n. For a connected
graph G of order n ≥ 3 and a cyclic ordering s : v1, v2, · · · , vn, vn+1 = v1 of the
elements of V (G), the number d(s) is defined as d(s) =

∑n
i=1 d(vi, vi+1). Therefore,
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d(s) ≥ n for each cyclic ordering s of the elements of V (G). The Hamiltonian
number h(G) of G is defined in [5] by h(G) = min{d(s)}, where the minimum is
taken over all cyclic orderings s of elements of V (G). It was shown in [5] that the
Hamiltonian number of a connected graph G is, in fact, the length of a Hamiltonian
walk in G.

Let G be a connected graph of order n. The Hamiltonian coefficient of G,
denoted by hc(G), is defined as hc(G) = h(G)

n . It has been shown in [6] that for
every graph G of order n, hc(G) ≤ 2n−2

n < 2 and hc(G) = 2n−2
n if and only if G is

a tree.
Let CR(3n) be the class of connected cubic graphs of order n. By putting

h(3n) = {h(G) : G ∈ CR(3n)}, we obtained in [10] that if G is a 2-connected cubic
graph of order n ≥ 10 and h(G) ≥ n + 2, then there exists a connected cubic
graph G′ of order n containing a cut edge such that h(G) ≤ h(G′). We obtained
in the same paper concerning the results on Hamiltonian number in the class of
connected cubic graph as stated in the following theorem.

Theorem 1.1 [10] For an even integer n ≥ 4 and n �= 14. There exists an
integer b such that h(3n) = {k ∈ Z : n ≤ k ≤ b}. Moreover, an explicit formula
for the integer b is given by the following.

1. b = n if and only if n = 4, 6, 8.

2. b = n + 2 if and only if n = 10, 12.

3. If n = 14 + 2i and i ≥ 0, then b = 18 + 3i.

It should be noted that a cubic graph Gi of order 14+2i with h(Gi) = 18+3i is a
graph containing as many cut edges as possible. Furthermore, h(Gi)

|v(Gi)| = 18+3i
14+2i

< 3
2

and

lim
i→∞

hc(Gi) =
3
2
.

The problem of finding the maximum value of hc(G) in the class of 2-connected
cubic graphs of order n is not easy. We introduce three classes of 2-connected cubic
graphs with small circumference and hence large Hamiltonian number. Hamil-
tonian walks were studied further by Asano, Nishizeki, and Watanabe [1, 2],
Bermond [3], and Vacek [11]. Since every connected 2-regular graph is Hamil-
tonian, it is reasonable to investigate the Hamiltonian number in the class of cubic
graphs. The following theorem was proved by Goodman and Hedetniemi [6] and
will be applied throughout the paper.

Theorem A Let G be a connected graph and B1 , B2, . . . , Bk be the blocks of
G. Then h(G) =

∑k
i=1 h(Bi).
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2 2-connected cubic graphs

It is clear that a Hamiltonian graph must be 2-connected. A graph G of order n
is called an almost Hamiltonian graph if h(G) = n + 1. Let n be an even integer
n ≥ 10. We proved in [8] that if G is a cubic graph of order n, then G is an almost
Hamiltonian graph if and only if G is 2-connected non-Hamiltonian containing a
cycle of order n − 1 as its subgraph. We had constructed an almost Hamiltonian
cubic graph of even order n ≥ 10, recursively. As a consequence, we obtained
in the same paper that if P (k, m) is the generalized Petersen graph of order 2k,
then h(P (k, m)) ≤ 2k + 1 and h(P (k, m)) = 2k + 1 if and only if m = 2 and
k ≡ 5(mod 6).

Let G be a connected graph of order n and W : w1, w2, w3, . . . , w�, w1 be a
Hamiltonian walk of G. Let W1(G) be the set of vertices v ∈ V (G) such that v
appears in w1, w2, w3, . . . , w� exactly once and W2(G) = V (G) − W1(G). Thus G
is Hamiltonian if and only if W2(G) = ∅. Furthermore, h(G) ≥ n + |W2(G)|. Let
e = uv ∈ E(G). Then e is said to appear in W if u and v appear as consecutive
vertices on W .

Lemma 2.1 Let G be a connected cubic graph of order n and W be a Hamil-
tonian walk of G. If X is the set of v ∈ V (G) such that all edges incident with v
appear in W , then X ⊆ W2(G).

Proof. Let W : w1, w2, . . . , w�, w1 be a Hamiltonian walk of a connected cubic
graph G of order n. Since for each wi (1 ≤ i ≤ �), wi can have at most two distinct
neighbors along W , it follows that if xv, yv, zv appear in W , then v must appear
at least twice on W . Thus v ∈ W2(G). �

Let G be a connected graph and uv ∈ E(G). A subdivision of an edge uv is
the operation of replacing uv with a path u, w, v through a new vertex w.

Lemma 2.2 Let G be a connected graph. If G′ is a graph obtained from G by
a subdivision of an edge uv of G, then h(G′) ≥ h(G) + 1.

Proof. Let W ′ : w1, w2, . . . , w�, w1 be a Hamiltonian walk of G′. Let w be
the new vertex of subdividing the edge uv of G. It is clear that there is a
unique i in which wi = w and we can assume that w1 = w. If w2 �= w�,
then W : w2, w3, . . . , w�, w2 is a closed spanning walk of G. If w2 = w�, then
W : w2, w3, . . . , w� is a closed spanning walk of G. Thus h(G) ≤ h(G′) − 1. �

These results and notation will be used in subsections 2.2 and 2.3.

2.1 Petersen graphs

Let P = P (5, 2) be the Petersen graph of order 10. It is well known (for example
see [7]) that P has the following properties.

1. It is a vertex transitive and edge transitive graph.
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2. It is not Hamiltonian and h(P ) = 11.

3. Let u, v ∈ V (P ) and u �= v. Let W : u = u1, u2, . . . , ut = v be a spanning
walk in P . Then t = 10 if uv �∈ E(P ), otherwise t = 11.

Let P (k) be a cubic graph with 10k vertices formed by k pairwise disjoint copies
of P (5, 2) − e by adding k edges to link them in a ring as shown in Fig. 1. More
precisely let P1, P2, . . . , Pk be k pairwise vertex disjoint copies of P = P (5, 2).
Let ui, vi ∈ V (Pi) and uivi ∈ E(Pi). Let P (k) be the graph with V (P (k)) =⋃k

j=1 V (Pj) and E(P (k)) = (
⋃k

j=1 E(Pj −ujvj))+{u1v2, u2v3, . . . , uk−1vk, ukv1}.
Then P (k) is a 2-connected cubic graph of order 10k.
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P (k) :

Fig. 1.

Theorem 2.3 Let k be an integer with k ≥ 2. Then h(P (k)) = 11k.

Proof. Let P (k) be the graph as described above. It is easy to obtain a closed
spanning walk of length 11k of P (k). Thus h(P (k)) ≤ 11k. Let

W : w1, w2, . . . , wt, wt+1 = w1

be a Hamiltonian walk of P (k). Let wi1 , wi2, . . . , wi� be the subsequence of W
consisting of those vertices of Pi. Thus 1 ≤ i1 < i2 < . . . < i� ≤ t and � ≥ 10.
Suppose that there exists an integer j = 1, 2, . . . , � such that ij+1 − ij > 1. Then
wi1 , wij , wij+1 , wi� ∈ {ui, vi}. If � = 10, then wi1 , wi2, . . . , wi� are all distinct. Thus
� ≥ 12, which is a contradiction. Therefore, for all j = 1, 2, . . . , �, ij+1 − ij = 1
and in this case wi1 , wi2, . . . , wi� forms a ui, vi spanning path of Pi. Thus � ≥ 11.
This completes the proof. �

The result of Theorem 2.3 implies hc(P (k)) = 1.1 for all k ≥ 1.

2.2 Cubic graphs with small circumference

We introduce another class of 2-connected cubic graphs which can be defined in
the following way. For a positive integer k ≥ 2, let H(k) be a cubic graph as shown
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below.
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Fig. 2.

The graph H(k) has the following properties.

1. H(2) is Hamiltonian.

2. It was shown in [12] that H(k) is of order 6k−4 having circumference 2k+4.
Thus it is not Hamiltonian if k ≥ 3.

We proved in [8] that a cubic graph G of order n ≥ 10 with h(G) = n+1 if and
only if G is 2-connected having circumference n−1. Furthermore we proved in the
same paper that for every even integer n ≥ 10, there exists a 2-connected cubic
graph G of order n with h(G) = n + 1. Since H(3) is 2-connected cubic graph of
order 14 with circumference 10, it follows that h(H(3)) ≥ 16. It is easy to produce
a closed spanning walk of H(3) of length 16. Thus h(H(3)) = 16. Similarly,
the graph H(4) is of order 20 with h(H(4)) = 22. We now suppose that k ≥ 5.
Let H(k) with vertices u1, u2, . . . , uk, vk, vk−1, . . . , v2, v1 on its circumference as
shown in Fig. 2. Thus H(k) − {uiui+1, vivi+1} is disconnected containing two
components. Put G1 ∪ G2 = H(k) − {uiui+1, vivi+1}, where G1 contains ui and
G2 contains ui+1. Summarizing we have the following results.

1. If i = 1, then G1 = K4 − e, for some edge e of K4, and G2 is a graph
obtained from H(k − 1) with two subdivisions. Thus h(H(k) − u1u2) =
h(G1) + h(G2) + 2 ≥ 4 + h(H(k − 1)) + 2 + 2 = h(H(k − 1)) + 8.

2. If i ≥ 2 and k − i ≥ 2, then G1 is a graph obtained from H(i) with two
subdivisions and G2 is obtained from H(k − i) with two subdivisions. Thus
h(H(k)−uiui+1) ≥ h(H(i))+2+h(H(k−i))+2+2 = h(H(i))+h(H(k−i))+6.
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3. For i ≥ 2 we have that ui is adjacent to ui−1 and ui+1. Put u′
i as the third

vertex that is adjacent to ui. Similarly, v′i is the third vertex that is adjacent
to vi. Thus h(H(k) − uiu

′
i) ≥ 4 + h(H(k − 1)) + 2 + 2 = h(H(k − 1)) + 8.

4. If k is even and k ≥ 4, then, by Theorem A, h(H(k)) ≤ h(H(k) −
{u2u3, u4u5, . . . , uk−2uk−1}) = 6k − 4 + 2(k − 2)/2 = 7k − 6.

5. If k is odd and k ≥ 5, then, by Theorem A, h(H(k)) ≤ h(H(k) −
{u2u3, u4u5, . . . , uk−1uk}) = 6k − 4 + 2(k − 1)/2 = 7k − 5.

6. Let W be a Hamiltonian walk of H(k). If i ≥ 2 and ui−1, ui, ui+1 and
u′

i appear in W , then, by Lemma 2.2, ui must appear at least twice on
W . Similarly for vi. Thus if each of vertices u2, u3, . . . , uk−1, v2, v3, . . . , vk−1

appears at least twice in W , then h(H(k)) ≥ 6k − 4 + 2(k − 2) = 8k − 8.

7. If k ≥ 4, then there exists i (1 ≤ i ≤ k−1) such that h(H(k)) = h(H(k)−e)
where e ∈ {uiui+1, uiu

′
i}.

The following theorem can be obtained from above observation.

Theorem 2.4 Let k be an integer with k ≥ 2. Then

h(H(k)) =
{

7k − 5 if k is odd,
7k − 6 if k is even.

The result of Theorem 2.4 implies hc(H(k)) = 7k−5
6k−4

< 7
6

for odd integers k ≥ 3,
hc(H(k)) = 7k−6

6k−4 < 7
6 for even integers k ≥ 2, and

lim
k→∞

hc(H(k)) =
7
6
.

2.3 Cubic graphs with even smaller circumference

The graph H(k) as we have described is a 2-connected cubic graph of order 6k−4
with circumference 2k +6. Thus the circumference is about one third of its order.
We will introduce in this subsection a class of 2-connected cubic graphs G(k), k ≥
2 as follows and it was shown in [12] that G(k) is of order 12k−4 with circumference
2k + 8 which is about one sixth of the order.



24 N. Punnim and S. Thaithae

............
............
......

....................................

.............................. ....................................
.............
...........
......

....................................

..............................

....................................

....................................

...............................................

............
............
......

....................................

.............................. ....................................
.............
...........
......

....................................

..............................

....................................

....................................

...............................................

...............
...............

............

....................................

..........................................

....................................

....................................

..........................................

....................................

................
...............

...........

....................................

....................................
............
............
......

....................................

.............................. ....................................
.............
...........
......

....................................

..............................

....................................

....................................

...............................................

............
............
......

....................................

.............................. ....................................
.............
...........
......

....................................

..............................

....................................

....................................

...............................................

...............
...............

............

....................................

..........................................

....................................

....................................

..........................................

....................................

................
...............

...........

....................................

....................................
............
............
......

....................................

.............................. ....................................
.............
...........
......

....................................

..............................

....................................

....................................

...............................................

............
............
......

....................................

.............................. ....................................
.............
...........
......

....................................

..............................

....................................

....................................

...............................................

...............
...............

............

....................................

..........................................

....................................

....................................

..........................................

....................................

................
...............

...........

....................................

....................................
............
............
......

....................................

.............................. ....................................
.............
...........
......

....................................

..............................

....................................

....................................

...............................................

............
............
......

....................................

.............................. ....................................
.............
...........
......

....................................

..............................

....................................

....................................

...............................................

...............
...............

............

....................................

..........................................

....................................

....................................

..........................................

....................................

................
...............

...........

....................................

....................................
............
............
......

....................................

.............................. ....................................
.............
...........
......

....................................

..............................

....................................

....................................

...............................................

............
............
......

....................................

.............................. ....................................
.............
...........
......

....................................

..............................

....................................

....................................

...............................................

...............
...............

............

....................................

..........................................

....................................

....................................

..........................................

....................................

................
...............

...........

....................................

....................................

.....................................
.....................................

....................................
.....................................

..................................

....................................

.................................... .....................................................................................................................................................................................

....................................

....................................

.....................................................................................................................................................................................

....................................

.................................... ......................................
.....................................

....................................
.....................................

.................................

....................................

....................................

.........

........

.........

.......
....................................

....................................

.........

.........

.........

......

....................................

....................................

.........

........

.........

.......

.........

.........

.........

......

.........

........

.........

.......

.........

.........

.........

......

..........................................

..........................................

..........................................

..........................................

..........................................

..........................................

..........................................

..........................................

· · ·

· · ·

· · ·

· · ·

u1

u′
1

v1

v′1

u2

u′
2

v2

v′2

ui

u′
i

vi

v′i

uk−1

u′
k−1

vk−1

v′k−1

uk

u′
k

vk

v′k

G(k) :

Fig. 3.

In order to obtain h(G(k)) we first observe the following elementary facts.

1. The graph G(2) is of order 20 and of circumference 12. Thus it is not Hamil-
tonian. Therefore h(G(2)) ≥ 22. It is easy to produce a closed spanning
walk of G(2) of length 22 and hence h(G(2)) = 22.

2. By Theorem A, h(G(k)) ≤ h(G(k)−{u1u
′
1, u2u

′
2, . . . , uku

′
k}) = 12k−4+2k =

14k − 4.

Let G∗(k) be a graph obtained from G(k) by two subdivisions, one on u1u2

and the other on v1v2. Put x and y to be the subdividing vertices on u1u2 and
v1v2, respectively. It is clear that h(G(k) +2 ≤ h(G∗(k)) ≤ h(G(k))+ 4. We have
the following result.

Lemma 2.5 h(G∗(2)) = 26 and h(G(3)) = 38.

Proof. Let W : w1, w2, . . . , w�, w1 be a Hamiltonian walk of G∗(2). If u1, u2, v1, v2 ∈
W2(G∗(2)), then h(G∗(2)) ≥ 22+4 = 26. Suppose, without loss of generality, that
u1 ∈ W1(G∗(2)). Then h(G∗(2)) = h(G∗(2)−u1x) or h(G∗(2)) = h(G∗(2)−u1u

′
1).

By applying Theorem A in both cases, we can conclude that h(G∗(2)) = 26.
The graph G(3) has order 32. Let W : w1, w2, . . . , w�, w1 be a Hamiltonian

walk of G(3). If u1, u2, u3, v1, v2, v3 ∈ W2(G(3)), then h(G(3)) ≥ 32 + 6 = 38.
Suppose, without loss of generality, that h(G(3)) = h(G(3) − u2u

′
2), h(G(3)) =

h(G(3) − u1u2) or h(G(3)) = h(G(3) − u1u
′
1). By using the result of Theorem A

and h(G∗(2)) = 26, h(G(3) − u2u
′
2) = 26 + 10 + 2 = 38 and h(G(3) − u1u2) =

26+10+2 = 38. In order to calculate h(G(3)−u1u
′
1) we may assume further that

every Hamiltonian walk of G(3)− u1u
′
1 contains u1u2, u2u3, u2u

′
2, v1v2, v2v3, v2v

′
2.

Thus, by Lemma 2.2, u2, v2 ∈ W2(G(3)). Since G(3)− u1u
′
1 contains three blocks

one of which is of order 2 and the other of order 4 having v′1 as the common vertex.
Thus v1, v

′
1 ∈ W2(G(3)). There are also three possibilities for u3, u

′
3, v3, v

′
3 for W ,

namely u3, v3 ∈ W2(G(3)), u3, u
′
3 ∈ W2(G(3)) or v3, v

′
3 ∈ W2(G(3)). Therefore

h(G(3)) = 38, as required. �

Theorem 2.6 Let k be an integer with k ≥ 3. Then h(G(k)) = 14k − 4.
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Proof. We will proceed by induction on k. The result holds for k = 3. Suppose
that the result holds for k − 1 ≥ 3. Let G(k) be the graph as shown in Fig.
3 and W be a Hamiltonian walk of G(k). Suppose that for each i = 1, 2, ,̇k,
ui, vi ∈ W2(G(k)). Then h(G(k)) = |W | ≥ 12k − 4 + 2k = 14k − 4. Suppose,
without loss of generality, that there exists i such that ui �∈ W2(G(k)). If 2 ≤
i ≤ k − 2, then h(G(k)) = h(G(k) − uiu

′
i) or h(G(k)) = h(G(k) − uiui+1). Since

G − uiu
′
i consists of three blocks, one of which is isomorphic to G∗(k − 1). Thus,

by Theorem A and induction, h(G(k)) = h(G(k)−uiu
′
i) = h(G∗(k−1))+10+2 ≥

14(k−1)−4+2+10+2 = 14k−4. The graph G(k)−uiui+1 consists of three blocks,
one of which is G∗(i) and the other is G∗(k− i). Thus, by Lemma 2.6, Theorem A
and induction, h(G(k)) = h(G∗(i)) + h(G∗(k − i)) + 2 ≥ 14i− 4 + 2 + 14(k − i) −
4 + 2 + 2 = 14k− 2 > 14k − 4. If u1 �∈ W2(G(k)), then h(G(k)) = h(G(k)− u1u2)
or h(G(k)) = h(G(k) − u1u

′
1). If h(G(k)) = h(G(k) − u1u2), then h(G(k)) =

h(G(k)− u1u2) = 10 + h(G∗(k − 1)) + 2 ≥ 10 + 14(k− 1)− 4 + 2 + 2 = 14k− 4. If
h(G(k)) = h(G(k)−u1u

′
1), then, by above argument, we may assume that for each

1 ≤ i ≤ k − 1, ui, vi ∈ W2(G(k)). Since the graph G(k) − u1u
′
1 consists of three

blocks and by Theorem A, it follows that v1, v
′
1 ∈ W2(G(k)). It can be shown

that uk, vk ∈ W2(G(k)) or uk, u′
k ∈ W2(G(k)) or vk, v′k ∈ W2(G(k)). Therefore,

h(G(k)) = 14k − 4. �

The result of Theorem 2.6 implies hc(G(k)) = 14k−4
12k−4 > 7

6 for integers k ≥ 3,
and

lim
k→∞

hc(G(k)) =
7
6
.

We close this paper by proposing the following conjecture.

Conjecture Let Gn be a 2-connected cubic graph of order n with h(Gn) =
max(h, CR2(3n)). Then

lim
n→∞hc(Gn) =

7
6
.
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