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Abstract

In this paper, semilattice congruence and fuzzy semilattice congru-
ence on po-I'-semigroup are studied via operator semigroups. Among
other results we obtain a lattice isomorphism between fuzzy semilattice
congruences of a I'-semigroup and that of its left operator semigroup.
Using this result we have shown that any sublattice of the lattice of all
fuzzy semilattice congruences of a po-I'-semigroup is modular.

1 Introduction

A semigroup is an algebraic structure consisting of a non-empty set S together
with an associative binary operation. The formal study of semigroups began
in the early 20th century. Semigroups are important in many areas of mathe-
matics, e.g., coding and language theory, automata theory, combinatorics and
mathematical analysis. In 1981, Sen and Saha [19] defined the notion of a
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I'-semigroup as a generalization of a semigroup. Many classical notions of
semigroups have been extended to I'-semigroups.

After the introduction of fuzzy sets by Zadeh[24], reconsideration of some
concepts of classical mathematics began. Many properties of semigroups have
been studied in terms of fuzzy subsets. Among other references we refer the
readers to Kuroki’s monograph[10]. Since I'-semigroup generalizes semigroup,
it is natural to investigate I'-semigroups in terms of fuzzy subsets. In this
direction we may refer to [14, 15, 16, 17]. Fuzzy relations were defined by
Zadeh[25]. Since then, fuzzy equivalence relations and fuzzy congruence rela-
tions were studied. Like congruence, fuzzy congruence plays an important role
in the theory of semigroups. Readers may refer to [1, 2, 7, 8, 9, 11, 12, 13].
In this paper, as continuation of our study of po-I'-semigroups[18], we intro-
duce the notion of semilattice congruence and fuzzy semilattice congruence and
study them using operator semigroups. For basic notions of po-I'-semigroups
and fuzzy concepts in po-I'-semigroups we refer respectively to [21],[18]. For
basic notions of semilattice congruence in semigroups and I'-semigroups we
refer respectively to [6],[23].

2 Preliminaries

Definition 2.1. [20] Let S = {z,y,2,....} and T" = {«, 3, 7....} be two non-
empty sets. Then S is called a I'-semigroup if there exists a mapping SxI'x.S —
S(images to be denoted by aab) satisfying (1) zvy € S, (2) (zBy)yz = z5(yyz)
forall x,y,z€ S,a, 3,y €.

Remark 1. Definition 2.1 is the definition of one sided I'-semigroup. It may
be noted here that in 1981 Sen[19] introduced the notion of both sided T-
semigroups.

Note 1. Any semigroup can be considered to be a I'-semigroup.

Example 1. Let S be the set of all 2 x 3 matrices over the set of positive
integers and I' be the set of all 3 x 2 matrices over same set. Then S is a
both-sided I'-semigroup with respect to the usual matrix multiplication.

The following example shows that there exists a one sided I'-semigroup
which is not a both sided I'-semigroup.

Example 2. Let S be a set of all negative rational numbers. Obviously S is
not a semigroup under usual product of rational numbers. Let T' = { —%: p is
prime }. Let a,b,c € S and a, 3 € T'. Now if aab is equal to the usual product
of rational numbers a, a, b then aab € S and (aab)Bc = aa(bBc). Hence S is a

one sided I'-semigroup. It is also clear that it is not a both sided I'-semigroup.
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Definition 2.2 (21). A I'-semigroup S is said to be po-TI'-semigroup(partially
ordered TI'-semigroup) if (1) S and I" are posets, (2) a < b in S implies that
ace < bac, caa < cabin S for allc € Sand foralla € T, (3) a < fin T
implies that aab < afb for all a,b € S.

Remark 2. The partial order relations on S and I' are denoted by the same
symbol <.

Remark 3. Definition 2.2 is the definition of one sided po-I'-semigroup. It
may be noted here that T.K. Dutta and N.C. Adhikari[5] introduced the no-
tion of both sided po-I'-semigroup and also introduced the notions of operator
semigroups of a both sided po-I'-semigroup.

Throughout this paper unless otherwise mentioned S stands for one sided
I"-semigroup.

Example 3. [5] The I'-semigroup in Example 1 is a po-I'-semigroup with re-
spect to < defined by (a;r) < (big) if and only if a;, < by for all 4, k. Then S
is a po-I'-semigroup.

Definition 2.3. [24] A fuzzy subset p of a non-empty set X is a function
w:X —[0,1].

Definition 2.4 (24). Let p be a fuzzy subset of a non-empty set X. Then the
set uy = {x € X : p(x) >t} for t € [0, 1], is called a level subset or the t-level
subset of u.

Definition 2.5. [3]Let S be a I'-semigroup. Then the relation p on S x T,
defined by (z, a)p(y, ) if and only if zas = yBs for all s € S, is an equivalence
relation. Let [z, a] denote the equivalence class containing (z, ). Let L =
{[z,a] : x € S,a € T'}. Then L is a semigroup with respect to the multiplication
defined by [z, a][y, 8] = [zay, B]. This semigroup L is called the left operator
semigroup of the I'-semigroup S. Dually the right operator semigroup R of .S
is defined where the multiplication is defined by [«, a][5, b] = [a, a5D].

If there exists an element [e,d] € L([v, f] € R) such that eds = s(resp.
syf = s) for all s € S then [e, §](resp. [v, f]) is called the left(resp. right)
unity of S.

Note 2. The left(right) unity of S is the identity of L(respectively R).

From Definition 2.2 we easily obtain the following:

Proposition 2.6. Let S be a I'-semigroup with S, I' are posets. Then S is
a po-T'-semigroup if and only if a < b, o < B, ¢ < d = aac < bfd, for all
a,b,c,de S and a, B €T.

Now we easily obtain the following theorems.
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Theorem 2.7. Let S be a po-I'-semigroup. Then the left operator semigroup L
and the right operator semigroup R of S are po-semigroups where [a, ] < [b, (]
in L if and only if Vs € S, aas < bfs in S and (o, a] < [B,b] in R if and only
if Vs € S, saa < sBb in S.

Theorem 2.8. Let S be a I'-semigroup with unities and L and R be po-
semigroups. Then S is a po-I'-semigroup where a < b in S if and only if
Va €T [a,a] < [b,a] in L and [, a] < [o,b] in R.

Definition 2.9. [14] For a fuzzy subset u of R we define a fuzzy subset u* of
S by p*(a) = infl; ([, a]), where a € S. For a fuzzy subset n of S we define
ye
a fuzzy subset n*" of R by n* ([, a]) = 122 n(saa), where [a,a] € R. For a
fuzzy subset & of L, we define a fuzzy subset 5 of S by 67 (a) = 11(6111; 8([a,]),
¥

where a € S. For a fuzzy subset v of S we define a fuzzy subset st of L by
vt (Ja,a]) = 12£ v(aas), where [a,a] € L.

For the corresponding notions in crisp set we refer to [3] and [4].

3 Semilattice congruence on po-I'-semigroup

Definition 3.1. Let R be a relation on a po-I'-semigroup S. Then

(i) R is called compatible if xRy implies (ayz)R(avy) and (xvya)R(yya) for all
z,y,a € S and for all v € T', where xRy means (z,y) € R.

(ii) R is called a congruence relation on S, if it is a compatible equivalence
relation on S.

Generally the set of all compatible relations on S is denoted by Com/(S)
and the set of all congruence relations on S is denoted by Con(S).

Definition 3.2. Let p be a relation on S. Then p* , defined by [z, a]p™ [y, 3]
if and only if (zas)p(yBs) Vs € S, is a relation on L.

Similarly, for a relation o on L, ot defined by zo Ty if and only if [z, a]o[y, o]
Va €T is a relation on S.

Definition 3.3. [6]Let S be a po-semigroup. An equivalence relation o on S
is a ordered semilattice congruence if

(1) o is a congruence:
(a,b) € 0 = (ac,be) € o, (ca, cb) € oVa,b,c € S,

(2) (a?,a) € o and (ab, ba) € o Va,b € S,
(3) For any a,b € S with a < b= (a,ab) € 0.
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Definition 3.4. [23]Let S be a po-TI-semigroup. An equivalence relation ¢ on
S is a ordered semilattice congruence if

(1) o is a congruence:
(a,b) € o = (avye,bye) € o, (¢ya, cyb) € oVa,b,c € S,Vy €T,

(2) (ava,a) € o and (avb,bya) € o Ya,b € S,Vy €T,
(3) For any v € T’ and a,b € S with a < b= (a,avb) € 0.

The set of all ordered semilattice congruences on S is generally denoted by
0SC(9).

In what follows the po-I'-semigroup S is assumed to be with left and right
unities.

Proposition 3.5. Let S be a po-T'-semigroup and o € OSC(S). Then cr+/ €
0SC(L).

Proof. Clearly ,u+/ is an equivalence relation on L. Now let ([z, o, [y, 0]) € ot
Then (zas,yBs) € o Vs € S(cf. Def 3.2). Since o is congruence in S,

(xasyz,yBsyz) € o Vs,z € S,¥Vy € T. So ([zas,”],[y08s,7]) € O’+/ whence

([x/, al[s, V], [y, B][s,7]) € ot Vs € S,V € T. Similarly ([s, v][z, o], [s,Y][y, B]) €
ot Vs € S,¥y € T. Hence oF is a congruence in L. By Definition 3.4,
(rax,z) € o Vo € S,Va € T whence (zazas,zas) € o Vr,s € S,Va € T i.e.,
([z,a][z, o], [x,a]) € ot Vo € S,a € T. Now let [z, ], [y, 3] € L. By Definition
3.4, (sax,zas) € 0 = (yPBsax,yfras) € o Vs € S. Again (xayfs, yBsax) € o
Vs € S. So by transitivity of o we get (vayfs,yBras) € o Vs € S. Hence
([z, ][y, B], [y, B[z, a]) € T . Lastly let [x,a] < [y, ] in L. Then zas < yfs
in S Vs € S whence (zas, zasyyfs) € o Vs € S,¥y € I'(cf. Def 3.4). So in
paticular, (zae, zaedyfe) € o = (zae, zayfe) € o = (raeys, zayfeys) € o
Vs € S,Vy € T'(cf. Def 3.4) where [e,d] is the left unity of S. Now taking
v = 4§ we get (zas,zayfs) € o Vs € S. So ([z,al, [z, ][y, 0]) € ot . Hence

ot € 0SC(L). O

Proposition 3.6. Let S be a po-I'-semigroup and o € OSC(L). Then 0" €
0SC(S).

Proof. Tt is easy to see that o7 is an equivalence relation on S. Let (x,y) €
ot. Then ([z,a],[y,a]) € 0 Va € T'(cf. Def 3.2). Since o is a congru-
ence in L, ([z,a][s,7],[y,a] [s,7]) € 0 Vs € S,Va,y € T'(cf. Def 3.3). So
([ras, ], [yas,v]) € o Vy € T whence (zas,yas) € o© Vs € S,Va € T.
Similarly (sax,say) € o7 Vs € S,Va € T'. Hence o is a congruence in
S. By Definition 3.3, ([z,a][z, o], [z, a]) € o ie., ([zazx, o], [z,a]) € 0 Vz €
S,Va € T whence (zax,z) € ot Vo € S,Va € T; ([z,a][y, a, [y, a][z,a]) € ¢
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ie, ([zay,al,[yaz,a]) € o Vo,y € S,Va € T whence (zay,yaz) € o
Vz,y € S,Va € T. Now let x+ < y in S. Then [z,a] < [y,a] in L Vo € T
whence ([z, o], [z, ][y, a]) € o(cf. Def.3.3) i.e., ([z,q], [zray,a]) € ¢ Va € T.
So (z,zay) € oT. Hence we conclude that o™ € OSC(S). O

Theorem 3.7. Let S be a po-I'-semigroup with the left operator semigroup L.

Then there exists an inclusion preserving bijection o — o+ between OSC(S)

and OSC(L).

Proof. Let o € OSC(S). Then by Proposition 3.5, ot e OSC(L). Let
(z,y) € 0. Then o being a congruence in S (zas, yas) € o Vs e SVa = r

whence ([z,a], [y, a]) € ot Va € T. So (z,y) € ( + )+. Thus o C (o7 )+.

On the other hand, for x,y € S let (z,y) € (¢ ) Then ([z, ], [y, a]) € ot
Va € T = (zas,yas) € o Vs € S,Va € T'(cf. Def 3.2) = (zvf,yvf) € o

i.e., (z,y) € o where [y, f] is the right unity of S. Thus (o )+ C 0. Hence
() =o0.

Again let 0 € OSC(L) and ([z,a], [y, (]) € 0. Then o being a congruence in
L, ([z, ells,7], ly: Blls:7]) € o Le, ([zas, 7], [yFs;1]) € o Vs € S,¥y € T. So

(zas,yBs) € ot Vs € S whence ([z,al],[y,0]) € (cT)* . Thus o C (O’+)+,.
On the other hand, for [z,al,[y,3] € L let ([z,a],ly,3]) € (O’+)+,. Then
(zras,yBs) € ot Vs € S whence ([zas,v],[yBs,7]) € o ie,
([, a][s,7], [y, Ol[ss7]) € o Vs € S,y € T'. Since [z, a][e, 0] = [z,a] V[z,a] € L
where [e, ] is the left unity of S, ([z,q], [y, 3]) € 0. Thus (a+)+, C 0. Hence
(O’+)+, = 0. Hence the mapping is bijgctive. Let 01,02 € OSC(S) be such

that o1 C o2. Let ([z,al],[y,0]) € of . Then (xas yBs) € o1Vs € 8. S0
(zas, yﬁs) € UQVS € S whence ([z,a], [y, B]) € of . Hence 0] C of . There-
fore af C 04 . Hence the result follows. O

4 Fuzzy semilattice congruence on po-I'-semigroup

Definition 4.1. Let S be a po-T'-semigroup. A function C from S x .S to [0, 1]
is called a fuzzy relation on S.

Let C and D be two fuzzy relations on S. Then (i) C C D if and only if
C(z,y) < D(z,y), (1) CN D if and only if (CND)(x,y) = (C(x,y) A D(z,y)),
(4i) C o D if and only if C'o D(z,y) = \/ (C(z,2) A D(z,y)) Y,y € S.

z€S

(
Zy

Definition 4.2. Let S be a po-I'-semigroup. A fuzzy relation C on S is said
to be a fuzzy equivalence relation on S if it satisfies the followings (i) Fuzzy
reflexive: C(z,x) =1, (it) Fuzzy symmetric: C(z,y) = C(y, x),
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(#41) Fuzzy transitive: C(z,y) >  (C(x,2) A D(z,y)) i.e.,CoC C CVa,y, z €
z€S
S.

Definition 4.3. Let S be a po-I'-semigroup and C be a fuzzy relation on S.
Then

(i) C is called a fuzzy compatible relation if C(ayz,avy) > C(x,y) and
C(zva,yya) = C(z,y) Vo, y,a € S,y €.

(ii) C is called a fuzzy congruence relation on S if it is a fuzzy compatible
equivalence relation on S.

Definition 4.4. Let S be a po-I'-semigroup and p be a fuzzy relation on
S. Then p* defined by u* ([z,al, [y, []) = iggu(xas,yﬁs) is a fuzzy rela-

tion on L. Similarly, for a fuzzy relation v on L, vT defined by vT(x,y) =
infl;y([x, 1, [y, 7]) is a fuzzy relation on S.
ye

Definition 4.5. Let S be a po-semigroup. A fuzzy equivalence relation p on
S is called an ordered fuzzy semilattice congruence if

(1) pis a fuzzy congruence relation (u(a, b) < p(ac, be), u(a, b) < p(ca, cb)Va, b, c €
S),

(2) p(a? a) =1 and p(ab,ba) =1 Va,b € S,

(3) For any a,b € S with a < b= u(a,ab) = 1.

Definition 4.6. Let S be a po-I'-semigroup. A fuzzy equivalence relation p
on S is called an ordered fuzzy semilattice congruence if

(1) pis a fuzzy congruence relation, i.e, u(ayx, ayy) > p(z,y) and p(zya, yya) >
w(x,y) Vo, y,a € S and Vy € T

(2) plavya,a) =1 and p(ayb,bya) = 1Va,b e S,Vy €T,

(3) For any v € T and a,b € S with a < b = u(a,ayb) = 1.

The set of all ordered fuzzy semilattice congruences on S is generally de-
noted by OFSC(S).

It is a matter of routine verification that the definition of ordered fuzzy
semilattice congruence satisfies characteristic function criterion and level subset
criterion.

Theorem 4.7. Let R be a relation on a po-I'-semigroup S and xr be the
characteristic function of R. Then R € OSC(S) if and only if xr € OF SC(S).

Theorem 4.8. Let S be a po-T'-semigroup. Then p € OFSC(S) if and only if
R, (t) € OSC(S) for allt € [0,1], where R, (t) = {(a,b) € S x S : p(a,b) >t}
is the t-level subset of u in S.
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In what follows a po-I'-semigroup S is assumed to be with left and right
unities.

Proposition 4.9. Let S be a po-T'-semigroup and p € OFSC(S). Then ,u+/ €
OFSC(L).

Proof. Clearly O’+/ is a fuzzy equivalence relation on L. Now for z,y, 2z € S and
a,f,v € Ly ut (2, ][z, [y, Al[z:7]) = infp(razys ybzys) = pleaz, ysz)

(cf. Def 4.6) > igg,u(xaz,yﬁz) = ,u+/([x, al, [y, 4]). Similarly ,u+/([s,7] [z, al,

[s, Y[y, B]) > ,u+/ ([z,al],[y,0]) Vs € S, Vy € T. Hence p* is a fuzzy congruence
in L. Now let [z,a] € L. Then p(zxaz,z) =1 Ve € S,Va € T'. Since y is fuzzy
congruence, p(razras,zas) > p(rax, ) =1Vs € S, whence pu(razras, ras) =

1Vse S So iggu(xaxas,xas) =11ie, ut ([z,0a][z,a],[z,a]) = 1. Now let
[, a], [y, 8] € L. By Definition 4.6, u(saz,zas) =1 = u(yBsax,yfras) =1
Vs € S. Again u(xayfBs,yBsax) = 1 Vs € S. So by transitivity of u we get
wlxayls, yfras) > min{u(zaypfs, yBsax), u(yBsax, yfras)} =1 Vs € S. So
infu(zayfs, ybras) = 1. Hence p* ([, ally, ], [y, Ollz, a]) = 1. Lastly let

[z,0] < [y,0] in L. So zas < yfBs in S Vs € S whence p(ras, zasyypfs) =1
Vs € S,V € T'(cf. Def 4.6). So u(xae, zaedyfe) = 1 = p(xae, xayfe) =1 =
wlxaeys, zayfeys) =1 (Vs € S,y € T') = u(zas,zayfs) = 1 Vs € S where

[e, 0] is the left unity of S. So iggu(xas, zayfs) = lie, put ([z,al, [z, ][y, B]) =
1. Hence y* € OFSC(L). O

Proposition 4.10. Let S be a po-I'-semigroup and p € OFSC(L). Then
ut € OFSC(9).

Proof. Clearly u™ is a fuzzy equivalence relation on S. Now for z,y, 2 € S, and
a €T, p¥(zaz,yaz) = infp([zaz, 7], [yaz, 7)) = infu([z, ollz, 7, [y, o[z 7))
= e, a][y.a]) (cf. Def 4.5) = mfu([z,al,[y,a]) = p*(z,y). Similarly
ut(zaw, zay) > pt(r,y)Vz € S,a € L. Hence pt is fuzzy congruence in
S. By Definition 4.5, u([z,a][z,a], [z,a]) = 1 ie., p([raz,al,[z,a]) = 1
Vz € S,Ya € T. So irel{;,u([xozx,a], [z,a]) = 1 whence pt(zaz,z) = 1Vr €
S,Va € T'(cf. Def 4.4). Again by Definition 4.5, u([z, a][y, o], [y, o]z, a]) =1
ie, p([zay, o], [yar,a]) =1Vr,y € S,Ya € T'. So irel{;,u([xay, al, [yazx,al) =1
whence put(zay,yax) = 1 Vo,y € S,Va € T. Lastly let < y in S. So
[z,a] < [y,a] in L Yo € T whence p([z, a, [z, ][y, a]) = 1(cf. Defd.5) ie.,
w([z, o, [ray, a]) = 1Va € T. So irelfl;,u([x, al, [ray, a]) = 1 whence ut (z, zay) =

1. Hence p* € OFSC(S). O
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Theorem 4.11. Let S be a po-I'-semigroup with the left operator semigroup L.

Then there exists an inclusion preserving bijection p — ,u+/ between OF SC(S)
and OFSC(L).

Proof. Let u € OFSC(S). Then by Proposition 4.9, ,u+/ € OFSC(L). Let

z,y € S. Then p being a fuzzy congruence in S p(z,y) < p(ras,yas) Vs €
S,Va € T. Hence p(x,y) < pt ([z,a],[y,a]) Ya € T whence p(x,y) <

(™ )+(x,y)(cf. Def 4.4). Thus p C (™ )+. On the other hand, let z,y € S.

+/ + _ f +/ _ f. f < .
(") (z,y) = fp ([x,/a], [y, a]) gelrigqu(ms,yas) < p(z,y) (since S
has right unity). Thus ()" C . Hence (ut )" = p.

Again let p € OFSC(L) and [z,al,[y, 5] € L. Then by Definition 4.5,
w(lz, al, ly, B]) < p([w, alls, 21, [y, Blls, 7)) = u[zas, 7], [yBs,7]) Vs € 5, ¥y € T
So p(lz,al,[y,f]) < wnF(zas,yBs) Vs € S whence p([z,al,[y,f]) <
(,u"’)"’/([x,oz], [y, B])(cf. Def 4.4/). Thus p C (,u‘")"’/. On the other hand, for
[, o], [y, 0] € Lo ()T (w0, [y, ) = infpt(eas, yhs) =

gggvigu([ws,v], [yBs,7]) = ggggg§u([x,a][s,vla [y, B][s,7]) < w([z, , [y, B])

(since S has left unity and so L has identity). Thus (,u+)+/ C p. Hence
(,u+)+ = p. Hence the mapping is bijective. Let u1, ues € OFSC(S) be such
that 1 C po. Let ([, al, [y, §]) € L. Then pf ([x,al, [y, 8]) = 222#1(330437953) <

ingug (zras,yas) = pg ([x,a], [y, 8]). Therefore uj C pd . Hence the theorem.
sE
U

Now following the terminology of [10] we define the following notion in
po-semigroup and po-I'-semigroup.

Definition 4.12. Let p be a fuzzy equivalence on a po-semigroup(po-I'-semigroup)
S. For each a € S, we define a fuzzy subset u, of S as follows:

to(z) = pla, x)Ve € S.

The fuzzy subset p, of S is called the fuzzy equivalence class of p containing
a.

Note 3. It is easy to verify that p, = pp if and only if p(a,b) = 1 Va,b € S
and if p € OFSC(S) then p, is a fuzzy subsemigroup of S Va € S.

Proposition 4.13. Let y € OFSC(S) where S be a po-I'-semigroup S. Then
S/pu = {pa : a € S} is a commutative po-T'-semigroup with respect to the map
from S/ xT x S/p— S/p by (ta, Y, o) — Hayp and with respect to the usual
partial order(fuzzy set inclusion,).
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Proof. Let p, = e, and pp = pp, where a,b,a;,b1 € S. Then pu(a,a1) =
1 = b, b1). Then p(ayb,a1yby) > p(ayb, aryb) A p(aryb, a1vby) > p(a, ar) A
w(b,b1) (cf. Def 4.6) = 1. S0 fayp = ftay b, - Hence the map is well-defined. Now
for a,b,c € S and a,y € T, pay(ppific) = taYlbac = Hay(bac) = Hiayb)ac =
Hayp)ypte = (faYto)apte. Hence S/p is a T-semigroup. Now let a,b € S and
v € I'. Since p € OFSC(S), p(avyb,bya) = 1. SO payp = ftoye Which means
La Yy = ppYpe- Hence S/p is a commutative I-semigroup. Again S/u is poset
with usual fuzzy set inclusion. Let a,b,c € S and v € T" with pu, < pp. So
wla,z) < p(b,z) Vo € S. Then p(bye, z) > u(bye, aye) A playe, z) > u(b,a) A
wlaye,z) > pla,a) A playe,z) = 1 A playe,x) = playe, z)vVe € S. Hence
taYite < ppyphe. Similarly we obtain peype < peyps. Hence S/ p is commutative
po-I'-semigroup. [l

Applying the same argument as above we obtain the following result.

Proposition 4.14. Let S be a po-semigroup and pu € OFSC(S). Then S/u is
a commutative po-semigroup under multiplication x defined by pg* pty = prap and
with respect to the partial order < where p, < pp if and only if p(a, z) < u(b, x)
vV € S.

If the composition of fuzzy congruences, o, is commutative in both F.SC(S)
and FSC(L) then < FSC(S),o,N > and < FSC(L),o,N > both become
lattices.

Proposition 4.15. Let S be a I'-semigroup with unities and L be its opera-
tor semigroup. Then there exists a lattice isomorphism between FSC(S) and
FSC(L) via the mapping o — o™ .

Proof. By the proof of Theorem 4.11 we see that the map is inclusion preserv-
ing. So it is sufficient to prove that (uNv)™ = p™ N and (pov)t = pt ov™
Yu,v € FSC(S). Let [z, ], [y, 5] € L. Then

(unv)™ [z, 0], [y. 8]) = ;gg(u Nv)(zas,yps)
= inf{u(zas,ybs) Av(zas,yfs)}
= infu(zas,yfs) A nfy(vas, yos)

= 1t ([z,a), [y, B)) A vt ([, ol [y, B])
= (' nvt)([z.al, [y, ).
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(nov)* ([, a], [y. )

inf (1 o v)(zas, yPBs)

seS
= mfsup{,u(xas z) ANv(z,yPs)}
s€Szes
> inf sup {u(zas, zvs) Av(zys,yBs)}
96527965
> sup {mf,u(xas 278) A 1nf1/(z’ys yBs)}
zyseS SES
> (ut ovt)([w,al,ly. 4)).
Again
(Wt ov™)(w,al, [y 8) = [Su]pL{MJr/([x,a],[Z,V])AVJFI([Z,V],[y,ﬁ])}
z,y|€
= sup {mf,u(xas 278) A 1nf1/(z’ys yBs)}
[z,0]eL 5€5
= inf sup {p(zras,zys) Av(zys,ybs)}
GGS[Z y]eL
> 12fsup{,u(xa8 208) ANv(zds,yPBs)} , fixing v by &
s€S,e8
> 12fsup{,u(xa8 2) A p(z, z08) ANv(zds,z) Av(z,yBs)}
s€S,e8
= 12£{sup{,u(xa8 z2) ANv(z,yBs)} Asup{v(zds, z) A u(z, z6s)}}
s z€S
> (pow)™ ([, al. . ) A infsup{u(z, 208) A v(zs, )
sEozes
= (ow)" ([ al, [3. A A1, since 1, € FSC(S)
= (wow)" ([z.0l. [y, 5))-
Hence the result follows. d

Theorem 4.16. Let S be a I'-semigroup with unities and H be any sublattice
of the lattice < FSC(S),0,N >. Then H is a modular lattice.

Proof. Let HY' = {u*" : p € FSC(S)}. Then H* C FSC(L). Clearly Ht'
is a poset under the set inclusion < in L. Since (pNv)* = pt' Nnovt and
(pov)t =t ovt where p,v € FSC(S)(cf. Prop 4.15), < H* ,o,n > is a
sublattice of the lattice < FSC(L),0,N > . Hence by Theorem 5.7.21 of [10]
H*' is a modular lattice. Now let i < oin H. Then

w(zxas,yBs) < o(zas,yfs) Ve,y,s € S, Vo, 5 € T.
= inf,u(xas,yﬁs) < gigkfs’va(xozs,yﬁs) Vr,y €S, Va, 5 €T

=>N ([=, ] [yaﬁl)léU+/([$,a],[y,ﬁ])V$,yES, Vo, €T.
=ut <ot in HT.
= (ot )not < pto(wt' not’) vt € HY' | since Ht' is modular lattice
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(mov)t Nnot <ut' o(wno)t vve H.

{(pov)ynott <{uo(wno)}* YweH.

{(rom) o} ) < (o (wno)} )+ Vo e H.

pwov)No <po(vNo) Vv € H. Hence H is a modular lattice.
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