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Abstract

In this paper we introduce the notions of fuzzy prime radical and fuzzy
nil radical of a fuzzy ideal in I'—semiring and obtain some characteriza-
tions of these radicals. We also introduce the notion of Fuzzy primary
ideal of a I'—semiring and study it using fuzzy prime radical. Among
other results we prove that in a commutative ['—semiring, the concepts
of fuzzy prime radical and fuzzy nil radical of a fuzzy ideal coincide.

1 Introduction

The notion of fuzzy set was introduced by Zadeh[14] in 1965. This concept has
been used in various branches of mathematics since its inception. Rosenfeld,
Kuroki and Jun have contributed a lot in applying this concept to group theory,
semigroup theory and I'—ring theory respectively. Fuzzy prime radical of a
fuzzy ideal was studied by Dutta et al in I'—ring[4]. Dutta and Biswas also
studied fuzzy prime radical of a fuzzy ideal in semiring[1]. The present authors
have initiated the study of I'—semiring in terms of fuzzy subsets[8],[9], [10],
[11], [13]. This paper is a sequel to this study. Here we introduce the notion of
a fuzzy prime radical and fuzzy nil radical of a fuzzy ideal in I'—semiring. We
also introduce the notion of Fuzzy primary ideal of a I'—semiring and obtained
some important results as mentioned in the abstract.
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140 Fuzzy Radicals of I'—semirings

For preliminaries on I'—semiring and its operator semirings we refer to [5],
[6], [7]. Also for preliminaries on fuzzy ideals of a I'—semiring we refer to
[8],[11], [12], [13].

2 Fuzzy prime radical of I'—semirings.

The set of fuzzy ideals of a I'—semiring S, the set of fuzzy prime ideals of S,
the set of fuzzy prime ideals of the left operator semiring L of S and the set
of fuzzy prime ideals of the right operator semiring R of S are denoted by
FI(S),FPI(S), FPI(L) and FPI(R) respectively.

Definition 2.1. Let u be a non empty fuzzy subset of a I'—semiring S. Let us
define w={0:0 € FPI(S),n C 6}.

By routine verification we have the following proposition.

Proposition 2.2. Let uq, p2 be two fuzzy subsets of a I'—semiring S. Then
(i) u1 C po implies that Tiz C 1y,

(i) fir Uiz C pa N o,

(#ii) ir Uiz = paLpa, if 1, po are two fuzzy ideals of S.

(iv) Jix U iz = i1 © fia, if p, po are two fuzzy ideals of S.

(v) X\t UXs = A1ny, if I and J are two ideals of S.

Definition 2.3. Let p be a fuzzy ideal of a I'—semiring S. Then the fuzzy
subset PR(p) of S, defined by PR(u) = N =nN{0 € FPI(S) : pn C 0} is said
to be the fuzzy prime radical of p.

Proposition 2.4. Let p be a fuzzy ideal of a T'—semiring S. Then PR(u) is a
fuzzy semiprime ideal of S.

Proof. Let u be a fuzzy ideal of a T'—semiring S. As 6(0) = 1 for 8 € FPI(S),
so PR(11)(0) = 1 (cf. Theorem 3.6[12]). Again if § € FPI(S) then 6 is non-
constant fuzzy ideal of S (cf. Definition 3.1[11]). Let « € S. Then, 0(z) #
6(0) = 1 for some = € S. i.e., O(x) < 1 for some z € S. Thus PR(u)(z) # 1
for some x € S. Hence PR(u) is non-constant fuzzy subset of S. Now for any
z,y €S, PR(p)(x +y) =Nu(z+y) =inf{f(z+y) : 0 € FPI(S) | p C 6}

> inf{min[0(z),0(y)] : 0 € FPI(S) | un C 6} = min[inf{f(x) : 6 € FPI(S) |

i C 0}, inf{8(y) : 8 € FPI(S) | u C 0}] — min[ (), ")) = min[ PR(x)(x),
PR(p)(y)]. Again PR(p)(zvy) = Na(zyy) = inf{6(zyy) : 0 € FPI(S) | p €
0}y > inf{0(y) : 6 € FPI(S) | p C 0} = (N)(y) = PR(u)(y). Similarly we
can show that PR(u)(xyy) > PR(w)(xz). Thus PR(u) is a non-constant fuzzy
ideal of S. Now inf[PR(u)(zv15722) : s € S,y1,7 € '] = inf[Na(xy1s722) :
s € S,71,72 € T = inf[inf[0(zy1872x) : 0 € FPI(S) | £ C 0] :s € S,m,7% €
Tl =inf[f(x): 0 € FPI(S) | p C 0] (cf. Proposition 3.6 and Proposition 3.2 of
[13])= Np(z) = PR(u)(z). Hence PR() is a fuzzy semiprime ideal of S. O

A,_\
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Proposition 2.5. Let u and 6 be two fuzzy ideals of a I'—semiring S. Then
(i) PR(p))(0) = 1,

(it) p © PR(p),

(#ii) 1 C 0 implies that PR(u) C PR(6),

(iv) PR(PR(p)) = PR(p),

(v) PR(p@®0) = PR(PR(u) ® PR(0)) where 11(0) = 0(0) = 1.

Proof. Proof of (i), (ii) and (iii) are simple, so we omit it.
(iv) Since p € PR(p), we have from (iii),
PR(p) € PR(PR(p)) (1)

Again for ¢ € i, PR(11) C ¢ and ¢ € FPI(S). So ¢ € PR(u) and consequently
7 € PR(u). Hence NPR(p) C N7. i.e.,

PR(PR(p)) € PR(1) (2)
Combining (1) and (2) we have, PR(PR(1)) = PR(u).

(v) We have p C PR(u) and 6 C PR(0). So u@®6 C PR(u)® PR(0) and hence
PR(u®0) C PR(PR(1) © PR(6)). (3)

Again pp C u®6 and 0 C B0 when 1(0) = 0(0) = 1. Thus PR(u) C PR(u®0)
and PR(0#) € PR(u®0). So PR(u) ® PR(0) C PR(n®0) ® PR(u®0) =
PR(p @ 6). Thus,

PR(PR(p) ® PR(9)) C PR(PR(p®0)) = PR(u®0). (4)
Combining (3) and (4) we have, PR(u® 6) = PR(PR(u) @ PR(0)). O

Proposition 2.6. Suppose p is a fuzzy prime ideal of a I'—semiring S. Then
PR(p) = p.

Proof follows from Definition 2.3 and Proposition 2.5(ii).

Definition 2.7. The fuzzy prime radical of a I'-semiring S is defined as the
intersection of all fuzzy prime ideals of S and is denoted by PR(S).

Theorem 2.8. If PR(L) is a fuzzy prime radical of a left operator semiring L
of S, then (PR(L))* = PR(S) and (PR(S))™ = PR(L).

Proof. Let p be a fuzzy prime ideal of S. Then ,u+, is a fuzzy prime ideal of L
(¢f. Proposition 3.3[12]). Let @ = p* . Then 67 = (u' )t = p. Now PR(S) =
Nu: pe FPIS)} C {0t :0 € FPI(L)} = [n{0 : § € FPI(L)}]* =
[PR(L)]*. Again, PR(S) = N{p: p € FPI(S)} =N{6* : 6 € A, a subcollec-
tion of FPI(L)} D n{#* : 0 € FPI(L)} = [n{#:0 € FPI(L)}]* = [PR(L)]*.
Thus PR(S) = [PR(L)]*. Similarly we can prove that [PR(S)]*" = [PR(L)].
O
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Corollary 2.9. If PR(L) is the fuzzy prime radical of L, then [[PR(S)]T' |t =
PR(S) and [PR(L)]*]* = PR(L).

Similarly, we can prove that (PR(S))* = PR(R), (PR(R))* = PR(S),
[[PR(S)]*]* = PR(S) and [[PR(R)]*]* = PR(R) where PR(R) is the fuzzy
prime radical of the right operator semiring R of S.

Theorem 2.10. For a I'-semiring S, [PR(R)]* = [PR(L)]*.
The proof follows from the fact that [PR(R)]* = PR(S) = [PR(R)]*.

3 Fuzzy primary ideal of a ['—semiring.

Throughout this section S denotes a commutative I'—semiring with unities.

Definition 3.1. An ideal I of a I'—semiring S is called a primary ideal of S if
for any two ideals A and B, AT'B C [ implies that either A C T or B C PR(I)
where PR(I) is the prime radical of I defined by PR(I) = N{P : P is a prime
ideal of S such that I C P}.

Definition 3.2. A fuzzy ideal p of a I'—semiring S is called a fuzzy primary
ideal of S if p is non-constant and for any two fuzzy ideals o, 6 of S, c'6 C u
implies 0 C por 6 C PR(u).

Theorem 3.3. Let yu € FI(S). Then u is a fuzzy primary ideal of S if and
only if 1 is non-constant and o o 6 C p where 0,0 € FI(S) implies that either
o Cuord CPR(u).

Proof. The proof follows from Proposition 2.8[13]. O
Lemma 3.4. If p € FI(S) such that 1(0) = 1 then PR(uo) € (PR(u))o-

Proof. Let x € PR(uo). Then = € P for all prime ideals P of S such that
o € P. Let § € FPI(S) such that p C 6. Let s € pg. Then u(s) =
w(0) =1 = 6(s). Thus s € 6. Hence pyg C 6y. Also 0y is a prime ideal
of S (¢f. Theorem 3.6[12]), so x € 6y. Therefore 0(x) = 0(0) = 1. Now
(PR(p))(x) = (Nm)(x) = inf[0(z) : 0 € FPI(S), p C 0] =1 = (PR())(0).
Thus = € (PR(u))o. Hence PR(uo) C (PR(u))o- O

Lemma 3.5. An ideal Q of S is primary if and only if for any a,b € S,
(a)T'(b) C Q implies that a € Q or b € PR(Q).

Proof. The only if part follows from the definition of a primary ideal (cf.
Definition 3.1). Next, let (a)I'(b) C @ implies that a € @ or b € PR(Q).
Also let A and B be two ideals of S such that AT'B C @ and A € Q. Then
there exists z € AN Q°. Now for any y € B we have (z)I'(y) C @ and hence
y € PR(Q). Consequently, B C PR(Q) and so Q is primary. O
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Theorem 3.6. An ideal Q of S is primary if and only if al' STb C Q implies
that a € Q orb e PR(Q).

Proof. Suppose Q is primary. Let a,b € S such that aI'STb C @ and b ¢
PR(Q). Then any element of (a)I'(b) is a finite sum of elements of the form
(na + caa + affd + eyad f)p(mb + gub + bvh + jébnk), each of which is in Q,
hence (a)T'(b) C @ and hence by Lemma 3.5, a € Q.

Conversely, suppose al'STb C @ implies that a € Q or b € PR(Q). Also let A
and B be two ideals of S such that ATB C Q and A Z ). Then there exists
x € ANQ°. Now for any y € B we have xI'STy C @ and hence y € PR(Q).
Consequently, B C PR(Q) and so Q is primary. O

Theorem 3.7. Let p be a fuzzy subset of a T—semiring S. If (i) u(0) = 1, (ii)
to @s a primary ideal of S and (iit) p(S) = {1,t} where t € [0,1) then p is a
fuzzy primary ideal of S.

Proof. From the condition (iii), & is non-constant. Also p is a fuzzy ideal
of S as o is an ideal of S. Let 0,0 € FI(S) such that 6T C u. Let 0 €
and 0 ¢ PR(u). Then there exist x,y € S such that o(z) > u(x) and 6(y) >
(PR(p))(y). Since p(0) =1 = (PR(u))(0), © ¢ po and y ¢ (PR(p))o. So by
Lemma 3.4, y ¢ PR(up). Hence 2T'STy € po as po is a primary ideal of S
(cf. Theorem 3.6). Hence p(zvyisyy) =t # 1, for some 71,72 € ', s € S.
Again p(x) # 1. So u(x) = t, by condition (ii). Hence o(x) > pu(z) =t. Again
since u(y) < (PR())(y) < 0(y), ply) # 1. Sot = p(y) < 6(y). Now ¢t =
w(axy1sy2y) > (0T0)(xy1572y) > minfo(x), 0(y)] > ¢ which is a contradiction.
Hence p is a fuzzy primary ideal of S. O

Corollary 3.8. If Q is a primary ideal of S, then \q is a fuzzy primary ideal
of S.

Proposition 3.9. If y be a non-constant fuzzy ideal of S then [t # ¢.

Proof. Since u is not constant, there exists s € S such that u(s) # p(0). Let
u(s) <t < u(0). Then py # S. Again pu; is an ideal of S (¢f. Proposition
2.8/8]). So there exists a prime ideal P of S such that s C P C S (¢f. [7]).
Let o be a fuzzy subset of S defined by

1 ifzeP
W=\t ifagp

Then o is a fuzzy prime ideal of S (¢f. Theorem 3.4[11]). Let © € S. Then
either p(x) > ¢ or p(x) < t. If p(zr) < ¢t then = ¢ p; € P which implies
that o(x) = t. So u(x) < o(z). Again if p(x) > t then = € u; C P whence
o(x) = 1. Then p(z) < o(z). Hence p(z) < o(z) for all z € S. Thus u C o
and consequently, o € .. Hence 11 # ¢. O
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Proposition 3.10. Let 2[51,61], 0 €T, e, €8 (i =1,2,....,n) be the right

i=1
unity of S and p be a non-constant fuzzy ideal of S. Let s € S be such that
min{u(e;)} < p(s). Then there exists e € {e; : i = 1,2,...... ,n} such that

(PR(p))(e) < pls).

Proof. Let u(s) = p and min{u(e;)} = t = p(e ) where ¢ € {e; : i =

1,2, ... .n}. Let t <7 < p. Then p, is a proper ideal of S as ¢ ¢ p,.. Let P be
a prime ideal of S such that u, C P C S. Let 6 be a fuzzy subset of S defined

by
1 if seP
‘9(5):{ roifs¢ P

Then as in Proposition 3.9 we can prove 6 € . Now since P is a proper ideal of

S, there exists atleast one e € {¢; : i =1,2,...... ,n}such that e ¢ P. Otherwise
ifee Pforalli=12,..... ,n then =z = Zaj&ei € P, for all z € S and

then P = S, a contradiction. Hence 6(e) = r. Again 6 € @, so PR(u) C 6.
Therefore (PR(p))(e) < 6(e) =r < p < u(s). O

Lemma 3.11. If p € FI(S) such that Im p = {1,t} wheret € [0,1) then
(PR(k))o = PR(uo).

Proof. Let © € (PR(u))o. Then (PR(u))(z) = (PR(1))(0) = 1. So for 0 € T,
O(x) = 1. Thus x € 6y for every 6 € . Let P be a prime ideal of S such that
o € P. Now let us define a fuzzy subset o of S defined by

w{L ifeeP
T s ifagP

where s € [0,1), s > t. Then o is a fuzzy prime ideal of S (¢f. Theorem 3.4[11])
such that © C 0. Hence x € 09 = P. Thus € N{P : P is a prime ideal of S
and po C P}. ie., © € PR(uo). Thus we have (PR(u))o € PR(up). Again by
Lemma 3.4, PR(uo) € (PR(w))o. Hence (PR(1))o = PR(uo)- O

Theorem 3.12. Let p be a fuzzy primary ideal of S. Then (i) u(0) = 1,
(#) | u(S) |= 2 and (iii) po is a primary ideal of S.

Proof. (i) Let u(0) = s < 1 and minpu(e;) = r where Z[&,ei] is the right
i=1

unity of S. Then by Proposition 3.10 there exists e € {e; : i = 1,2, ...... ,n} such

that (PR(u))(e) =t < u(0) = s. Let s < ¢ < 1. Again r = minu(e;) < p(e) <
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(PR(u))(e) =t (¢f. Proposition 2.5). So we have r <t < s < g <1. Let 0,0
be two fuzzy subsets of S defined by o(z) = s for all x € S and

- q if x € pup
G(x)—{ r ifxé ug

Then o, 0 are fuzzy subsets of S. Let € S. If x € pg. Then p(z) = s and

sup [min[f(u),o(v)] : u,v € S;y €T =s

(0To)(z) = { T=uyv

0 otherwise

Therefore, (T0)(x) < s = pu(x). Now if = ¢ ug then #(x) = r. In that case,
(To)(z) =r = miin,u(ei) < p(x). So 6To C p. Now 6(0) = g > s = u(0)
which implies that 0 € p. Again for some e € {¢; : i = 1,2, ...... ,n}, ole) =s
>t = (PR(u))(e). This implies that o € PR(p). Thus 0 € p and o € PR(u)
but fl'c C pu, which is a contradiction to the assumption that p is a fuzzy
primary ideal of S. Hence p(0) = 1.

(ii) Since p is not constant, | u(S) |> 2. Let us suppose that | u(S) |> 3. Let
min p(e;) = r. Then there exists s € p(S) such that r < s <1 as u(e;) < u(z)

forallz € Sand foralli=1,2,...... ,n. Let t € S be such that pu(t) = s. Then
there exists e € {e; 11 =1,2,...... ,n} such that (PR(u))(e) < u(t). Let 0,0 be
two fuzzy ideals of S defined by o(x) = s for all z € S and
1 if € ps

0(z) = roifxé g
Then o, 0 are fuzzy subsets of S and 6T C pu. Now 6(t) =1 > s = p(t). Thus
0 & . Also o(e) = s = u(t) > (PR(n))(e). Hence o & PR(p). Thus 6 €
and 0 € PR(u) but 6To C pu, which is a contradiction. Hence | u(S) |= 2.
(iii) Let A and B be two ideals of S such that ATB C . Let 0 = A4 and
6 = Ag. Then oT'0 C p implies that either o C por § C PR(u). If 0 C p then
A C po. If 0 C PR(u) then B C (PR(u))o € PR(uo) by Proposition 3.11.
Hence p is a primary ideal of S. O

Corollary 3.13. Let I be an ideal of S such that \; is a fuzzy primary ideal
of S. Then I is a primary ideal of S.

Proof. Since \; is a fuzzy primary ideal of S, I = (A;)o is a primary ideal of
S. O
Combining Theorem 3.7 and Theorem 3.12 we have the following Theorem.

Theorem 3.14. Let pu be a fuzzy ideal of S. Then p is a fuzzy primary ideal
of S if and only if (i) u(0) =1, (i) | u(S) |=2 and (iii) po is a primary ideal
of S.
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4 Fuzzy nil radical of ['—semiring

Throughout this section we assume that S is a commutative I'—semiring.

Definition 4.1. Let I be an ideal of a I'—semiring S. The subset VI of S
defined by VT = {x € S : x(yz)"~ ' € I, for some n € Z*, for all v € T'} is
called nil radical of I.

Definition 4.2. Let p be a fuzzy ideal of a I'—semiring S. Then the fuzzy
subset /1 of S, defined by /it = sup 1211; p(z(yz)™ 1) is said to be the fuzzy
nezZt Y

nil radical of pu.

Proposition 4.3. Let I be an ideal of S and A1 be its characteristic function.

Then \/E:)\ﬁ,

Proof. Let I be an ideal of S and A; be its characteristic function. Let
xS Ifx € VI then xz(yz)"' € I, for some n € ZT, for all ¥ € . Then
Ar(z(yz)"~1) =1, for some n € Z+, for all v € T'. Thus i1r€111;)\1(x(7x)"—1) =1
&t
for some n € Z* and so sup igfl;)q(x(vx)"_l) =1=A7(). Thus VA(z) =
nez+ Y

Ay7(z) when x € VI

Now if z ¢ \/T then for some vy € T, z(yz)"~' ¢ I for alln € Z*. Therefore
Ar(z(yz)"~1) = 0 for some v € T and for alln € Z+. Thus irelfll)\](x(vx)"_l) =

&t

0 for all n € ZT. So VAr(x) = sup infll)q(x(vx)"_l) =0 = A z(x). Thus

nez+ 7€
VAr(z) = A g(z) for all x € S. Hence VA1 = A 7. O
Proposition 4.4. Let S be a commutative I'—semiring with identity. If u is a
fuzzy ideal of S then (/i is a fuzzy ideal of S.

Proof. Let z,y € S and v € T". Since S is a commutative I'—semiring with
identity for m,n € ZT we have

(& 4 1)+ )™ = 2l (Y (
1=0

g ( m-+n

m ”) ()™ ()Y

+ yw)" N0 Y ;

i=n-+1
ity (o)™ 0) 2 minW(Wm‘l(vZ(mT n)ﬂc(vx)"—f—ly(vy)i—l)),
1=0

o ( m-+n

> o (yx) T Ty (), Therefore

C s Sl R P B L EE)
i=n-+1

> minfp(z(y2)™ ), p(y(yy)" 1)), for allm,n € Z*.
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Now ji(z +y) = sup inf pl(z+y)(y(z +9)*7'] > sup inf pl(z+
kez+ V€L mnez+ V€L

(@ + y)mtT > su€pﬁ;g§ min[p(z(yz)™ ), wly(yy)" )] =

min| Sup, inf p(ya)™ 1), supin inf p(y(vy)" ")) = minly/z(x), V()] Again

_ . n—1 > . n—1
Vi(zvy) sup. inf u(my)@(my)) =z sup inf pfy((zyy))" ]
> sup 1nf u[y(8y)" '] (since S is commutative) = \/z(y). Similarly \/z(zyy) >
nez

Vi ) Hence VI is a fuzzy ideal of S. O

Proposition 4.5. Let u, 0 € FI(S). Then the following are hold:
(i) 1 € Vi,

(ii) 11 C 0 implies that /i C V0,

(i) /7 = JF:

(ZU) \/:u_t g (\/ﬁ)t;

(v) VENVO = /p0 = /o,

(i) V@0 =1/ /1t ® V8, provided 11(0) = 6(0) = 1,

(vii) /5 = (To.

Proof. (i) p(z(yz)"™') > p(x) for all n € ZT and for all ¥ € . Thus
inf ,u(x(vx)"_l) > p(x) for all n € Z T, implies that

sup inf p(z(yz)" 1) > p(z). ie., Ja(z) > p(z) for all z € S. So, u C \/h.

nez+ el

(i) a(z) = sup inf p(z(yz)"') < sup inf O(z(yz)" ') = V(z) for all
nez+ V€l nez+ V€T
z € S. Thus \/u C V0.

(ili) /() = SUp inf Vie(e)"™) = sup inf [ sup inf pu(y(dy)" )]

nez+ Y€l mez+d€

where y = z(yz)"~ 1. ie., \/\/p(z) = sup sup mf mf w(y (5y) )

neZ+t mez+ 7€

< sup érelfl; w(z(Bz)P~") = /i(x). Therefore \/\/1t C \/_ Again using (i) and
peZT
(ii) we have \/ C //pt and hence \/\/it = \/Jt.

(iv) Let € /. Then z(yz)" ' € p; for some n € Z* and for all v €
I'. Thus pu(z(yz)"~ ') > t for some n € Z* and for all v € . Therefore

inf p(x(yz)"') > t for some n € Z+ and so sup inf p(x(yz)"') >t
yel nez+ ver

implies that \/z(x) > t and consequently, = € (y/i);. Hence /iy C (\/ft):-

(v) We have ppo C pn@ C p, 6. Thus from (ii), /o0 C/uno C \/u, V0.
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Therefore /N6 C /N V0. Thus

Vo0 C\/unecyunve (1)

Again for =z € S, Vpofl(x) = SeuZp+ ;211; (o O)(z(yx)"t) =

= Seuzp+ ;gf;[sup[ mf [mm[,u(ui), O(vi)]] = x(vya)™ Zulzs Vi, Ui, U € 5,77 €

] > §£+;g§mln[u( (y2)* ™), 0@ (y2)"")] = min] sup inf plx(ye)* ),
sup inf B(e(72))] = minlyfie), VA@)] = (VN V) (o). Thus

Vo8 2 (Vunve) (2)

Combining (1) and (2) we get the result.

(vi) Since p, 0 C p® 0 as p(0) = 6(0) = 1, it follows that /1, V0 C Vu @0 [by
(ii)]. Thus \/p @ VOC V/u®0® /u®0 = /u® 0. Therefore, by using (iii)

we get
\/\/ﬁ@x/@g\/\/u@ozx/u@o (4)
Again p C /i and 6 C V6. Therefore, by using (ii), pu ® 6 C Vi D V0. ie.,
Vi@ o cy/yae Ve (B)

Combining (A) and (B) we have, /u ® 0 = 1/\/u® V6.

(vii) For any = € S, z € /fip < z(yx)" " € pg for some n € ZT, forall y € T

& p(z(yx)" 1) = u(0) forsomen € Z+, forally € I' & sup mf,u( (yz)" 1) =
nez+ 7€

1(0) = VA(O) & V(z) = p(0) = E(0)  z € (). Hence y/Fig = (yiD)o.C
Proposition 4.6. Let t € [0,1) and p be a fuzzy ideal of S. Then (\/1t)p =
Hie]-

Proof. For z € \/fig] & x(yx)" ! € pp) for some n € ZT, forally € I’ &
pu(z(yx)"=1) > t for some n € Z*, forall vy € T < hgfl;,u(x(vx)"_l) > t for
&t

some n € ZT < sup mf,u( (vo)" ") >t & u(x) > t <z € (V). Hence
nez+ el

(VI = /Pl- O

Proposition 4.7. Let ji be a non constant fuzzy ideal of S. Then /it is a fuzzy
semiprime ideal of S.
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Proof. Let x € S. Now inf /u(zyz) = inf sup inf p((zyx)(S(zyz))" )
yel vel ez + o€l

2n—1) m—l)

= sup inf p((zye)(y(zye)" 1) = sup inf p(z(ye) < sup p(z(yz)
nez+ V€L nez+ 7EL mez+

= /p(x). Thus ;gfé\/ﬁ(xvx) < Vi(z). Again /u(zyx) > /p(x) and so
;gf;\/ﬁ(xvx) > /u(z). Hence ;Jrelfl’“\/ﬁ(xvx) = /u(z) and hence /i is com-

pletely semiprime ideal of S and since S is commutative, we have /i is fuzzy
semiprime ideal of S. O

Proposition 4.8. If ji is a fuzzy prime ideal of S then (/i1 = pi.

Proof. Let x € S. Since p is a fuzzy prime ideal, it is fuzzy semiprime and

so pu(xyx) = p(z). Now p(x(yr)?) = plzy(zyr)) = max(p(z), p(ryz)] = p(z)
as S is commutative (cf. Proposition 3.8[11]). In general we can show that

ny — . N = i f n—1 - i f -
px(yz)") = p(z). Now /u(z) sup ik p(@(yz)" ) sup inf )

(). O

Proposition 4.9. Let i be a fuzzy ideal of S. Then \/jt = PR(p).

Proof. Let 6 be a fuzzy prime ideal of S such that ;2 C 6. Then by Proposition
4.5, /i VO =9. Thus \/uC N{#:0 € FPI(S) | uC 6}

= PR(p). So /i C PR(p).

If possible let /i # PR(y), then there exists an element s € S such that
Vi(s) < (PR(p))(s). Let \/u(s) = t. Then s & (/i) i.e., s & /g by
Proposition 4.6. Then there exists a prime ideal P of S such that pp) € P and
s ¢ P (cf. Theorem 3.14[7]). Let us define a fuzzy subset ¢ of S as follows

1 if zeP
¢(x)_{ t fzgP 0<t<l

Then ¢ is a fuzzy prime ideal of S(cf. Theorem 3.4[11]). Now if # € P then
¢(x) =1. So p(x) < ¢p(x). If 2 ¢ P then = ¢ pp). ie., p(x) <t = ¢(x). Thus
p(x) < ¢(x) for all x € S and so pu € ¢. Now /nu(s) < (PR(p))(s) < é(s)

=t = /i(s), a contradiction. Hence /i = PR(u). O

References

[1] Biswas, B. K.: Ph. D. Dissertation(2000), University of Calcutta, India.

[2] Dutta, T. K. and Biswas, B. K.: Structure of fuzzy ideals of semirings; Bull. Calcutta
Math. Soc. 89(4) (1997), 271-284.

[3] Dutta, T. K. and Biswas, B. K.: Fuzzy Prime Ideals Of A Semiring; Bull. Malaysian
Math. Soc.(Second series) 17 (1994), 9-16.

[4] Dutta, T.K. and Chanda, T.: Fuzzy Prime radical and Fuzzy Primary Ideal of a
T'—ring; (To appear) International Journal of Inequalities and Application.



150

(5]

(6]
(7]

(8]

[9]
(10]
(11]

(12]

(13]

(14]

Fuzzy Radicals of I'—semirings

Dutta, T.K. and Sardar, S.K.: On the Operator Semirings of a I'—semiring; Southeast
Asian Bull. of Math. 26(2002), 203-213.
Dutta, T.K. and Sardar, S.K.: On Prime Ideals and Prime Radicals of a I'—semiring;
Dutta, T.K. and Sardar, S.K.: Semiprime Ideals And Irreducible Ideals of I'—semiring;
Novi Sad J. Math. 30(1)(2000), 97-108.

Dutta, T.K., Sardar, S.K. and Goswami, S.: An introduction to fuzzy ideals of
I"'—semirings; Proceedings of National seminar on Algebra, Analysis and Discrete Math-
ematics, University of Kerala, India.

Dutta, T.K., Sardar, S.K. and Goswami, S.: Operations on fuzzy ideals of I'—semirings;
Communicated.

Sardar, S.K., Jun, Y.B. and Goswami, S.: Role of operator semirings in characterizing
I'-semirings in terms of fuzzy subsets; Communicated.

Sardar, S.K. and Goswami, S.: Fuzzy prime ideals of I'—semirings; Bull. Cal. Math.
Soc. 102(6) (2010), 499-504.

Sardar, S.K. and Goswami, S.: A note on characterization of fuzzy prime ideals of
T'—semirings via operator semirings; International Journal of Algebra. 4(18) (2010),
867-873.

Sardar, S.K. and Goswami, S.: Fuzzy Semiprime Ideals and Fuzzy Irreducible Ideals of
T'—semirings; Annals of Fuzzy Mathematics and Informatics. 2(1) (2011), 33-48.

Zadeh, L.A.:  Fuzzy sets, Information and Control 8( 1965 ), 338-353.



