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Abstract

The purpose of the variational data assimilation problem is to com-
pute the unknown initial condition of a process in order to forecast the
next evolution process. In this paper, we prove that the solution of the
discrete problem converges to the solution of the initial problem when
the observation is pertubed.

1 Introduction

The variation data assimilation problem is important in many practial situa-
tions. There are a number of papers concerning this problem (cf. [1, 3, 4, 5, 6,
8] ). Numerical method is strongly devoloped for solving this problem [1, 2, 6,
10, 11]. Specially, in [11] E. I. Parmuzin and V. P. Shutyaev proved that the
numerical solution of the discrete problem converges to that of the continous
problem. However, they did not mention the pertubation of the observation
data. In this paper, we consider the case where the input data is pertubed and
we use the Galerkin approximation to prove the convergence of the solution of
this problem.

Let X, H be Hilbert spaces with X C H. The inner product of H is
denoted by (-,-). Suppose that X is dense in H and H is identified with its
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dual space. Denote by X*and H* the dual spaces of X and H respectively.
Then X C H C X*. Denote by Lo(0,T; H), L(0,T; X) and Lo(0,T; X*) the
spaces of measurable functions f(t), t € [0, T],T < oo, with the corresponding
values in H, X, X*. Set Y = Ly(0,T; X) and Y* = Ly(0, T; X*).
We introduce
d
W(0,T) = {g|geY, d—ie Y}
Then W(0,T) is a Hilbert space with the norm

1
2

T T dg
9 lwo.r)= /Hgl\%dw/ 19t ) < oo
0 0

Suppose that A : Y — Y is a linear or nonlinear operator, u € H, f €
Y*. Consider the problem of finding ¢ € W(0,T) which satifies the following
evolution model conditions

o
§+A(<p) =f, te(0,7), (1)
<‘0|t:0 =u

Denote by Y5 the observational space. Then Y, is a Hilbert space. Suppose
that the process (1) can be observed by observational operator C': Y — Yy,
with C is a linear bounded operator.

We consider the data assimilation problem, i.e we reconstruct the initial
condition u € H satisfying (1) by using the measurement of the solution ¢(x, t)
at the final time instant Cp(z,t) = p(z,T) = 7.

To emphasize the dependence of solution ¢ of problem (1) on the initial
condition u, we write ¢ = ¢(u). Let ug € X be a prediction of u. We introduce
the functional

a 1
Jaw) = 5 u—uo [% +5 || Cp - pr I3,

where o = const > 0.
In oder to solve the data assimilation problem, we use the variational
method, i.e. finding u and ¢ such that

90|th =u (2)
Jo(u) = i{)lf,]a (v)

In the next section, we consider problem (1) in case the operator A from Y’
to Y* is linear and satisfies following condition

(A(t)y,y)z&HyHX, a>0, YweX, telo,T], (3)
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The functional Jy(u) is induced by replacing ov = 0 in functional J, (u) of the
data assimilation problem (2). The observation in this case is pertubed, i.e
les — erlly.,. <€, for a given € > 0.

Therefore data assimilation problem (2) becomes: finding functions u and ¢
satisfying

L%

Pli=o =u (4)

Jo(u) = qjggJo(U)

where
Jo(u) =[| Cop(u) — 5 |13, -

2 The proof of the convergence by using Galerkin
method

In Hilbert space H, we choose an orthogonal basis system {¢"(z)} and we
approximate ¢(x,t) and v in the following form

N N
=Y env" (@), wN(@) =) up"(x)
n=1 n=1
Therefore, Problem (1) becomes

zﬁﬂﬁﬁ%?ﬁﬁ+ziuwmwwwm=ﬁte@ﬁ)

SN a0 () = SN upyn(2)

or

2, 20 @)+ S, A @) = 1. e .T)

SN a0 (@) = SN up (x).

We note that u € Hy, where Hy is the linear space generated by {¢"},—1 v
and the functional Jy(u) becomes

M) =l Z% )CY™ () — o |17 -

Suppose that, for the approximation method in [6], we can find u such that

T3 < Jo(ud) < Ji + en, (5)
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where J = inf Jo(u") and ey — 0 when N — oo.
uNeXn

The following theorem is the main result of this paper.

Main theorem. Suppose that ulY satisfies the condition (5) and u* is a solu-

tion of (4). Then ulY weakly converges to u* in X and @™ (ul) weakly converges

to ©* in La(0,T; H), where o* is the solution of the following problem

o

LA = T
T (tye=f, te(0,T)
Pli=o = u™.

Before proving this theorem, we need the following lemma.
Lemma. Let u € H and

N

N = Zunw" —u in H.

n=1

Then
|Jo(u) — Jo(u™N)| — 0 when N — oo.
Proof. We have
Jo(u) = Jo(u) =[| Co(u) — % 5% — | Co™ (W) — 5 |5

=|| Co(u) — Co™ (u™) + Co™ (u™) — o5 |I%
— | Ce™ (W) — o5 %

= Clo(u) = ™ (™)) X

+2<0(p () PN (u™)), Co™ (u™) — of >
<O lle(w) = ™ @)

+2[Cllle(w) = o™ @)y (ICIH™ (u™)lly

+ o™ (@)lly + IWTH)

Hence ¢ (uV) converges to ¢(u) in Y and ||C||, [N (u™) ||y, ||¢%|| are bounded.
Therefore
|Jo(w) — Jo(u™) — 0 when N — oo

and the lemma follows. O
Proof of Main theorem. For a given § > 0, there exists u® € H such that

5
Jo < Jo(u®) < Ji + 5
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Hence J* = inf Jy(u). Moreover, by the above lemma, there exists a positive
integer N* such that

[Jo(u®) — Jo(u™)] < 3

5 5

for all N > N*. The above inequality implies 3 < Jo(ud) = Jo(uN) < 3
5
Therefore Jo(u®) < Jo(u?) + 3

So, we have
)
T < Jo(u) < Jo(ud) + 5 <Jo+o

Hence limsup Jy < Jg. Since, Jj < Jy, we have liminf J5;, > Jj. Therefore
lim J}, exists and
limJy = Jj. (6)

It implies that
0 < Jo(ul) = J5 < |Jo(ui) = In| + |5 = Jg -

So, by (5), |Jo(u) — J%| approaches to 0. By (6), |Jx — J*| approaches to 0.

Therefore, ul¥ is a minimum sequense of functional Jo(u). Hence, Jy(u) is weak

lower semi-continuous. Hence ul¥ weakly converges to u*. Therefore, p(ulY)

weakly converges to ¢* in Y, and the proof of Main theorem is completed. O
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