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Abstract

Let G be a group, R be a first strongly G - graded ring and M be
a G - graded R - module such that Me is a nonzero Re - torsion free
Re - multiplication module. In this paper, we introduce several results
concerning the Re - modules {Mg : g ∈ supp(R, G)}.

Introduction

Let R be a commutative ring with unity 1 and M be a left R - module.
If N is an R - submodule of M , then the ideal {r ∈ R : rM ⊆ N} of R will
be denoted by (N :R M). A left R - module M is called multiplication R -
module if for every R - submodule N of M , N = IM for some ideal I of R. In
this case, we can take I = (N :R M). Let P be a maximal ideal of R. Then
we define TP (M) = {m ∈ M : (1 − p)m = 0 for some p ∈ P }. Clearly, TP (M)
is an R - submodule of M . We say that M is P - cyclic if there exist p ∈ P and
m ∈ M such that (1 − p)M ⊆ Rm. Moreover, M is multiplication R - module
if and only if M = TP (M) or M is P - cyclic for every maximal ideal P of R.
For more details, one can look in [1, 2, 3]. A commutative ring R with unity
is a G - graded ring if there exist additive subgroups Rg of R indexed by the
elements g ∈ G such that R =

⊕
g∈G Rg and RgRh ⊆ Rgh for all g, h ∈ G. We
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denote this by (R, G) and we consider supp(R, G) = {g ∈ G : Rg �= 0}. The
elements of Rg are called homogeneous of degree g. If x ∈ R, then x can be
written uniquely as

∑
g∈G xg, where xg is the component of x in Rg. Moreover,

Re is a subring of R and 1 ∈ Re. Let M be a left R - module. Then M is a
G - graded R - module (in short, M is gr - R - module) if there exist additive
subgroups Mg of M indexed by the elements g ∈ G such that M =

⊕
g∈G Mg

and RgMh ⊆ Mgh for all g, h ∈ G. We denote this by (M, G) and we consider
supp(M, G) = {g ∈ G : Mg �= 0}. The elements of Mg are called homogeneous
of degree g. If x ∈ M , then x can be written uniquely as

∑
g∈G xg, where xg is

the component of x in Mg . Clearly, Mg is Re - submodule of M for all g ∈ G.
For more details, one can look in [4, 5].

1 Re-Multiplication Modules over First Strongly
Graded Rings

In this section, we introduce several results concerning the Re - modules
{Mg : g ∈ supp(R, G)} under the assumption that (R, G) is first strong and
Me is a nonzero Re - torsion free Re - multiplication module.

Definition 1.1. [5] (R, G) is called first strong if 1 ∈ RgRg−1 for all g ∈supp(R, G).

Proposition 1.2. [5] Let R be a G - graded ring. Then (R, G) is first strong if
and only if supp(R, G) is a subgroup of G and RgRh = Rgh for all g, h ∈supp(R, G).

Definition 1.3. [5] (M, G) is called first strong if supp(R, G) is a subgroup of
G and RgMh = Mgh for all g ∈supp(R, G), h ∈ G.

Proposition 1.4. [5] Let R be a G - graded ring. Then (R, G) is first strong
if and only if every gr - R - module is first strongly graded.

Now, we introduce our results.

Proposition 1.5. Let R be a first strongly G - graded ring and M be a gr - R -
module. Then Me is Re - multiplication if and only if Mg is Re - multiplication
for all g ∈ supp(R, G).

Proof Suppose Me is Re - multiplication. Let g ∈ supp (R, G) and let N
be an Re - submodule of Mg . Then Rg−1N is an Re - submodule of Me.
Since Me is Re - multiplication, Rg−1N = IMe for some ideal I of Re and
then N = ReN = RgRg−1N = RgIMe = IRgMe = IMg . Hence Mg is Re-
multiplication. The converse is obvious. �

Lemma 1.6. Let R be a first strongly G - graded ring and M be a gr - R -
module such that Me is a nonzero Re - torsion free Re - multiplication module.
If A is a proper ideal of Re, then AMg �= Mg for all g ∈ supp(R, G).
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Proof Let g ∈ supp(R, G). Suppose AMg = Mg . Then for m ∈ Me, Rem =
IMe for some ideal I of Re since Me is Re - multiplication. Now, Rem =
IMe = IRg−1Mg = IRg−1AMg = IARg−1Mg = IAMe = AIMe = ARem =
ReAm = Am. So, m = am for some a ∈ A and then (1 − a)m = 0 and since
Me is Re - torsion free, 1 = a ∈ A a contradiction. Hence, AMg �= Mg . �

Proposition 1.7. Let R be a first strongly G - graded ring and M be a gr - R -
module such that Me is a nonzero Re - torsion free Re - multiplication module.
If A and B are two ideals of Re and g ∈ supp(R, G) such that AMg ⊆ BMg,
then A ⊆ B.

Proof Let a ∈ A and let X = {r ∈ Re : ra ∈ B}. Then X is an ideal of Re.
It is enough to prove that X = Re. Suppose X �= Re. Then there exists a
maximal ideal P of Re such that X ⊆ P . By Lemma 1.6, PMe �= Me and then
there exists m ∈ Me such that m /∈ PMe. Since Me is Re - multiplication,
Rem = IMe for some ideal I of Re. If I ⊆ P , then m ∈ Rem = IMe ⊆ PMe

a contradiction. So, I � P and then I + P = Re and hence 1 = α + p for
some α ∈ I, p ∈ P . Now, (1 − p)am ∈ (1 − p)AMe = (1 − p)ARg−1Mg =
(1 − p)Rg−1AMg ⊆ (1 − p)Rg−1BMg = (1 − p)BRg−1Mg = (1 − p)BMe =
B(1− p)Me = BαMe ⊆ BIMe = BRem = ReBm = Bm. So, (1− p)am = bm
for some b ∈ B and then ((1 − p)a − b)m = 0. Since Me is Re - torsion free,
(1− p)a = b ∈ B and then 1− p ∈ X ⊆ P a contradiction. Hence, X = Re and
then a ∈ B. �

Proposition 1.8. Let R be a first strongly G - graded ring and M be a gr - R -
module such that Me is a nonzero Re - torsion free Re - multiplication module.
If Re is Noetherian, then Mg is Re - Noetherian for all g ∈ supp(R, G).

Proof Let g ∈ supp(R, G) and let N1 ⊆ N2 ⊆ · · · be a chain of Re - submodules
of Mg . By Proposition 1.5, Mg is Re - multiplication and then Nk = IkMe

for some ideal Ik of Re, k = 1, 2, · · · . So, I1Me ⊆ I2Me ⊆ · · · and then by
Proposition 1.7, I1 ⊆ I2 ⊆ · · · . Since Re is Noetherian, there exists m ∈ N
such that In = Im for all n ≥ m and then InMe = ImMe for all n ≥ m and
hence Nn = Nm for all n ≥ m. Therefore, Mg is Re-Noetherian. �

Proposition 1.9. Let R be a first strongly G - graded ring and M be a gr - R -
module such that Me is a nonzero Re - torsion free Re - multiplication module.
If Mg is Re - Noetherian for some g ∈ supp(R, G), then Re is Noetherian.

Proof Suppose g ∈ supp(R, G) such that Mg is Re - Noetherian. Let I1 ⊆
I2 ⊆ · · · be a chain of ideals of Re. Then I1Mg ⊆ I2Mg ⊆ · · · is a chain of
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Re - submodules of Mg . Since Mg is Re - Noetherian, there exists m ∈ N such
that InMg = ImMg for all n ≥ m. By Proposition 1.7, In = Im for all n ≥ m.
Hence, Re is Noetherian. �

Proposition 1.10. Let R be a first strongly G - graded ring and M be a gr
- R - module such that Me is a nonzero Re - torsion free Re - multiplication
module. Then Re is Noetherian if and only if Mg is Re - Noetherian for all
g ∈ supp(R, G).

Proposition 1.11. Let R be a first strongly G - graded ring and M be a gr
- R - module such that Me is a nonzero Re - torsion free Re - multiplication
module. Then
(IMg :Re Mg) = I for every ideal I of Re and g ∈ supp(R, G).

Proof Let I be an ideal of Re and g ∈ supp(R, G). Clearly, I ⊆ (IMg :Re Mg).
Let r ∈ (IMg :Re Mg). Then rMg ⊆ IMg and then 〈r〉 is an ideal of Re with
〈r〉Mg ⊆ IMg . By Proposition 1.7, 〈r〉 ⊆ I and then r ∈ I, i.e., (IMg :Re

Mg) ⊆ I and hence
(IMg :Re Mg) = I. �

A nonzero R - module M is called faithful if rM �= 0 for all nonzero r ∈ R.

Proposition 1.12. Let R be a first strongly G - graded ring and M be a gr
- R - module such that Me is a nonzero Re - torsion free Re - multiplication
module. Suppose for g ∈ supp(R, G), Mg is Re - faithful. Then Mg is finitely
generated.

Proof Suppose Mg is not finitely generated. Then by [1, Theorem 3.1], there
exists a maximal ideal A of Re such that Mg = AMg . By Proposition 1.5,
Mg is Re - multiplication and then by [1, Theorem 2.5], there exists a maximal
Re - submodule N of Mg such that N = BMg for some maximal ideal B of
Re. Now, N = BMg = BAMg = ABMg = AN ⊆ AMg. By Proposition 1.7,
B = AB ⊆ A. Since A and B are maximal, A = B and then Mg = AMg =
BMg = N a contradiction. Hence, Mg is finitely generated. �

For g ∈ G, define Z(Mg) = {r ∈ Re : rm = 0 for some nonzero m ∈ Mg}.
Proposition 1.13. Let R be a G - graded ring and M be a gr - R - module such
that Me is Re - faithful multiplication module. Suppose for g ∈ supp(R, G), Mg

is Re - faithful. Then Z(Mg) = Z(Re).

Proof Let r ∈ Z(Re). Then there exists a nonzero s ∈ Re such that rs = 0.
Since Mg is Re - faithful, sMg �= 0 and r(sMg) = 0 and then r ∈ Z(Mg),
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i.e., Z(Re) ⊆ Z(Mg). Let t ∈ Z(Mg). Then there exists a nonzero m ∈ Mg

such that tm = 0. Now, Rg−1m is an Re - submodule of Me and Me is Re

- multiplication, then Rg−1m = IMe for some ideal I of Re. But tIMe =
tRg−1m = Rg−1tm = 0, so tI = 0 since Me is Re - faithful. Since IMe �= 0, we
have I �= 0 and then t ∈ Z(Re), i.e., Z(Mg) ⊆ Z(Re). Hence Z(Mg) = Z(Re).
�

An R - submodule N of M is called prime R - submodule if whenever r ∈ R
and m ∈ M such that rm ∈ N , then either rM ⊆ N or m ∈ N .

Proposition 1.14. Let R be a first strongly G - graded ring and M be a gr
- R - module such that Me is a nonzero Re - torsion free Re - multiplication
module. If P is a prime ideal of Re, then PMg is a prime Re - submodule of
Mg for all g ∈ supp(R, G).

Proof Firstly, we prove that PMe is a prime Re - submodule of Me. Let
a ∈ Re and x ∈ Me such that ax ∈ PMe. If a ∈ P , then aMe ⊆ PMe and
then it is done. Suppose a /∈ P . let X = {r ∈ Re : rx ∈ PMe}. Then X is an
ideal of Re. Suppose X �= Re. Then there exists a maximal ideal Q of Re such
that X ⊆ Q. Since Me is Re - multiplication, either TQ(Me) = Me or Me is Q
- cyclic. If TQ(Me) = Me, then there exists q ∈ Q with (1 − q)x = 0 and then
1− q ∈ X ⊆ Q a contradiction. So, Me is Q - cyclic that is there exist m ∈ Me

and q ∈ Q with (1 − q)Me ⊆ Rem. Hence
(1 − q)PMe = P (1− q)Me ⊆ PRem = RePm ⊆ Pm. Now, (1 − q)x = sm for
some s ∈ Re and (1 − q)ax = pm for some p ∈ P . Thus asm = a(1 − q)x =
(1 − q)ax = pm and then (as − p)m = 0. Since Me is Re torsion free, as = p.
Then (1− q)as = (1− q)p ∈ P . Since P is prime, either (1− q) ∈ P or as ∈ P .
But P ⊆ X ⊆ Q, so (1 − q) /∈ P and then as ∈ P . Since P is prime and
p /∈ P , s ∈ P . Thus (1 − q)x = sm ∈ Pm ⊆ PMe and then (1 − q) ∈ X ⊆ Q
a contradiction. Hence X = Re and then x ∈ PMe. So, PMe is a prime
Re - submodule of Me. Let g ∈ supp(R, G), r ∈ Re and m ∈ Mg such that
rm ∈ PMg. Then rRg−1m = Rg−1rm ∈ Rg−1PMg = PRg−1Mg = PMe.
Since PMe is prime, either rMe ⊆ PMe or Rg−1m ∈ PMe. If rMe ⊆ PMe,
then
rMg = rRgMe = RgrMe ⊆ RgPMe = PRgMe = PMg. If Rg−1m ∈ PMe,
then
m ∈ Rem = RgRg−1m ⊆ RgPMe = PRgMe = PMg. Hence PMg is a prime
Re - submodule of Mg . �
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