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Abstract

An elementary proof is given for the decidability whether each element
of a sequence satisfying a fourth order linear recurrence with integer
coefficients is nonnegative.

1 Introduction
Given a k' order linear recurrence of the form
Up = AQUp—1 F+ A2Up—2 + -+ -+ ApUp_k (n > k), (1)

where ay,as,...,ax(# 0) € Z and with initial values wug, uq,...,up_1, we are
interested in the Positivity Problem: Is it possible to decide whether the se-
quence (up)n>0 is nonnegative ?, i.e., is it decidable whether u,, > 0 for all
n > 0?7 The Positivity Problem for k = 2 was solved in [3], for k = 3 in [4]
and recently, for £k =4 in [5], where the following result is proved.

Theorem 1. The Positivity Problem is decidable for each sequence of integers
satisfying a linear fourth order recurrence with integer coefficients.
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186 The positivity problem

The proof given in [5] is short and non-elementary due to the use of a
measure-theoretic result of Bell-Gerhold, [1]. We give here a longer yet purely
elementary proof of this result. This is done by first classifying all possible
explicit shapes of the sequence elements, which is done in the next section. In
the last two sections, Theorem 1 is verified by case analysis. For cases whose
elementary proofs have already been given in [5], we merely refer to such proofs.

2 Classification of roots

Following the elaboration in Section 5.2.g on pages 170-172 of [2], consider a
fourth order linear recurrence of the form (1) (with & = 4). Its characteristic
polynomial is

p(x) = 2t —a12® —agr? —azr—ay = (x—\1)(2—X2) (2 —\3)(x— A1) € Z[z] (2)
where A1, Ao, A3, A4 are all the four roots of p(x). Write
p(x+a/4) =z +ax’+pr+v=(x—21)(x —z2)(x — x3)(x — 24) € Q[z],

where 21, x9, x3, x4 are all the four roots of p(x + a1 /4) € Q[z] and

a__Sa%+8a2 __a:f+4a1a2+8a3
B 8 e 8 ’
_ 3ai + 16afay + 64a1a3 + 256a4

256
Then, z; = A\; —a1/4 (i=1,2,3,4) and 21 + 22 + x5 + x4 = 0. Let

u= (21 4 22) (23 + 1) = — (21 + 22)°, 3)
v = (w1 + x3) (22 + 24) = —(71 + 73)°, (4)
w = (21 + 24) (22 + 23) = — (21 + 74)°. (5)
We construct a polynomial of degree 3 whose roots are w, v, and w. It
coefficients are found from the elementary symetric functions },_ jTiT; =
«, zi<j<k TirjTy = —fB, xr1x90314 = v by computing u 4+ v + w = 2a, uv +

uw + vw = a? — 4y, vvw = —B2. This polynomial is
q(z) == 2° = 202% + (&® —dy)x + B2 = (z —u)(z — v)(z —w) € Q[z]. (6)
Since

u—v= (acl — .174)(]33 - 1'2) = (Al — A4)()\3 - )\2),
u—w=(r1 —x3)(rg — x2) = (M — A3) (M1 — A2),
V—w = ((El — .732)(954 — .1'3) = (Al — /\2)()\4 — )\3),
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the three polynomials ¢(x), p(z + a1/4) and p(z) have the same discriminant

D = disc(q) = disc (p(x + a1/4)) = disc(p)
=160’y — 4033? — 1280%~% + 144a%y — 276% 4 25672 ([6,p. 192])
— (= 0)*u— w)(v - w)?
To find the roots z1,x2,z3, x4 of the equation p(x + a1/4) = 0, we first solve

equation (6) to determine the roots u,v,w of g(z) = 0. From (3), (4), (5),
setting

Z1 + T2 := v’ = square root of — u (7)
x1 + 3 1= v’ = square root of — v (8)
21 + x4 := w’ = square root of — w. 9)

where these square roots must be chosen so that

u'v'w' = (x1 + 22) (21 + 23) (21 + 24) = 22 Zmz + Z zizjrr = —p, (10)

7 i<j<k
we get
WAV Fw =30 FasFas s =22, —u +0 —w =2z,
W= —w =29 — 2 — 23— 74 =229, —u —V +w =2z,
The solutions of p(z 4+ a1/4) = 0 are given by
1 I ! !
$1:§(U +u' +w') (11)
1
%225( "= —w') (12)
1
X3 = i(fu’Jrv’fw’) (13)
1
Ty = i(fu’fv’er'). (14)

To determine the nature of these roots, we subdivide our consideration into
three cases depending on the signs of D.

Case I: D >0
As seen in [4], the three roots u,v,w of
q(z) = 2% — 2a2% + (@® — 4y)z + 8% = (v — u)(z — v)(z — w) € Q[x]

are distinct real numbers. We subdivide into further subcases depending on
whether 5 = 0.
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L1 3=0.
Then ¢(z) has a zero root, say v = 0, implying by (7) that v’ = 0, and so

111

1.1.2

q(z) = 2(2? — 20z + (a® — 47))

2

=z(z® — (v+w)r + vw) = z(z —v)(z — w).

a? — 4~y > 0. Then v, w have the same sign, distinct and nonzero.

1.1.1.1 @ < 0. Then v, w are two distinct negative real numbers
which by (8), (9) implies that v’,w’ are nonzero real numbers with
v # +w'. By (11),(12),(13) and (14), we have 21 = §(v/+w’), z2 =
H(=v' —w'), 3 = (v —w'), x4 = L(—v' +w). Hence, p (z + a1 /4)
has four distinct nonzero real roots.

~~

[

1.1.1.2 a > 0. Then v, w are two distinct positive real numbers,
which by (8), (9) implies that " = i, w’ = Qi are purely imaginary
with O # 4+ Q being two nonzero real numbers. By (11),(12),(13)
and (14), we have z1 = $(0+ O)i, z0 = —3(0+4 V)i = Ty, a3 =
1(@O—=0)i, x4 = —4(0— V)i = —Z3. Thus, the roots of p(z + a; /4)
consists of two nonzero distinct purely imaginary conjugate pairs.

a? —4~ < 0. Then v and w are two nonzero real numbers of opposite
sign, say v € R™ and w € RT, which by (8), (9) implies that v’ is a
nonzero real number and w’ = Qi is nonzero purely imaginary. By
(11),(12),(13) and (14), we have 21 = £ (v/+Qi), x5 = (—v'—=Qi) =
-z, T3 = %(v’ — Qi) = Ty, 14 = %(—v’ + ©i) = —z;. Thus,
the roots of p(x + a1/4) consists of two distinct, nonzero, non-real
complex conjugate pairs.

12 B #0.
Then ¢(z) = 22 — 2az? + (a® —4y)z + 82 = (z —uw)(z —v) (v —w) € Q[z]
has all distinct three roots u,v,w € R\ {0}.

1.2.1

a? — 4y >0.

[.2.1.1 o < 0. Since the coefficients of ¢(z) are all nonnegative,
by Descartes’ rule of signs, the three roots u,v,w € R~ which by
(7), (8), (9) implies that u',v’,w’ are three nonzero real numbers
with 1 + 23 = # £ 0 = £(x1 + x3), ¥1+ 22 =0 # £ w =
+(x1 +24), 1+ 23 =0 # +w = *(z1 +24). By (11),(12),(13)
and (14), we have z1 = S (v + v +w'), 22 = $(u' —v' —w'), 23 =
L= + v —w'), zg = L(—u' — v+ w'). Hence, p(z + a1/4) has
four distinct real roots x1, 2, 3, 4.

1.2.1.2 a > 0. Since 82 > 0, we know that uvw > 0 and so
two roots of g(x), say u,v, are negative real numbers and one root,
say w, is a positive real number, which by (7), (8), (9) imply that
v e R u # £ and w = Qi, © € R\ {0}. Thus, z; =
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%(u’ + 0"+ Qi), 2y = (v — v —Qi), a3 =L(—u' + v = Vi), x4 =

5(—u ="+ Qi). Since p(z + a1/4) € Q[z], its four complex roots
1, T2, T3, T4 Must occur in two conjugate pairs. From their shapes,
there are two possibilities, viz., (Z; = x2 and Z4 = x3) or (21 = z3
and T4 = x2).
If T = @9, then v’ =0, v/ # 0 and so x1 = %(u’Jrz'Q?) € C\R, z3 =
I1, ¥3 = —T1, T4 = —T1. If Ty = x3, then v/ = 0, v # 0 and
we deduce that the solutions are of the same form as in the last
possibility, i.e., two distinct complex conjugate pairs.

1.2.2 a® — 4y < 0. Since % > 0, we know that uvw > 0 and so two
roots of ¢(x), say u,v are negative real numbers, and one root,
say w is a positive real number, which by (7), (8), (9) imply that
o' € R v # £ v and w' = Qi, © € R\ {0}. The roots of
p(z + a1 /4) are of the same shape as those in the sub-case [.2.1.2],
i.e., two distinct complex conjugate pairs.

Case II: D=0
As seen in [4], the three roots u, v, w are real numbers and since

D = 160y — 4032 — 128a°~% + 144a %y — 276* 4+ 2567 ([6,p. 192))

= (u=v)*(u—w)*(v - w)>,

we must have
u=v Oor u=w Oor v=uw. (15)

Recall that q(z) = 2% — 2022 + (a? —4y)z + 82 = (z —u)(z —v)(x —w) € Q[z].
Let a* := —(a? 4+ 127)/3.

IL1 If o* = 0, then v = —a?/12 and putting this into the expression for D,
we get 42 = —8a?/27. Substituting these values into the expression for
q(x), we find that q(z) = (x — 2/3) showing that v = v = w = 2a/3.

II.1.1 If 8 =0, then u = v =w = 0. By (7),(8) and (9), we get v/ =" =
w’ = 0. Thus, (11),(12),(13) and (14) yield 1 = z9 = z3 = x4 = 0.
IL.1.2 If B3 # 0, then 82 = —uwvw = —u® > 0, so that u = v =w € R™. By
(7),(8) and (9), we get v’ = v =w’ € R\ {0}. Thus, (11),(12),(13)

and (14) yield z; = 2%, 2y = =% = 13 = 4.
I1.2 If o* # 0, we have u,v and w are not all the same.

11.2.1 If g = 0, then wvw = 0; without loss of generality, assume u = 0.
By (15), we deduce u = v = 0. From the shape of ¢(z), we must
have a? — 4y = 0 and w = 2. By (7),(8) and (9), we get v/ = v’ =
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0, w’ = square root of — 2¢, so that (11),(12),(13) and (14) yield
x1 = w'/2 = x4, g = —w'/2 = x3. Clearly, a # 0, for otherwise
u=v=w=0. Let r = £/|-2a] € R\ {0}. Taking into account
that a can be either positive or negative, we find that there are
two possible set of solutions {x1, 22, x5,24} = {r, r, —7r, —7r}or
{ir, ir, —ir, —ir}.

1122 If B # 0, since § € Q, we deduce that —uvw > 0 so that two
elements, say u,v € R\ {0}, are of the same sign (and so by (15),
u =v), while w € R\ {0} is negative.

Ifu=veR", we R, then (7),(8), (9) show that v’ = v, w' €
R\ {0}. Thus, (11),(12),(13),(14) yield four real roots z1 = 1 (2u’ +
w'), my = —“’7/ =123, X4 = %(—2u’ + w’). Apart from zo = x3,
all other roots are distinct for if 21 = 2o, then v’ = —w’ implying
that (v =) u = w, contradicting the fact that all three roots are
not the same; if vy = x4, then v/ = 0, implying that u = v = 0
which contradicts 8 # 0; if 2o = x4, then v/ = w’ implying that
(v =) u = w, again a contradiction.

Ifu=wveR" we R, then (7),(8), (9) show that w’ = 2W; €
R\ {0}, and we have v’ = £v' =iry (ro € R\ {0}). If ' = ¢/, then
(11),(12),(13),(14) yield {z1, w2, w3, xa} = {Wi +ira, — Wi,
Wy, Wi —irg}, while if o' = —v', we get {1, xo, 23, x4} = {W1, —
W1 +ire, — Wy —ire, Wi}, Clearly, z1 # x2, 1 # T4, T2 # x4 in
both situations.

Case III: D <0

As seen in [4], ¢(x) has one real root and two complex conjugate roots, say
ueR, v=weC\R

III.1 8 =0 (so that uvw = 0).

If u # 0, then v = w = 0, contradicting v = w € C\ R and so we must
have v = 0. Thus, (7) yields «' = 0. Since v = w, (8) and (9) show
that either v/ = w’ € C\Ror v = —w’ € C\ R. As (11),(12),(13)
and (14) are symmetric in v/ and w’, we can assume that v/ = w’ =
r3 +iry (rs3,r4(# 0) € R), as the other alternative yields roots of the
same shape. Thus, (11),(12),(13) and (14) yield z; = (v + w')/2 =
r3 = —xa, x3 = (v —w')/2 = iry = —x4. Here, r3 # 0, for otherwise
x1 = x9 = 0 implying D = 0 which is a contradiction.

II1.2 8 # 0 (so that uw € R\ {0}).

(a) If u < 0, then v’ = r € R\ {0}. Similar to the last case, we can
assume that v = w’ = r3 +iry (r3,r4(# 0) € R), as the possibil-
ity v/ = —w’ yields roots of the same shape. Thus, (11),(12),(13)
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and (14) yield z; = (r + 2r3)/2, o = (r — 2r3)/2, x5 = (—r +
i2r4)/2, x4 = (—r — i2r4)/2. Here again r3 # 0 (so that x1 # x9),
for otherwise 1 = x5 implying D = 0, a contradiction

(b) If w > 0, then v’ = ir (r € R\ {0}). Again by choosing the sign of
u' appropriately, we can assume that v/ = w’ = r3 + iry (r3,r4(#
0) € R). Thus, (11),(12),(13) and (14) yield x1 = (2rs +ir)/2, xo2 =
(=2rs+ir)/2, x5 = i(—r+2ry)/2, x4 = i(—r — 2r4)/2. Since p(x +
ay/4) € Q[z], its four complex roots x1, T2, x3, x4 Must occur in two
conjugate pairs. From their shapes, there are two possibilities, viz.,
T1 = w3 or T1 = x4. In either case, we deduce that r, = 0, a
contradiction. There is no solution in this case.

From the above information about the nature of the four zeros of p(z + a1/4),
we deduce the following result about the four zeros of p(z).

Theorem 2. Let

p(x) =t — a12® — asx? — azx — a4
=(x — M)z — X2)(x — A3)(z — M\g) € Z]x], as #0
p(z+ar/4) =z + az? + Bz +v = (x — 1) (x — 22)(z — x3)(x — 24) € Q[z]
3(1% + 8ao N a? + 12y a:f + 4aias + 8as
a=——" af=— f=—— "
8 3 8
- 3a} + 16a3as + 64a1as + 256a4
256

L L ay

D =disc(p(x)) = disc (p (as + 1 ))

=160ty — 4036% — 1280292 + 144082y — 278* + 256>,

)

Then the nature of the four zeros of p(x) can be classified as

|D <0 |—>| two distinct real roots and two complex conjugate roots
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| a<0 |—>| four distinct nonzero real numbers|

| a? -4y <0 |—>| two distinct nonzero complex conjugate pair‘s|

D>0 | a<0 |—>| four distinct nonzero real numbers|

| a? -4y <0 |—>| two distinct nonzero complex conjugate pair5|

two distinct nonzero complex conjugate pairs|

B=0 M =X =X =\ €R\ {0} |

a*=0 )\1,)\22)\32/\46R\{0}|

A x8, M) = { G+, % 4+ % —r, % —r}; reR\ {0}

R (T =

{1, A0, A3, A\q} = %—l—ir,%—}—ir,%—ir,%—ir}; re C\R

at #0

[\, 00 = Xs, \a € R\ {0}

B#0

[ X2 = X5 € R\ {0} 1,0 = )i € C\R|

Using the information about the four zeros of p(z), we now summarize the
shapes of the sequence elements.

Theorem 3. Let {u,},~, be a sequence of elements satisfying a fourth order
linear recurrence of the form (1) (with k =4), let p(x) as in Theorem 2 be its
characteristic polynomial having A1, ..., Ay as all its (non-vanishing) zeros and
let D be the discriminant of p(x). Then the general term of the sequence takes
one of the following forms
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C(rirarsry) :u, = AN} + BAY + CA} + DA}, where A,B,C,D € R

D>0

C(Z121Z222) Up = AA? + AS\? + B)\E7 + BE\QZ where A, B e C

C(r3)
Uup = (A+ Bn+ Cn? + Dn3)A?, where A, B,C, D € R

/
C(r1r3)

tup = AN} + (B + Cn + Dn?)\3, where A, B,C,D € R

/

C(rfr3)
U, = (A4 Bn)AT + (C + Dn)Xy, where A, B,C,D € R
D=0
C(z°z%)
NJF Bn)A\" + (A + Bn)\", where A, B € C
\
C(rirard)

n = AN} + BAS + (C + Dn)Ay, where A, B,C,D € R

AN

C(r3zz)
Up = (A4 Bn)A} + CA\y + CAYy, where A,B,e R, C € C

C(rirzzz)
Up = AXNT + BAS + CA5 + CAy, where A,B,e R, C €C

3 Proof of Theorem 1 when Char(z) has only
real roots.

In this case, the general term of the sequence is

Up = Pr(n)AY + Pa(n)Ag + -+ 4+ Pr(n)A

m (77'207 m§4)7
where A1, \g, ..., A\, are distinct nonzero real numbers and
P,(n) = Ai,1+Ai’2n+- . '+A7;_(,L’I’L€i71 S R[l’] (fl eN;i=1,2,...,m; Ai,fi 7é 0),

with 1 + 05 + - - - + £, = 4. We have two possibilities to consider.
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3.1 There are two roots \;, \; (1,7 € {1,2,...,m; i # j) such

See the simple proof given in [5, Section 3.1].

3.2 All roots have different absolute values.
Without loss of generality, assume |A1| > [A2| > -+ > |\, |. Here,
un =AY {P1(n) + Pa(n)(A2/A1)" + -+ + Pr(n)(Am/A)"} (n 2 0).

We treat two subcases depending on the sign of A;.

3.2.1 X\ <0.

Since sign(P;(n) + Po(n)(A2/A1)" + - + P (n)(Am/A1)™) = sign(Ay ¢, ) when
n is large enough and sign(A}') oscillates, the sequence (u,,) is nonnegative only
when A; 4, = 0, which contradicts the definition of A, # 0.

3.3 A >0.

See the simple proof given in [5, Section 3.1].

4 Proof of Theorem 1 when Char(z) has non-
real roots.

4.1 C(z121z222)
In this case, the general term of the sequence is
Uy = AN} + AN} + BAY + BNy (n > 0), (16)

where A, B € C and A,y € C\R. Let A\ = |[A|e??, Xy = |\ole’®2, A =
|Alei¥r and B = |B|e®2 where 61,0, 01,02 € [—7, 7], 01,02 ¢ {—7,0} so that

un, = 2{|A1|"| 4] cos(¢1 + nb1) + | Bl|A2|" cos(p2 +nba)}.
Without loss of generality, we need only treat two possibilities [A1| > |A2| and
A1l = [Az].
4.1.1 |/\1| > |/\2| (> 0)

Here, u, = 2|A\|" {|A]cos(p1 +nb1) + |B| (|A2/A1])" cos(pa + nbs)}. Thus,
(uy,) is nonnegative if and only if

|A] cos(p1 4 nb1) + | B| (|A2]/|M1])" cos(pz + nba) > 0. (17)
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By Lemma 2.1 of [5], |A|cos(¢1 + nb;) takes some fixed positive and negative
values for infinitely many n provided A # 0, and since |B| (|A2/A1])" cos(p2 +
nfay) — 0 (n — 00), the requirement (17) holds if and only if A = 0, and so
up = BAY + BA} (n > 0), which is of the form (HHH3) ([5, Lemma 2.3]).

4.1.2 M| = .

Here, u, = 2|A\|" {]A| cos(p1 + nb1) + |B| cos(p2 + nbh2)} . Notice that the ar-
guments used in the preceding subcase do not work here. This is the first
situation where our analysis has to get back to the shape of the roots of the
characteristic polynomial. Tracing back to the proofs of Theorem 2 and 3, we
see that the case C(z1212222) occurs in Case I: D > 0, with two distinet com-
plex conjugate pairs, which are labeled 1.1.1.2, 1.1.2, 1.2.1.2 and 1.2.2. Using
the notation of Theorem 2, the corresponding information is as follows:

e 11.123=0, a® —4y >0 and o > 0. We have 2y = (0 + Q)i, 25 =
—2O+0V)i =2z, z3 = 3(O-V)i, 24 = —1(0- Q)i = —z3, with
O # £Q being two nonzero real numbers. The roots of the characteristic
polynomial, denoted for unambiguity by A, are A\; = %—i—%(D—i—@)i, Ag =

@ _LO+0)i=7, =2 +1O-0)i, =2 - LO-0)i= M.
Combining with the condition and notation of our on-going case, we get
CESWE @)2 1 2:(ﬂ)2 Lo_op
M =Rl = () +70+92 = () +70-9)

— 00 =0,
which is a contradiction and we are done in this case.

e L1238 =0, o> =4y < 0. We have z; = 3(¢v/ + Qi), 2o = (-0 —
Vi) = —a1, a3 = 3(v/ = Vi) = &y, x4 = (- + Vi) = —21. Then

M= (4+Y)+ % = (5-Y) - %0 ha = (%+Y) - %i=
5\1, :\4 = (% - ”7/) + %i = 5\2. Combining with the condition and

notation of our on-going case, we get

2 2 N 2 2
52— R o v OV (v o
\A1|_|>\2|<=>(4+2)+(2> _<4 2)+(2)

av’

Thus, M = % + i, do=—-% — Zi=—A.

N

12128 #0, a> -4y > 0and o > 0. We have z; = (v +iQ) €

(C\]R, XTo = Ty, T3 = —T1, Ty = —IT1 yielding % + %—Fl% = :\1 =



196 The positivity problem

5\2, @ “7/ — i% =X = 5\4. Combining with the condition and notation

of our on-going case, we get

2 2 N 2 2
52— R o v OV (W M
\A1|—|>\3|<=>(4+2)+(2> _<4 2)+(2)

aju’ ,
<:>T=0 (u' #0) <= a; =0.
Thus, 5\1:%+%i, ngf%*%izfﬂl.

e 1.2.2 3#0, a? — 4y < 0. The roots of p(x + a1 /4) are of the same shape
as those in the subcase 1.2.1.2.

Collecting together all possibilities in 1.1.1.2, 1.1.2, 1.2.1.2 and 1.2.2, the two
roots in (16) can only be of the form Ay = —A\; € C\R, and the general term of

the sequence in (16) is thus of the form wu,, = AN} + AN} + B(=\1)"+B(=\1)
ie., for k>0,

g, = (A + B)XF 4 (A+ B)A?*, ugpq = (A— BN (A — BT
Both ugy and usgk1 are of the form (HHH3) and so are decidable by [5, Lemma
2.3).

4.2 C(2%z?)

In this case, the general term of the sequence is u, = (A + Bn)A} + (A +
Bn)A} (n > 0), where A,B € C and \; € C\R. Let A\, = |\]e??, A =
|Ale??1, B = |B|e*? where 0,01, 02 € [-7,7), 0 # {—m,0}. Thus,

un = 2|\ |" {|A| cos(p1 + nb) + n|B| cos(p2 + nb)}.
Then the sequence (u,) is nonnegative if and only if for all n,
|A] cos(p1 4+ nb) 4+ n|B| cos(p2 + nb) > 0. (18)

Since sign(|A| cos(¢1 + nb) + n|B| cos(pa + nb)) = sign(cos(ps + nb)) when n
is large enough, provided B cos(¢2 +n#) # 0. By [5, Lemma 2.2], cos(p2 + nf)
takes some positive and some negative values for infinitely many n € N. Thus,
(18) holds only when B = 0, and so u, = AX} + A}, which is of the form
(HHH3) ([5, Lemma 2.3]).

4.3 C(r?z2)

In this case, the general term of the sequence is u, = (A + Bn)AT + CA3 +
CXy (n > 0), where A, B, A\(#0) € R, C € Cand A3 € C\R. Let \3 =
|A\zle??, C =|Cle’ where 0, € [—m,7), 0 ¢ {—m,0} so that

up = (A + Bn)AT + 2|C||As]" cos(e + nb).
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We subdivide into three subcases depending on the absolute values of |\1| and
|As]-

4.3.1  |M|=|As)

There are two further possibilities.
4.3.1(1) A, < 0.
Here, u, = |\1|"{(—=1)"(A + Bn) + 2|C| cos(p + nb)} (n > 0). Since

(=1)"(A+ Bn) +2|C|cos(¢ +nb) — oo  (n — 00)

according as n is even or odd provided B # 0, the sequence (u,,) is nonnegative
only when B = 0 and so u,, = AX} + CA} + CA}, which is of the form (LT4)
([5, Lemma2.3]).

4.3.1(2) A1 > 0. See subcase 1 of C(r?zz) in [5].

4.3.2 |)\1| > |)\3|
Rewrite the general term of the sequence as
U = AT {A + Bn + 2|C|(| 3] /A1)" cos(p + n0)} (n>0).

We consider two possibilities corresponding to the signs of A;.

4.3.2(1) A < 0. Since sign(A+Bn+2|C|(|\3]/A1)™ cos(p+nb)) = sign(B)
when n is large enough provided B # 0, and sign(\}) oscillates, the sequence
(u,) is nonnegative only when B = 0, and so u,, = AN} + CA\§ + C\}, which
is of the form (LT4) [Lemma 2.3 of [5]].

4.3.2(2) A\ > 0. See subcase 2 of C(r?2z) in [5].

4.3.3 |/\1| < |/\3|
Rewrite the general term of the sequence as
un = |As[" {(A+ Bn)(A1/[As])" + 2|C| cos(p +n)}  (n > 0).

Observe that (A+ Bn)(A1/|As])" — 0 (n — 00). By Lemma 2.2 of [5], cos(p +
nf) takes some fixed positive and some fixed negative values for infinitely many
n. Thus, the sequence (u,) is nonnegative only when C' = 0, yielding u,, =
(A + Bn)AT, which is of the form (HHH2) [Lemma 2.3 of [5]].

4.4 C(rirezz)

In this case, the general term of the sequence is u, = A} + BA} + C\} +
CAy (n > 0), where A,B € R, C € C, A\i,\2 € R\ {0} and A3 € C\R.
Let A3 = [\3]e?®, C = |C|e’¥ where 0,9 € [~m,7), 6 ¢ {—m,0} so that
Up = AN + BAY + 2|C||A3]™ cos(p + nB). We split our consideration into three
possibilities.
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1. The three X’s have the same absolute values, i.e., |A1| = [X2] = [As].

2. There are two \;’s having the same absolute value, i.e., |A\1| = |A2] or
[Aa] = |As| or [A2] = [As]-

3. All three roots A1, Ao and A3 have different absolute values.

441 M| = ol = A5

See subcase 1, of C(r17222) in [5].

4.4.2 |A1| = |A2| or |A1| = |A3| or |)\2| = |A3|.

We need only treat the first two cases as the third is similar to the second.
4.4.2(1) |A\i| = |A2]. See subcase 3.1, of C(rirezZ) in [5].
4.4.2(2) |A1| = |As]. Here, u,, = ANT+2|C| cos(p+nb)| A1 |"+BAS (n > 0).

We subdivide into two further sub-cases depending on whether [A;| > |Aq].
4.4.2(2.1) |/\1| > |/\2|.

We consider two possibilities corresponding to the signs of A;.

e )\; < 0. Rewrite the general term of the sequence as
un = [M["{(=1)" A+ 2|C| cos(p + nb) + B(A2/|Ma])"} (n = 0).

The sequence (uy) is nonnegative if and only if for all &k € N U {0} we
must have

2|C| cos(p + (2k +1)8) + B(A2/| M [)? T > A (19)

and
A > —=2|C|cos(p + 2k) — B(Aa/| 1)), (20)

We consider first the case § # —m/2. Since B(A2/|A1])" — 0 (n — o0),
by Lemma 2.2 of [5] and the remark after it, as k varies over NU{0}, both
cos(p + 2k0) and cos(¢ + (2k + 1)) take some fixed positive and some
fixed negative values infinitely often. Thus, the relations (19) and (20)
hold only when A = C' = 0 yielding u,, = BAY, and so is nonnegative
only when B > 0 and Ay > 0. Next, for the case § = —7/2, by Lemma
2.2 of [5] and the remark after it, (19) and (20) become when k; is even

—2|C| cos(p) — B(ha/|M[)? < A <2|C|cos(p + 0) + B(Ao/|Mi[)* 7
(21)
and when ks is odd

2|C| cos(p) — B(Aa/|M])** < A < =2|C| cos(ip + 0) + B(ho/|Ae])?2T.
(22)
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Combining (21) with (22), we get

—B(Ao/|M])*M = B(ho/|M])?*2 < 24
< BAo/IM D 4+ B(Ao/| M)

Since the bounds on both sides tend to 0 as k1, ks — oo, we deduce that
A = 0and so u, = BA}+CA} +C\;, which is of the form (LT4) [Lemma
2.3 of [5]].

e )\; > 0. See subcase 3.3 in C(r1r222) of [5].

4.4.2(2.2) | M| < [Aqof.
We consider two possibility corresponding to the sign of As.

e Xy < 0. Here, u, = A5 {A(X1/X2)™ + 2|C|(JA1]|/A2)" cos(p + nb) + B},
(n > 0). Observe that A(A1/A2)™ + 2|C|(|A1]/A2)™ cos(p +nb) + B — B (n —
00), provided B # 0. Since A} oscillates between +|Az|, then the sequence (u,,)
is nonnegative only when B = 0, and so u,, = A\} + CA} + C\%, which is of
the form (LT4) [Lemma 2.3 of [5]].

e Xy > 0. See subcase 3.2 in C(r17222) of [5].

4.4.3 All three roots \;, \» and A3 have different absolute values.

Without loss of generality, assume |A;| > |A2|. Here,
Up = AT (A4 B(A2/A)") + 2|C|A3|" cos(p +nb) (n > 0).

We subdivide into two further subcases depending on whether [A;| > |Ag].
4.4.3(1) |A1| > |A3]. Rewrite the general term of the sequence as

un = AT {A+ B(A2/M)" +2|C[(|1As|/A1)" cos(p +nf)} (n > 0).

We consider to possibilities corresponding to the signs of A;.

o )\ < 0. Since sign(A+B(A2/A1)" +2|C|(|As]|/A1)"™ cos(p+nb)) = sign(A)
when n is large enough provided A # 0, and sign(A\}) oscillates the sequence
(uy,) is nonnegative only when A = 0 and so u, = BA} + C\} + CA%, which is
of the form (LT4) [Lemma 2.3 of [5]].

e \; > 0. See subcase 2 in C(ryrezz) of [5].

4.4.3(2) |M\1| < |A3]. Rewrite the general term of the sequence as

un = (A" {(A+ B(A2/M)") (M /[As])" + 2|C cos(p +nb)} (n > 0).

Observe that (A + B(A2/A1)")(A1/[A3])" = 0 (n — o0). Next, by Lemma
2.2 of [5], cos(p + nb) takes some fixed positive and some fixed negative values
infinitely often. Thus, the sequence (u,) is nonnegative only when C = 0
yielding u,, = AN} + BAY, which is of the form (HHH1) [Lemma 2.3 of [5]].
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