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Abstract

Let (Q:)521 be a sequence of nonzero monic polynomials over a finite
field F, satisfying Q1+ Q:|Qi+1 (1 € N). Let a(n) = >, 1/Q1-+- Qs
and a(oco) = > 2, 1/Q1 - Qs. It is shown that the continued fraction
for a(o0) in the function field Fy((1/x)) can be explicitly given. As an
application, by choosing suitable polynomials @Q;, explicit continued frac-
tion expansion of a function field analogue of some exponential elements
in Fe((1/z)) (¢ > 2), are derived. This gives an extension of some earlier
work of Thakur in 1992.

1 Introduction

As seen in [1]-[6] and [8]-[14], there have appeared various relationships between
series and continued fractions. Some of these results connect certain types of
series with continued fraction expansions having symmetric patterns.

In [13], Thakur explored the question of finding “interesting patterns for
interesting numbers” in the function field setting and found an interesting con-
tinued fraction for an analogue of e for F,((1/x)).

Let F, be a finite field of ¢ elements, (¢ > 2), F := F,((1/z)) the field
of formal Laurent series over F, equipped with a degree valuation | - | defined
by |zt = e7!. Every element £ € F can be uniquely written as a simple
continued fraction of the form
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§=ag+ ————F— =laosa1,0z,.. ],
aj +
as+ -
where ag € Fy[z] and a,, € Fy[z] \ F, (n > 1).
Let Cy,/D,, = [ag; a1, . . -, ay] be the nth convergent of the continued fraction

for £. The following basic properties are easily verified by induction.

1. D,Cyr—1—CyDp_1 = (—1)™ (n >0), so that C,, and D,, are relatively
prime;

2. Cn+1 = CLTL+1CY1’L + Cn—l and Dn+1 = CLn+1l)n + Dn—l (Tl > O),

3. for any n > 0, we have

QCn +Cn—1
W = [ao; A1,0a2; ..., 0n, d;
. CTL n
4. if D= [ag; a1, .. .,an], then D = [an; n-1,- .., a2,a1].
n n—1

An analogue of the exponential element in F, introduced by Carlitz (see e.g.
[13], [14]), is defined as follows: let [i] = 29 —z,dp = 1 and d; = [i]d?_, (i > 1).
The exponential for F is defined by

i

e(z) = i Zﬂ%.
i=0 "

Put e :=¢e(1). Then the series expansion for e is of the form
— 1

In 1992, Thakur [13] proved the following result which give the contin-
ued fraction expansion for Z?:(]l 29" /d; if the continued fraction expansion for
S o2 /d; is known.

Proposition 1. Let x1 = [0; 27 9[1]], and if x,, = [ao; a1, .. ., azn_1], then set
—z 1" @2
Tpt1 = [ags ar, ..., agn_1, ————p———, —Q2n_1, ..., —a1].
d,
Then

i

n
Pl
xnzg —_—.
d.
i=1
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In particular, e(z) = z + limy, o0 2, and for ¢ = 2,

(More explicitly, for n > 0 the n-th partial quotient is 22" — & with u, being
the exponent of the highest power of 2 dividing 2n ).

Our objective here is to extend this proposition of Thakur by proving

Theorem 1. Let (Q;)$2, be a sequence of nonzero monic polynomials over a
finite field IFy, let

- 1 = 1

Assume that Q1---Q;i|Qiy1 (i € N). Then a(l) = [0;Q1] and if a(n) =
[0;a1,...,ax,], then

_Qn+1
an+1)=\0;a4,...,0%,, ————, —Qk,,--., —G1].
( )= Q1Q2- - Qn ]
Moreover,
—Q2 —Q3 Q2 —Q4
o(oo0) = [0; ) » —W, el T~ Tl A
=100 0 Z8 G0 P o0 T Gias
— —
2 Proofs
Our work makes use of the following lemma, see e.g. [7] and [15].
Lemma 1 (Folding Lemma). Lety € F and g—z = lag; a1, a2, ...,ay]. Then
Cp —-1)n
[CLQ; A1y .. Any Y, —Qpy ...y —al] = D_n + (yD,)%

Proof of Theorem 1. It is clear that a(l) = & = [0; 1] = g’:l. Since
1

ged(1,@Q1) = 1 and @ is monic, we have 1 = C, and Dy, = Q. By Folding
Lemma, we get

06(2) = L + L L 1 = [Oana _—6325 _Ql] =

= _— 4 CkQ
Q1 Qi1Q2 Qi _Q—QlQQ% Q

Dy,
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For n > 2, let [0; a1, ..., ak,] be a continued fraction expansion for a(n) whose
knth convergent is Cy, /Dy, ; observe that k, is an odd integer. By Folding
Lemma, we get

[O'al ar ﬂ —ay _al] _ Ckn (_l)kn
) goeay H,Ql"'Qn, ny et Dkn CngnCSiDzn
(1)
Ql"'QnDkn
On the other hand, we have
L+..._|_ 1 :(QQ"'Qn)+(Q3---Qn)—|—..._|_Qn_|_1
Q1 Q1 Qn 0.---Q,

We assert that ged (Q2 -+ Qn) + (Q3 - Qpn) + -+ Qn+1,01Q2---Q,) =1
for n > 2. Suppose there exists a prime p € F,[z] such that

pl(Qz- Qn)+ (Qs- Qun)+ - +Qn+1) and p|(Q1Q2---Qn).

Since p|(Q1Q2 - - - Qn), p|Qk for some 1 < k < n, then p|Q;Q;+1---Qn for all
2<j<k. Since Q1 Q|Qryi for all 1 <1 <n —k, we have Qr|Qr+i- - Qn
forall 1 <1 < n—k and s0 p|Qgyi- - Qn for all 1 <1 < n — k. Since
pl((Qz2--Qn)+(Qs-+-Qn) ++-++Qn+1), then we get p|1, which is a con-
tradiction. Thusged ((Q2 -+ Qn) + (Q3---Qn)+ -+ Qn+1,Q1Q2---Qp) =
1. Since all @; are monic, then Dy, = Q1Q2---Q,. Hence

a(n) + i =a(n) + 1
%Din %(Qﬂb o Qn)?
1
=a(n) + 01 000w =aln+1).
Consequently, we have
a(1) = [0; Q]
01(2) = [03 Ql a_—%a _Ql]
—~— Q1 =~
— 0 —Q2 —Qs3 Q2
05(3) - [038/1/) Ql 5\62_1/) QlQQ,Ql, Ql, Ql]
— —
. —Q2 . —Q3 Q2 —Q4
=085 060 Y e Y g !
— —

Specializing the parameters in Theorem 1, we now derive several continued
fraction expansion of analogous of exponential in F.
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Corollary 1. Let [i] := 27 —x, do:=1, and d; :=[i]d’_, (i >1). Then

&1 —d —dy | dy | —d
I)e_l_gdl_[oa dla d%a dla d%adlaan dla an"']

= [O; [1] ) _[Z]dl{_Qa _[1]5 _[3]dg_2, [l]a [Z]dl{_Qa _[1]5 _[4]dg_25 e ]
~~ ~~

—_—
d —dg d2 —d4
17 — dy, —=, —dy, ——, ...
/ Z dl =0 \di-/’ dy \C/Z-l” didy’ Vdy didads’ ]
—_— —_———

II) forne{l,...,q}, we have

[e'e]

L 0andy, 2 _gng =3 mg 2 n, i
Z; wdd - T G T gy T T
= N S———_—,—™—
Proof. I) Let Q1 = d; and Q; = [i]d?"} (i > 2). Since
QuQa- Qo =du (i) (Blds™") - (lilar=})
= dy (18Jag") -+ (1)) = -+ = dia ([1421) = d

and Qi—H = [Z + 1]d§1_1, we get QlQQ o Q1|Q1+1 (Z Z 1) For 1 Z 1, we have

—Qiy1 _ —Q1Q2 - Qi Q11 _ —dit1
Qi1Q2---Q; (Q1Q2- - Q;)? dz

By Theorem 1, we get

<1 do ds ds —dy
—=[0; dy ,—2, —d1, —>,d1, —=, —dy, —=, .. ].
Edi[\?d?\)d%ld%ld% ]
—_—— N ——

IT) Let Q; =d; (i >1). Consider

dig1=[i+1)d=[i+1]d? 'd; = [i + 1]d? '[iJd? = =[i+1]---[2)dI"--

K3

Since ¢ > 2, dids - - - d;|d;+1. By Theorem 1, we get

d dg d d4
Zdl =104 7 2 gy b g~

III) Let Q1 = 2™dy and Q; = d; (i > 2). Consider

dip1=[i+1)d! =[i+ 1]d? 'd;=[i + 1]d{ " '[i]d?_, = = [i + 1] [2]d? "+

q—1
I

q—1
Al
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Since x|[¢] for all ¢ > 1 and ¢ > 2, ™d1d3 - - - d;|di+1. By Theorem 1, we get

o0

1 —d —ds3 d —dy
§ — = (02", =2 _nd ety 2 _grg, ——— ]
p xndl .. dl [ ’\\,.1/ x"dq \q,_lz, x”dldQ, ! x"dq b xndldeg, ]
= N—— ——— —_—

O
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