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Abstract

In this paper, we show some relationships between poly-Cauchy type
numbers and poly-Bernoulli type numbers. Poly-Cauchy type numbers
include poly-Cauchy numbers introduced by T. Komatsu, and poly-Bernoulli
type numbers include poly-Bernoulli numbers introduced by M. Kaneko.
Both numbers are generalizations of classical Cauchy numbers and clas-
sical Bernoulli numbers, respectively.

1 Introduction

Let n and k be integers with n > 0. Let fx(m) be a function independent of
n. Define poly-Bernoulli type numbers By »(f) by

Bealf) = (=1 3 { " bmii(m). (1)
m=0
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where {:L} are the Stirling numbers of the second kind, determined by

n 1 & (m
_ _ 1) _qn
{m} = 21 (j>(m J)
7=0
(see e.g. [3]). Define poly-Cauchy type numbers of the first kind C »(f) by
Cranlf)i= (1" 32 [ "] fum (2)
m=0
and poly-Cauchy type numbers of the second kind ékn(f) by
Cralf) = ( "Z[ | 0m s, (3)
=0

where ["] are the (unsigned) Stirling numbers of the first kind, arising as
coefficients of the rising factorial

zz+1)...(x4+n-1)= i [::Jx

m=

=)

(see e.g. [3]). Hence, if

f = fulm m§mj( e ()
then

Bin(f) = B (2 "i{ pmi( i@)ﬁ

=0 =0

is one of the poly-Bernoulli polynomials defined in [8], and

et =0 = 35 [y ()

is the poly-Cauchy polynomial of the first kind defined by
1 1
c,(lk)(z) = n!/ .. / (r122 .. 2 — 2) (122 . .. 2| — 1 — 2)
0 0

c(r1me ...z — (n—1) — 2)dx1des . . . dxy
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([4, Theorem 1]). In addition,

Genl) =806 = 1 32 [ (M) it

m=0

is the poly-Cauchy polynomial of the second kind defined by

1 1
é,(f)(z)zn!/ / (—x122 ... 2k + 2)(—2122 .. .2 — 1 + 2)
0 0

k
oo (—mixe .oz — (n—1) + 2)drrdas . . dag

([4, Theorem 4]). Furthermore, if z =0 in (4), namely,

F= ) = ©)
then n |
Bien(f) = BY = (1" Y {Z}m“‘”m%

is the poly-Bernoulli number defined in [5],

Con(f) = e = (1 S [7] 20"

k, (f) Cp, ( ) WLZZO |:m:| (m—|—1)k

is the poly-Cauchy number of the first kind defined in [6], and
. ) N[ 1
Cen(P) = =1 3 [ ] ¢

= tmd (m+ 1)k

is the poly-Cauchy number of the second kind, also defined in [6].
In this paper, we shall show the following relationships between poly-Cauchy
type numbers and poly-Bernoulli type numbers.

Theorem 1. For n > 1 we have

Bin(f) = zzj;mil m! {::L} {T;L__ll}ck,l(f) ;
I {7} e
=1 m=1
Conlh) = 130 3 EL M M By
=1 m=1
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Remark. If

f = flm) = (-7 3 (") ﬁ

=0

then this theorem is reduced to [8, Theorem 4.1].

2 Proof

117

Poly-Bernoulli type numbers can be expressed by poly-Cauchy type numbers.

Notice that
N VR HEE ey
(see, e.g. [3, (6.26)]) and

S m{2} o (7)) - cara (7}

m=1

(see, e.g. [3, (6.19),(6.21)]). Then by the identity (2) we have

2
- e[ e
“Sao X ({7 e[
- éfk@;m! {Z}é“”l il
=2 a0 m (e (70))

=3 Rt = B,
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Hence, the first identity holds. Next, by the identity (3) we have

1Sy mi (" e

&
:<—1>"l§";§jlm'{;}{’;‘}<—1>lz | v
=<—1>"§";<—1 n@)iwfjlm!{;}{’l”}( o[
- <—1>"§;<—1> nmgj m! {;}fy—ml M
= (-1 i(—l)ffw’w {"} =y

Note that
ua met (M7 (1L )1 (i =m);
l;(_l) l[l}{i}_{o (i # m).

On the other hand, poly-Cauchy type numbers C, ,,(f) can be expressed by
using poly-Bernoulli numbers By, ,,(f). By (1) we have

S S [ (7] )

e S EE ] e s { e
~er S EE S [ o { e
~cr S EE ]S S 7))
- <—1>"§30 CLE 2 ]ty -1y
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Note that ['] =0 (m > 1) and ["}'] =0 (I > m). Hence, the third identity
holds.
Finally, the fourth identiy holds because

I I
0 0
[ —
= 3
NENINGE
3|~ Z|~
3 3 5 3
M: HM:
5 =3
= —
M= =
= -
~ 3
3
= =
—_— =

3 Comments

For a real number g # 0, poly-Cauchy numbers, with ¢ parameter, of the first
kind are defined by

nm

zn:[ ] m—|—1 (n=0,k=1)

m=0
and the poly-Cauchy numbers, with ¢ parameter, of the second kind by

nm

nzn:[ } (m+ 1)k

m=0

([7]). Though the corresponding poly-Bernoulli numbers with ¢ parameter seem
to be defined by

n —
BH =3 { n } (=" "m!
i mlt (m+1)k
m=0
but these numbers do not satisfy similar identities as in Theorem 1 unless
q = £1. For, in these cases

film) = (m+ 1)k

3
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which is not independent of n, unless ¢ = 1. In other words, c,(llfl)l, é,(lkl)l and

B,gfg (¢ # £1) are not involved in the poly-Cauchy type numbers and poly-
Bernoulli type numbers defined in this paper.
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